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PART 1
]

RESEARCH NOTES FOR ARTICLES

This notes are mainly about some vanishing theorems and their proofs.






VECTOR BUNDLES WITH SEMIDEFI-
NITE CURVATURE AND COHOMOLOGY
VANISHING THEOREMS

4
| 4

Theorem 1.1.1. (Kodaira vanishing theorem| , P196])

Let L be a positive (ample) line bundle on a compact Kéihler manifold X with dim X = n. Then

HY(X, Q% ®L)=0, forp+q>n. (1.1)

Definition 1.1.1. (Chern classes[ , P196])

Let {f’k} be the homogeneous polynomials with deg(f’k) = k defined by
det(ld+ B) =1+ P,(B) + ...+ P.(B).

Clearly, these .ﬁk are invariant.
The Chern classes of a complex manifold X are

cn(X) = c(Tx) € H*(X,R),

where T is the holomorphic tangent bundle.

Definition 1.1.2. (Chern forms[ , P196])

The Chern forms of a vector bundle E' of rank k& endowed with a connection V are
~ (1
c(E, V) = P, (Q—Fv) e A% (M).
m

The k-th Chern class of the vector bundle E is induced cohomology class

cx(E) = [c(E, V)] € H**(M, C).

Theorem 1.1.2. (Another description of Kodaira vanishing theorem| , Introduction])

Let F' be a holomorphic line bundle over a compact Kiihler manifold M. If the Chern class
Cr(F) € H*(M,R) contains a negative definite form X (X < 0) then all cohomology groups

HY(M,Q(F)) =0
whenq <n — 1.

Ay
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1.2. THE KAHLER CASE

Theorem 1.1.3. (Akizuki-Nakano Vanishing Theorem[ , Introduction])

(The generalization of Kodaira vanishing theorem by Akizuki-Nakano)
If X <0, then
HY(M, QP (F)) = 0

whenp+qg <n— L

Theorem 1.1.4. (Vesentini vanishing theorem/ , Introduction])

If X is semi-definite of rank, k (i.e. X < 0 and X has k negative eigenvalues at each point of M)
then

v 4

HY (M, QF)=0 & HO(M,Qq(F))zO
when q < k — 1.

Problem 1.1.1. ([ , Introduction])
If X < 0 with rank k, then

HY(M,Q"(F)) =0

whenp+q < k—1? ‘

Correlation Techniques

Ay

I_ Problems in holomorphic vector bundles can be often reduced to similar problems in line —I
$ bundles, by means of constructing the projective bundle PE over M and the tautological
line bundle LE™". _I

By using the technique, we shall generalize to vector bundles some of the results of the following two
section.

m The Kéhler Case

The first result says that let M be a compact Kéhler manifold and let F' be a holomorphic line bundle
over M. If Cg(F’) contains a form X’ whose associated hermitian form is negative semidefinite of rank k
at each point of M, then

HY(M,Q(F)) = H (M, Q'(F)) =0, for s+t<k—L1

The proof mainly depends on the Akizuki-Nakano Inequality that given any harmonic (p, ¢)-form ¢ with
values in F/, then

([A,ie(O)]p, ) > 0, (1.2)

where ¢(©) denotes the exterior multiplication of the matrix of local (1, 1)-form with the column vector
¢. And in [2], we have known that e(©) = (0g0 + J0g)¢. Here is a simplified version.
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In the Kihler case, let F' — M be a holomorphic line bundle over a compact Kihler manifold of

dimension n. Take (U; (2!, -+, 2™)) be a local coordinate system on M and

= ngAg dz* AdZP,

n

where A = (o, ..., ) (g < -+ <), B=(01,...,08,) (b1 <--- < B,). E
Denoting by X; < X, < - -+ < X, the eigenvalues of the hermitian form associated to X', for any o

z € U, compatible coordinates centered at 2 can be chosen in U in such a way that the fundamental form o
w of the Kihler metric is given at 2 by %
. -

w=1Y dz*Adz” 0]

<

and T
@- 7

_ - a A o 2

X QW@ 2W;Xadz Adz®. 3

Note that the expression of w above is the consequence of diagonalization. And one can easily obtain
these two equations by using simultaneously diagonalization for w and X.
Then we compute the formula of Akizuki-Nakano Inequality by

([A,1e(©)]p) a5(2)
[A,ie(0)]45(2) - pas(z)
(A, 2m?€]AB(z) wap(2)

= — > X,dz* AdZ°, A] (2) - paB(2)

