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I~ X 4B o] &

fmin
s.t Jshi(x)dp=r;, jeT
T
sup Zjer 7,0
OcRITI
st. DerOihi(x) > flx), Vxe€S
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I~ X RE 8] - RE Rt

o r Iy FERA

inf L
Hyl y(9)
st. M(y) >0

Mr—d,-(giy) = Oa IS [m]

Ly(h) =7, JeT

\

> >\r /‘ fminv r— oo (qu*{%%1¢)
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T~ X 5B o) #i-SOS #Asth

o r B Xf{& SOS #Aith:

sup
0,0/

s.t.

> jer i)

> jer Oihi— =00+ "1 oigi
00,01,--,0m € X[X]

deg(oo) < 2r, deg(oigi) < 2r
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ZANIME

inf x;)d
HEM(Si)+ I_l fs et

s.t. S Js hij(xi)dpi=1;, jeT

)

sup > ep 0]
OcRIT

s.t. Zjel‘ 0jh,-j(x,-) > f,‘(X,‘), Vx; € S;,i € [t]
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ZHMANESG

5(1 = fl (X)
5(2 = fg (X)
X = fr(x)
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ZHMANESG

X1

X2

Xn

X1

X2

Xn

= fl (X, 11)

= f(x,u)
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ZHMANESG

x = f(x) 1 = fi(x,u)

X = fh(x) X = f(x,u)
wiEHTE

b Z"]ﬁi%éxz {XER” | pj(x) 207./:157m}
o RRIEATE. Wik, \5E. £/BRKSIF
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BAKIEAZE (maximum positively invariant set)

o FREARTE: M:={xo€ X| p(x0) C X, Vt >0}

inf
aj,bj,cj,v,w

s.t.

fX w(x) dx

v € R[x]2d+1—dj, W € R[x]24
Bv—=Vv-f=a+> 7" ap
w = bo + erll bjp;
w—v—1= Co+zjm:1 Gipj

aj, b, ¢ € Z[xhdfdjv j=01,....m
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BAKIEAZE (maximum positively invariant set)

o FREARTE: M:={xo€ X| p(x0) C X, Vt >0}

inf Jx w(x) dx
aj,bj,cj,v,w
s.t. xS R[X]2d+1_df, wE R[X]Qd
Bv—Vv-f=a+3 ", ap;
w=bo+> ", bp

w-v—1l=ca+3" ¢p

aj, b, ¢ € Z[xhdfdjv j=01,....m

e Sy=wl([l,400]) ={xeX:w(x)>1}DS441D---OM

ZWMAMUNIT: TRENA RERIERE S, 2025 £5E  8/32



VR ASFEECE S b

¢ Si= (xR g(x) > 0,...,gm(x) >0}
®qi(x)>0,...,9n(x) >0,Vx €S

; N pi(x)
Xlen]an Zi:l qi(x)
st. x€8§
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MERAL

f i d
M,e}\ftlSM Z/p Hi

s.t. /q1 du; =1,
S

/Xaqid,ui = /Xach dpr, Ve e N i€ [N\ {1}
s s
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ESE A4

,

sup A

A hj
N

s.t. p1(x) + (Z hi(x) — A) gi(x) >0, VxeS§
=2

pi(x) — hi(x)gi(x) >0, vxeSie[N\ {1}

hi € Rx], ie[N\{1}
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o BXAIEH1Z (USR): A A={A1,...,An} CR™"

p(A) = lim  max }kHAmA@...Ang%

k—00 oe{1,...,m
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o AR (JSR): A% A={A1,..., Ap} CRM"

p(A) = lim  max }kHAglA@---Agk\ﬁ

k—00 oe{1,...,m

o p BIEH 2d RFREMAAES p(Ax) <1%p(x),i € [m] = p(A) < v
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o BAEYEE (JSR): AT A={A,...,An} CR™"

p(A) == lim max }kHAcrlAag ) "Afka%

k—00 oe{1,...,m
o p RIEH) 2d RFRSTRAES p(Ax) < 1%p(x). i € [m] = p(A) < 7
infpeR[x]Qd;y Y
pad(A) = { 5.t p(x) — [|x[39 € B[x]q