B

= — (ZXadZa/\E)/\(AQOAB) (z) + A
L - 3 Xu(@pan(z) + Y Xal2)eas(2),

acEANB agAUB

<Z X, dz* /\F) A gpAB] (2)

where

[(Z X, dz”* /\F) A (Apaz)

_ §:<XQJPA37 o€ flr}lga
o, ad AN B,

and

a A )(a B, & quJlga
A[(ZXadz /\dz)/\goAg] :{g: A aiAUB

Thus, if the following relations are satisfied at each point 2 € M
(Xt1++th)_(X]1+ +X]n t)>0
for each choice of 7; < - -+ < tgand j; < ---J,_; and for all s < ¢, then

([A,ie(O)]w, v)(2) < 0. (1.3)
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Definition 1.2.3. (Positive Hermitian line bundle)

NOTES FOR ARTICLES

A hermitian holomorphic line bundle £ on X is said to be positive (negative/semi-positive/semi-
negative) if the hermitian matrix (Component) of its Chern curvature form

iO(F) =1 Z cix(2)dz; A dz,

1<g,k<n

is positive (negative/semi-positive/semi-negative) definite at every point z € X.

v 4

In[3, P334], by Prop VI-8.3, we gain that

([{O(E), Au,u) = ZZ%‘}_Z% Z’YJ |UJK|

JK jeJ JEK 1<j<n

2 (71+"'+7q_7p+1_"'_7n)|uJ,K|2

for any form u = > ; - usxCs A (x € AP9T*(X). Then we have

([, ie(®)lp, ) (2) = — ([iO(E), Au, u)

< (71+"'+')’q_7p+1_"'_Vn)|uJ,K|2
<X+ + X)) — (X, +--+ X)) lug g/
< 0.

By (1.3), consequently, in view of inequality (1.2), any harmonic (s, t)-form vanishes identically, i.e.
the Lemma 1.1 of the paper.

Remark. By (1.2) and (1.3), we have [2, Lemma2, P483]
(18, (@), 9)(z) =0 <= € H™(M, F)nH"™ (M, F)
As HP4(M, F) = HP(M, F) and H?*(M, F) = HZ*(M, F), one has
H™ (M, F)nH"™ (M, F) = Hy*(M, F)n Hy'(M, F) = {0}. (1.4)
Thus ¢ € {0} = ¢ =0, i.e. any harmonic (p, q)-form o vanishes identically.

Suppose X' < 0 of rank k. Now, for any ;1 € R, the form (w — &) is still a Kéhler form on M.
Denoting the eigenvalues of X" with respect to the metric induced by w as before, the eigenvalues of X’
with respect to the metric induced by (w — pX') are

X; .
——, t=1,....n.
(1 —pXs)
Now, if p is sufficient large, we have
E S E S — (1.5)
i=1 (1 T ﬂXZ) j=t+1 (1 o ,LLX])

The computation should be the following.
Firstly, we gain the first inequality

: (X; — Xoi) X -X) XX
2 (1= pX:)(1 = pXiys) g (1—pXy)(1— pXy) ((1 —pXy) (1- :LLXk)) '
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As X; < X, <--- < X, then

X __ X
- pXy) S (L= pX;)

where 1<i<j<n.

But for the associated hermitian form © is negative semidefinite of rank k, there are k negative eigenvalues
of X', which can be written as X; < --- < X;, < 0 < X1 < --- < X, without loosing generality.
(Xl 20,l:k;+1,,n)

Thus, we have

S Ko X) { X, Xows
= X1 - pXer) 5

=1

Secondly, we abtain the second inequality

> % 3K
j=stttl (1= pX;) Plowwit] (1—pXj)
n—t
Xj+t X
= —2 L lk—-(s+t+1)]——-=
j;l (1 — pXj) (1 — puXy)
by
X X
S 5 here X; <+ - <X, <0< Xy <--- <X,
(1 —pX;) (11— pXy) WHEEE A k Xkt 2

n—k
Then, for each z € M, we can find i € R™ so that for any p > [ the hermitian form associated to ©
satisfies condition of Lemma 1.1 for any pair (s, t) such that s + ¢ < k — 1, with respect to the Kéhler
metric (w — pX'). This means that for any Kihler form (Not just specific one), by lemma 1.1 of paper,
any harmonic (s, t)-form vanishes identically. Eventually, we gain the Theorem 2.1, i.e., the result we
have written in the beginning of this section.