7V9p(x) = p(AX) € Blxlag, i€ [m]

EWAMRUNIT: RS hERISEBE A, 2025 £5F  12/32



o AR (JSR): A% A={A1,..., Ap} CRM"

p(A) = lim max i HA01A02 : “A("kH%

k=00 ge{l,...,m
o p RIEM 2d RFREMRER p(Ax) < +*9p(x),i € [m] = p(A) <~y
infperpyyy 7
pad(A) = 4 s.t. p(x) — [x[39 € Z[x]2q
7V9p(x) — p(Ax) € X[x]ag, i€ [m]

o m2apoy(A) < p(A) < paa(A)
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SOS %EP4& FnEEpE Nl

e SOS %#Bf%: F(x) = R(x)TR(x)

o (-, -)p: RPIXPI 5 RIXG 5 RPXP

(Ci1,D) -+ (Gip, D)
(C,D)p = : :
<Cpla D> t (Cppv D>

o MERERE ©: BX) — RPXP

B(A) == [p;(A)] € RP*P, VA € B(X)
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IR

Xien]]{n Amin(F(x)) st. Gi(x) = 0,...,Gn(x) =0

ZWMAMUNIT: TRENA RERIERE A, 2025 £5F  14/32



IR

ienﬂgn Amin(F(x)) st. Gi(x) = 0,...,Gn(x) =0

igf Ls(F)

st. M,(S) =0

sup A

> §st. F=XM,=50+ 27;1(5,‘, G,‘>p
M,_4(GS) = 0,i € [m]
So € XP[x]2r, Si € EP¥[x]a(r—dy, i € [m]

Ls(l,) =1
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Sl

b fagb <o 8m %5;155%%5&

W
) e (2,%)

fmin =
st. gi(z,z) >0, i=1,...,m
o SEAM M7 (y): [MF(y)]py = ¥ V8.7 €NY
o S BEMLAER M (gy):
[M(I’C (g.Y)]@'Y = Z(ﬂ/;y’) 86" ~'YB+8 A+ VB,vy € N?
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£ 3Bt

inf L
yeCN? xCN? Y ( f)

st M(y)=z0

r

MY . (gy) =0, i€ [m]

Yoo =1

\

L4 ﬁﬁﬁkﬁg"];ﬁ (Zrzl |Zi‘2 = R): Ar /" foin, F— 00
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HSOS #x5tt

® HSOS: p(z,z) = |p1(z)|* + - - - + |pe(2) [

;

sup A
A,U,‘

st. f=A=o9g+o1g1+ + TmEm

00 € ¥Cz,2,, 0; € XC[2,%],_4,i € [m]
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Z AT

inf flsinxy, ..., sin x,, cos xq, . . ., COS X,)
x€[0,2m)"
s.t. gi(sinxi,...,sinxp, cosxy,...,cosx,) >0, i=1,....m
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ESHE RS SOHS

® f(x) = 3x1x0 + 3xax1 + X3x208 + Xox2X3

® X,...,Xp € Ug‘ilSe

® involution *: (x1xax3)* = x3xax1

o f=>% faw

® SOHS: f(x) = fi(x)*fi(x) + - - + fi(x)*f(x) ~ SDP
e >0 < & SOHS
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e BT R AFIEE AL

o =fgi=g1,....8,=8m:
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e BT R AFIEE AL

.f*:ﬁg{:gla"wg);n:gm:

inf Amin (A(x))

x;euse S

s.t. gi(x) >0, i=1,....m
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e BT R AFIEE AL

.f*:f;g{:gla"wg);q:gm:

inf Amin (A(x))

x;euse S

s.t. gi(x) >0, i=1,....m

~> quantum information, ground state energy
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NPA #5153 =

o Ly wfww) = 2w fuyw
o —XtE: Qg) = {Zo’ 0*g,0 g, € {1} Ug}

inf  Ly(f)