GAH application of semidefinite theorem in Kéhler case

Theorem 1.2.5. (Lefschetz theorem on hyperplane sections)

If the Chern class Cy([S]) € H*(M,R) of [S] contains a form X > 0 of rank k, then
ps is an isomorphism for s < k — 2

and
ps is injective for s = k — 1.

v 4

Proof. The main body remains the same as [1], and now we provide the kernel of the proof. We gain the
exact cohomology sequence from above

s = HUM,QP([S]7Y) — H (M, Q) — H(S, 27 ([S]7]s)) — -+

7

VANISHING THEOREMS



8 1.3. GENERAL CASE

n Applying the vanishing theorem in Kahler case, we have
HY(M,Q%) =0, whenever p+g¢q<k—1.
The exact Cohomology sequence yields the isomorphisms
HY(M, Q%) = H(S,Q"), for p+qg<hk—-2=(k—1)—1 (1.6)
and the injectivity of the map
HY(M, Q) — HY(S,QP), whenever p+q=Fk—2.

Since
H*(M,C) = @,,,_,H'(M, )

and a similar decomposition holds for S, the conclusion follows. [ |

METEY cenera case

In the general case, the proof is very different, which is mainly depends on the local expression of
the Laplace-Beltrami operator and on a result about hermitian forms, due to E. Calabi and Lectures on
Convexity of Complex manifolds and Cohomology vanishing theorems by E. Vesentini.

If the hermitian metric on X is a Kihler metric [10, P72], then

NOTES FOR ARTICLES

0=0, ¥9=9, O=0

For p € C*(X, E)
(V) 3z = (—=1)"'Vaghiom,
so that, exactly as in the case of the Laplacian A in Chapter 2, we have

Y V“so +Z )~ (VoVg — V5 Va) ¢hasr (1.7)

where

and A= (a,...q,),B=(p,...8,),B. (51,... @,...,@]).

In view of the Ricci identity, the summand of (1.7) can be expressed by

q

> (=1 (VaVg — VaVa) plhag = (Kp)*AB (1.8)

r=1

where K is a mapping

K:CM(X,E) = C"(X,E),

which is linear over C'* functions, whose local expression involves linearly (with integral coefficients)
only the coefficients of the curvature forms, s and L, of £ and ©,,.
By [10, Remark (3) after Lemma 3.2], we have

q

(R.)p = 21 sis.thom + (Rut), 19)

=



1.3. GENERAL CASE 9

where l%o involves only the curvature tensor of ©,, and is completely independent of F. n
Formula (1.7) can be also written as

Q)5 = —Va V0% 5 + (Kp)%s. (1.10)

Now

O= (09 +10) =0+ S)D+T)+W+T)+S)
=0+ 9T +TO+9S + SS9 + ST +TS.
It follows that

Lemma 1.3.1. (/| , Lemma 3.4.])

For any p € C"(X, F)

(Be)ias = (O0)as + (F10)as + (FV'0)is + (FV'9)45) (1.11)

VANISHING THEOREMS

where

F, : C"(X, E) — C"(X, E),
F:C"(X,E®6;) —» C"(X, E),
Fy:C"(X,E®0}) = C"(X,E),

are linear over C™ functions. Their local expression involves the tensor product and its first

derivatives.

Then the Laplace-Beltrami operator [ on (0, ¢)-forms with coefficients in F' ® D is given locally by
(Op)g = —VaVo0g + (Ko)g + Y 6™ T2, Vies, (1.12)

where B is a set of ¢ indices B = ({4, -, 3,) and Fgﬁ are components of the Riemann-Christoffel

connection defined by the hermitian metric on M and K is a linear operator on (0, ¢)-forms which splits
as the sum of C = [Cy + K.

Lemma 1.3.2. ([ , Lemma 2.2 by E. Calabi, P80])

Let H be a hermitian quadratic differential form on X and G a hermitian metric on X. Assume
that H has at least p positive eigen values. Let £,(x), ... ,&,(x) be the eigen values of H (w.r:t.
G) at x in decreasing order: £,.(x) > €,.1(x) Then given ¢, ¢y > 0, G can be so chosen that

y 4

Proof . Let G be any complete hermitian metric whatever. Let 0 (), . . ., 0,,(x) be the eigen-values of H
with reference to GG arranged in decreasing order. We construct now a metric G on X whose eigen values
are functions of {0;(z)},_,., as follows: let A : X — R be a C*— function (we will impose conditions

on A letter); let U be a coordinate open set in X with holomorphic coordinates (z', ..., 2"); in U, we
have G = G,pdz*dz” so that (Gpaz), 5 is a function whose values are positive definite hermitian

matrices; then the matrix valued function GU = (éUa5> ; where G = > éUagdzo‘dzﬂ in U is defined
by

lu(x) = ciep(x) + o Inf (0,6, (x)) > 0, forallx € X.

~ = Az)” o
Gy =Gy z; G+ (HuGy')
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1.3. GENERAL CASE

where H; is the matrix valued function (Hy.5) defined by
H =) Hy,zdz"dz"
inU.

We now assert that @U define a global hermitian defferential form on X and under a suitable

choice of ), it is positive definite. To see that éU defines a global hermitian differential form on
X, we need only prove the following. Let V' be another coordinate open set with coordinates complex

az1,...,2" . .
(w',...,w"). Let J = )] be the Jacobian matrix. As before let Gy = (Gy.3) be defined by

8(11)1 ..... w")

We have in fact, writing .J* for i -1
~ ° ,\ _
J Gy I = (Z HUG ) ) , since JG},J = Gy
r=0
It follows from the above that
TGy I =Gy Z  (JH GGl
r=0
=Gy, ! i >\ T H J*GilJfl)r
7“ = 1 v v

r=0
since J H};J Hy . Hence we obtain
J*é&l{]—l -1 Z ) H G‘—/l)r
= Gt

This proves that C?U defines on X a global hermitian differential. We next show that Gis positive definite.
For this we look for the eigenvalues of G with reference to G. TO compute these, we may assume, in the
above formula for Gy, that GG, is the identity matrix Then we have

o R M),
GU‘§<7~+1)!HU

It follows that the eigen values of CA?U are

= Ala) ,
{; (r + 1)!%(96) }1<q<n'

It is easily seen that these are all strictly greater than zero: this assertion simply means this: f(t) =

ett_l =>70 (Ti—q), fort # 0, f(0) = 1 (which is continuous in ¢ ) is everywhere greater than 0 .

We will now look for conditions on A such that GG satisfies our requirements. From the formula for GG,
we have

HyGt = S A oy
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Now the eigenvalues of H with respect to G (resp. G ) are simply those of the matrix H, U@{,l (resp.
HyGy'), Hence these eigenvalues €,(X ) of H with reference to G are

f (M=), 04(x))
where f (s, t) is the function on R? defined by

too Sr
f(S,t) = ZO (7“ - 1)2';7"+1

of(s,r) _

o e > ( for any, f(s,t) is monotone increasing in ¢. Hence we have

Since
e(r) = eqq(z)forl <r<n—1

Moreover f(s,t) >t for s > 0. Thus, if we choose A\(x) > 0 for every z € X, then ¢,(z) > o,(z) >
0.

The choice of A(z) is now made as follows . Let, for every integer v > 0.8, = {x | d (z, xy) < 7}
for some x, € X, the distance being 4 the metric G. The B, are then compact. Let b, = Inf,c5_(0,(x)).

Thenb; > by > ... 2 b, 1 > .. ..

Let b(x) be a C* function on X such that b(z) > 0 forz € X and b(z) < b, in B, — B,_;. Then
clearly b(z) < o,(x).

Finally let p(z) be a C* function on X such that p(z) > d(x,x,), and k > , /g—flh be a real

constant. Set \(x) = 2’;52;) We have then
A(x
cofz) = £ (Ma),0y(2)) = 03(2) + 2o () 4
so that (@)
ef\* "
ep(x) 2 b2(z) ap(2)? > ke’ > k
On the other hand,
1 A(@)on () —1 b* () b}
— = — n\t)—1 > = — > ——
€n($) f(A(J?),O’n(fL')) )\(l’) {6 } Z )\(ZE') lep(x) Z k‘
¥ o1
Clgp(.f) + CQ Inf (0, €n($)) = Clk — 02?1 = E (Cle — Cgb?) > 0.

The general version of the theorem will be described as follows :

Theorem 1.3.6. (The general semidefinite vanishing theorem)

Let M be a compact hermitian manifold. Let F' be a holomorphic line bundle and D be a
holomorphic vector bundle over M.

If Cr(F) contains a form X whose associated hermitian form has at least k positive eigenvalues at
each ponit of M, then there exists a positive integer i such that

HY(M,Q(F*® D)) =0

forall p > pg, and allg < n — k + 1.

v 4

11
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12  1.4. ON VECTOR BUNDLES

n Proof. By Lemma 1.3.2, M can be equipped with a new hermitian metric in such a way that, denoting
by X;(2) = - -+ > X,,(2) the eigenvalues of X’ w.r.t. this metric, then X},(2) > 0 and

Xi(z) +n-inf(0, X, (2)) > 0, ateachpointz € M.