Yy
st. Mi(y) =0
sup A
M,_q(giy) = 0, i € [m] = <A

st. f—MAe Q(g)Q,
M, (¥y)w = M(¥)wz, VU v=w"z

yi=1
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IR BT RYITRAL

X

o tr(A) S A

X,EU?ilSZ
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IR BT RYITRAL

X

o tr(A) S A

inf tr(f(x))

X,EU?ilSZ

st. g(x)>0, i=1,....m

~> Connes' embedding conjecture
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L SDP #¥ASi4y 2

o FHF: [g h]:=gh— hg
o g h g— h AU HETFALRF LA

inf Ly(f)

y

s.t. Mi(y) =0
sup A
M,_4(giy) = 0, i € [m] = ¢ X

eve st. f— A€ Q¥(g)a
M(¥)w = Mi(y)ue, Yu'v T w'z

n=1
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SED MK

e 7{: Hilbert Z5|g]
B(H): H EMBEREHEFTE

® S(H): B(H) EMIERR ~&MzE (X tr(pX))

o BEWMT: <(F)xax1 +s(x1)s(xaxix2), X1, ..,xn € B(H), s € S(H)

inf fix;
ot S(flx;5))

st. gi(x6) >0, i=1,....m

» quantum information, quantum states
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&L SDP #isth

inf Ly(f)
y
st. MJ(y) =0
sup A
M, q(gy) = 0, i € [m] A

st. f— A€ Q%(g)a
M(¥)uw = Mi(¥)wsz, Vs(u™v) = ¢(w"2)

yi=1

» lgor Klep et al. “State polynomials: positivity, optimization and nonlinear bell

inequalities.” Mathematical Programming 207(1)(2024): 645-691.
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& Bz

e 7{: Hilbert Z5|g]
® B(H): H FHBEREMEFZE
cyc cyc

o tr(A) = %(Zf;l Ait u~ vt~ v=tr(u) = tr(v)
o SBRZIT:  tr(x3)xox1 + tr(xi)tr(xexix), X1, ..., X, € B(H)

inf tr(fix))

Xeuk21(Sk)n
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T BRI SDP #isth

inf  Ly(f)
y
s.t. Mr(y) =0
sup A
M,_q(giy) = 0, i € [m] =

st. f— )A€ QY(g)e
M(y)w = Mi(y)wz, Vir(u*v) = tr(w*z)

yi=1

» lgor Klep, Victor Magron, and Jurij Vol¢i¢. “Optimization over trace polynomials.”

Annales Henri Poincaré. Vol. 23. Springer International Publishing, 2022.
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E IR

o BERE 11 m(x?) - [xdp
[ ] %Eglﬁi;_:t f= m(xlxg)xlm — m(X%)?’X% + X2—1‘I1(X2)I’[1(X1X2) -2
o BT ML
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E IR

o WERE 1 m(x) - [xdy
e FEZIT: f=m(x3)xix2 — m(x3)3x3 + xo—m(xo)m(x1x2) — 2
o FEZ I

» Igor Klep, Victor Magron, and Jurij Vol¢i¢. “Sums of squares certificates for
polynomial moment inequalities.” Foundations of Computational Mathematics, pp.1-43,

2025.
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EZHIREFLN A

o FHELIERAY. RARENE o LRUEERITE

o MEWMNAEA o mMAEH

o i Z M HH{E o JEZH4 PDE

o IEBITESMIL o EIZEEZWN. flag K¥L
o BiEIEFIL o LYFEHIE

o HMLEWIFIT ° ...
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o HHSTR
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225 SRR

@ Jean B. Lasserre, Moments, Positive Polynomials and Their Applications, Imperial

College Press, 2010.

@ Jean B. Lasserre, An Introduction to Polynomial and Semi-Algebraic Optimization,

Cambridge University Press, 2015.

© Jie Wang and Victor Magron, Sparse Polynomial Optimization: Theory and Practice,
World Scientific Publishing, 2023.
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EZEERATAER

https://wangjie212.github.io/jiewang
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