As K = K + Ky is alinear operator, then A(K ¢, ¢) = A(Kyp, ¢) + A(Kxp, ). Aaccording to a
straightforward computation, we abtain

A(Kxp, ¢)(2) 2 (Xi(2) +n - inf(0, X5.(2))) Alp, 0)(2)

by using the fact that for ¢ > n — k + 1, there is at least one of the indices 7 < k.
And since M is compact, there exist a positive C' s.t. A(Kyp, ¢)(2) = — CA(p, p)(2) at every
point z € M .(K, is a bounded linear operator on M when M is comapct.) Then we choose a i s.t.

po(Xx(2) + n-inf(0, X,,(2))) — (C+1) >0, ateachpointz € M,

NOTES FOR ARTICLES

which implies A(Kp, p) = A(p, ). (

A(Kp,0)(2) = [(Xi(2) +n - ing(0, X, (2)) — C]A(p, 0)(2)

(e “;20 . 4o,0)(2) > Alg, 0)(2)

)
Thus, if ¢ is any harmonic (0, ¢)-form with coefficients in F** ® D, with u > pgand g > n—k+1,

we have
0< [lell* = (¢, ¢) < (Ko, ) <0,

which means that ¢ = 0. [

m On vector bundles
WTerminologies

Definition 1.4.4. (Hermitian metric)

On a holomorphic vector bundle with a hermitian metric /1, there is a unique connection compatible
with h and the complex structure. Namely, it must be V = 0 + 0, where ds = h~'0 hs.

v 4

Table 1.1: Terminologies Interpretation

Interpretations

PE = (E - 0)/C,
(E—0) The bundle space £ minus its zero section,
Terminologies Interpretations

Continued on next page
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Table 1.1: Terminologies Interpretation (Continued) n

Interpretations

Curvature form © O = D Oz d7z' Nd7 — St de A die,

rij

77777777777777 D ! Aholomorphic vector bundle over M,
”””””” S*E | k-thsymmetric tensor powerof £,
””””””” LE | theassociated complex line bundle over PE.
 Terminologies | Interpretations

We have the following homeomorphisms [9, Theorem 2.1, P504 and P502]:

H(PE*, ((LE")* ® 7 D)) & H(M,(S*E ® D))

VANISHING THEOREMS

and

HY(PE", Q?(LE")™") = H(M, O(E)).

M Vanishing theorems for positive semidefinite vector bundles of rank k

In order to define the following concept, it is necessary to calculate the Hermitian quadratic form
©(¢, n), which is strongly associated with the definition. (cf [8],proof of Proposition 6.3)

Definition 1.5.5. (Vector bundle being positive-semidefinite of rank k)

E is said to be positive semidefinite of rank k if there exists a hermitian metric on £ whose curvature
tensor O satisfies the following condition: for all € C" — 0, the quadratic form on the variable 7 :
O((, n) is positive semidefinite of rank k at each point of M, where

- Z @gigcgfpﬁiﬁj-
i,j

y 4

@‘K'ahler case over semidefinite vector bundles

Theorem 1.5.7. (Semidefinite vanishing theorem for vector bundle of rank k (Kdihler Case))

Let E be positive semidefinite (or negative semidefinite) of rank k at each point z of a compact
Kdihler manifold M. Then

HY(M,Q"(E)) =0 if p+qgz2n—(k—r).

(respectively, H'(M,QF(E)) = 0if p+ q < k — r. (By Serre Duality Theorem.))

v 4



14  1.6. THE SEMI-CURVATURE OF A LINE BUNDLE L(E) OVER P(E)

n Theorem 1.5.8. (The generalization of Theorem 3.1)

p% is an isomorphism, ifs < k —1r — 2,
P is injective, ifs=k—r—1.

v 4

This paper gives an application of its vanishing theorem of Kéahler case over semidefinite vector
bundle, which is the Lefschetz theorem on hyerplane sections. Here, S will be a non-singular complex
submanifold of codimension 7 regularly imbedded in the compact Kihler manifold M, and S will be
assumed to be the zero set of a holomorphic section ¢ of a holomorphic r-vector bundle £ — M.
Let p5 : H(M,C) — H*(S,C). Let ( € H°(PE*,(LE*)™") be the holomorphic section of the
line bundle (LE*)~* corresponding to (. Thus, Z = {p: Z (p) = 0} is a non-singular submanifold of
codimension 1 in PE*.

NOTES FOR ARTICLES

@‘General case over semidefinite vector bundles

Theorem 1.5.9. (Semidefinite vanishing theorem for vector bundle of rank k (General Case))

Let M be a compact complex manifold, and assume that there exists a hermitian metric on E, whose
curvature tensor © satisfies the following condition at each point of M.

For any ¢ € C" — 0, the quadratic form inn, ©((, n), has at least n — k, positive eigenvalues and
at least ko negative eigenvalues. Then

HY(M,Q(S"E ® D)) = 0

forany q & (ky,... ko) ifpu > 0.

Ay

m The semi-curvature of a line bundle L(FE) over P(F)

Proposition 1.6.1. (PROPOSITION 6.1. OF [ ])

Given a point o € M, there exist local holomorphic sections sy, - - - , S, around o such that

hog =003 and dh,5 =0 ato.

Proof. Choose local holomorphic sections ¢4, - - - , ¢, around o which are orthonormal at 0. We set
Sq = Z a’ts (a’ : holomorphic )
and try to find (a?) such that a® = §° at o and sy, - - - , s, satisfy the required second condition. If we set

then
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or in matrix form

H='A.G- A.
We want to find A such that A = [ at o and dH = 0 at 0. Since

OH=0'A-G-A+'A-0G - A,

a’B:(S’B—E(%) 2
@ « 077 ), ’

where 2!, - -+ | 2™ is a local coordinate system with origin o. |

it suffices to set

Proposition 1.6.2. (Proposition 6.3. of [ ])

If E is a hermitian vector bundle with negative curvature (resp. semi-negative curvature), then the
line bundle L(E) over P(E) with the induced hermitian metric has negative (resp. semi-negative)

curvature.

Proof. The naturally induced hermitian metric / in L(FE) may be described as follows. Since L(F)
minus its zero section is naturally isomorphic to £ minus its zero section

(L(E) = 0) = (£ - 0),

VANISHING THEOREMS

every nonzero element X of L(FE) may be identified with an element of £, and

WX, X) = h(X, X).

Fixing a point o in the base manifold M, we choose holomorphic sections sy, - - - , S, in a neighborhood
of o with the properties stated in Proposition 6.1. Then we may write

h(X,X) = Shos&%E  for X = £¢%,.

We shall compute the Ricci tensor of the line bundle L(E) at an arbitrarily fixed point of P(E) which
lies over o € M. This point is represented by a unit vector X, € F. Applying a unitary transformation
to S1,- - - , S,, we may assume that X, = s,(0). We take 2',- -+, 2", & -+ €' as alocal coordinate
system around [Xo| in P(FE), [X,] denotes the point of P(E) represented by X,. Then the components
of the Ricci tensor of L(F) at [ X,] are given by

_ Plogh(X, X) 9%logh(X, X)

—— —= 0%log h,;
02107 021087 g L]
Plogh(X,X) dlogh(X,X) |~ G e
9E° 0z PRI g
where i, j =1,--- ,nanda, 5 =1,--- ,r — 1. Itis clear that this matrix is negative (semi-) definite if
the curvature of E is (semi-) negative. [ |

Remark. If E has (semi-) positive curvature, its dual E/* has (semi-) negative curvature by Proposition
6.2 and hence the line bundle L(FEx) over P (E*) has (semi-) negative curvature by Proposition 6.3

and its dual L (E*)™' = L (E*)" has (semi-) positive curvature. But L(E) itself does not have (semi-)
positive curvature.

From Proposition 6.3, we obtain immediately the following
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1.6. THE SEMI-CURVATURE OF A LINE BUNDLE L(E) OVER P(E)

Theorem 1.6.10. (TEOREM 6.4. OF [ ])

A hermitian vector bundle I with negative (resp. semi-negative, positive, or semi-positive) curvature

is negative (resp. semi-negative, positive, or semi-positive).

We do not know if the converse is true, e.g., if a negative vector bundle £ admits a hermitian metric
with negative curvature. For a line bundle £, by definition £ is negative (resp. positive) if and only
if it admits a hermitian metric with negative (resp. positive) curvature. It is, however, not clear if
a semi-negative (resp. semi-positive) line bundle admits a hermitian metric with semi-negative (resp.
semi-positive) curvature.

So form the proof of Proposition 1.6.2 we get the curvature of L(E) with respect to the induced

hermitian metric / at the point [X,] € P(E)

(_ 0%log hajs

O ([Xol) = 9207

]

r—1
=) O;dz' AdZ — ) " dEg* AdE™.
4,J a=1

r—1
) dz AdZ — ) der A dée.
a=1

There is still an issue.

0% log det h,js 0”3 05108 hag 0”log hap
= = a,f, — ——7 :? — o = —
sz Z@az] 02107 : ) 021077 Z ( 0zt0%7 ) )

wComputation of O AN =0

For P.52 of [4]

!_ It can be verified that using (1), if E is negative semidefinite, then any harmonic (p,0)- or
ﬁ? (0, p)- form with coefficients in E has to satisfy the condition : © N\ ¢ = 0 at each point of ﬁi

1L a
In fact, let ¢ be a harmonic (p, 0)- or (0, p)- form with coefficients in F, then clearly, we have
Ay = 0, which shows that (1) can be written as (v/—1Ae(©)p, ) > 0. And the pointwise scalar

product A(v/—1Ae(©)p, ¢) < 0 at each point of M. Thus by (1) it must be (Ae(©)p, ¢) = 0 and
therefore, for (2), we have

a7B

(A(0E0 + 90)p, ) = 0
Aé(?]itp =0—=0p=0—05p=0, wheny %s a (0, p)-form s 9o —0.
AOrdp =0 — Oy = 0, when @ is a (p, 0)-form
Then by (2), e(0)p = O A ¢ = 0.
For p.53. Since in the strong sense © = O” 7777 > 0 if E is positive semidefinite and let

oig 't ')
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© = > @adz* be the local representation of the (p, 0)-form, then we have

ONp= Z (Z Oz /T, N pag) dzA > = Z (Z ©7 spaw T AT A dzA(z')>

icA icA
—z(zz o501 72 A 17 )
iI€EA O
:Z[(ZZ@UU@M) pi)) 77 A dz4 /\7‘]
P i€A o
— 0,

which implices that

ZZ@U”@A O\ PO — 0,

i€A o

wCOmputaﬁon of the quadratic form ©(¢°, n)

For L(T™* P) its Ricci curvature is

_ Plogh(X, X)  0%logh(X, X)

Py o 0%1og has
@(5 )_ 02:0Z7 821655 - R 0
D=1 &logh(X,X) logh(X,X) |~ 0207 .,
D&z DEEP A

For the Fubini-Study metric on P,(C') with holomorphic sectional curvature ¢, the curvature tensor is
given by
c
K = —§(hi3hki + hithy;).

Given a point 0 in P, (C'), we may always choose a local coordinate system around o so that the metric
tensor h;; coincides with d;; at 0. Then the curvature of the cotangent bundle is given by

g (04081 + 0i0%;)-

Note that the sign changes when we pass from T'P to 1" * P. The matrix representing the Ricci curvature
of L(T™* P) in the proof of Proposition 6.3 reduces in this case to the following:

( —5(0; 4 0indjn) 0 )
0 —0ap ) ii=1
a,B=1,--- ,n—1
The Ricci curvature of L(7T*P) ™! is obtained from that of L(7™*P) by changing its sign. On the other
hand, the Ricci curvature of P at o (which is nothing but the Ricci curvature of K5' = H"!) is given
by K;; = —5(n + 1)d,;. Hence, the Ricci curvature of H is given by
1 c

Kz_: 51
n+1 R R

Consequently, the Ricci curvature of L(T*P)™" ® m* H™ can be expressed by the following matrix:

0 ko 0 0)

17
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which is clearly positive if m +k = 1 and k& = 1.
Now we compute the quadratic form ©(¢°, 1) of S*(TP) @ H™ as follow: [4, P52]

omer= 5 (40555 L)+ (" ) (D

n
|-_||J oByi.
E a,B,i,]
c c _
o =D, {"75(5@ + 0indjn) + mﬁ%] (n'n?)
o ij
- C
o ( > 6lmnﬂ+25mnn +Z nnn)+m§z5imznj
5 ]<n 1 i,
Z = (k+m)3 2:5wn-+@k+ﬂwy7n
5,jsn—1
k+m) + 2k +m
= ( ;n:ln '+ ( )2n T8

which is semi-positive if m + k = 1 and k = 1.

ﬂ hyperplane Theorem

We note that the fibre of S* E* over x € M is the space of homogeneous polynomials of degree & on

E,.
Theorem 1.6.11. (Theorem 1.3. of [ ])

Let E be positive semidefinite (or negative semidefinite) of rank k at each point z of a compact
Kdihler manifold M. Then

H (M, Q"(E)) =0 if p+q>2n—(k—r)

(respectively, H* (M, Q(E)) = 0if p+ q < k — r. (By Serre Duality Theorem.))

Theorem 1.6.12. (Lefschetz theorem on hyperplane sections)

If the Chern class Cg([S]) € H*(M,R) of [S] contains a form X > 0 of rank k, then
P is an isomorphism for s < k — 2

and
ps is injective for s = k — 1.

v 4

Proof. Let S"! be a non-singular analytic subvariety of V™, B, the restriction of the bundle B on S,
and the sequence

0 — QP(B) > Q"(B) 5 (B,) = 0
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be exact. And let ) € Q7(B)

n = Z nal...apdzal 000 dZap)

ap<--<op
where we assume that 2! = 0 the local equation of S. Then it is clear, that for p > 1
’I’], - Z (nlag...ap)s dz®? .. .dz?
1<ag<-<ap

belongs to QP! {(B — {s}),}. If we denote by 7 the mapping Q7(B) — QP {(B — {s}),} such
that
7o n€Q(B) -y € X{(B—{s})},

then we can easily prove that the sequence

%)
=
m
o
o
i
0
|
O
=
T
2
<
>

0 — QP(B — {s}) — QP(B) — W {(B— {s}),} =0

is exact. By taking the sequence of cohomology groups corresponding to (12), we obtain the exact
sequence

— HY (B — {s})) — H* (07(B)) - H (@ {(B — {s}).}) - .

Now let us assume that .S is so ample that ¢(B — {s}) contains an everywhere negative definite form,
then we see by theorem 1” that

HI(QP(B —{s})) =0 for p+qg=<n-—1,
H (" '(B—{s});) ~0 for p+qg=<n-—-1
Putting these in (13), we have,if p =2 1,forp+¢g <n —1
He (Q7(38)) ~ 0
Moreover it is also the case even when p = 0, because
Q°(B) = QB — {s}), H(Q(B—{s})) ~0 forg<n—1.

On the other hand, taking the sequence of cohomology groups of the sequence (11), we get the exact
sequence

— H(QP(B)) — HI(Q(B)) — H(Q" (8,)) — H (Q?(B)) — .

Theorem 1.6.13.

If the divisor S™ ' is so ample such that c(B — {s}) contains an everywhere negative definite form,
then for p + q < n — 1 there exists the isomorphism

H((%B)) — H* (€ (B,))

and this is an isomorphism onto or into accordingasp+q<n—2orp+q=n — 1.

Ay
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1.7. SUMMARY AND REFLECTION

Consider the special case, where V' is a projective variety, S a generic hyperplane section of V.
Taking B as {0} ({0} the trivial bundle), then clearly {0} — {S} contains an everywhere negative
definite form, so the mapping

H?(Qr(0)) — HT (¥ (0,)) for p+g<n-—1
is isomorphic. But we see by the Dolbeault’s theorem
H?(Qr(0)) ~ H*(V,C), H" (P (0,)) ~ H"(S,C),

where C'is complex number field. Hence we have the Lefschetz theorem in the classical form:

Theorem 1.6.14.

Let V' be an algebraic variety of dim. n without singularities immersed in a projective space, S be a
generic hyperplane section of it (consequently S is irreducible and has no singularities), H(V ', C')
the cohomology group of degree r. Then H" (V' , C') is isomorphic to H" (S, C) if r < n — 2, and

H™" YV, C) is isomorphic to a submodule of H" (S, C).

m Summary and Reflection

Vanishing theorems are furnish criteria for the non-existence of nontrivial harmonic tensor fields, to
show that certain cohomology groups H?( X, 0) are zero. According to S. Bochner’s general criterion, a
tensor of a specified type cannot satisfy a given “harmonic ” equation globally on a compact manifold,
unless it is identically zero.



LOGARITHMIC VANISHING THEOREMS
ON COMPACT KAHLER MANIFOLDS I

M Terminologies

Table 2.1: Terminologies Interpretation

Interpretations

SNC divisor D " every irreducible component D, is smooth and all intersections are transverse.

The sheaf of germs of differential p-forms on X with at most logarith-

' mic poles along D, (introduced by Deligne in) whose sections on an

) " open subset V of X are ['(V, Q% (log D)) := {a € T'(V, Q% ® Ox(D))
& da € T(V, Q%" ® Ox(D))}.

. The Chern connection of (E, h), which is compatible with A and
: complex structure on E.

" A smooth Kiihler metric on Y = X\ D which is of Poincaré type along D.
. According to [11, proposition 3.2 and 3.4], this metric is complete and of

Poincaré type metric . finite volume. Moreover, its curvature tensor and covariant derivatives are
wp " bounded.
! k

: dz: Adz. n
iu)p:\/—lz ZJ/\ i +\/—12dzj/\d2]

|Zj|2 : 10g2 |Zj|2

j=1 j=k+1
v 5\ | Whose section space T'(U, Q%( X, E)) over VU "C’ X consists of E-valued
U (X Bywy hy) o s ith ble coeffic h that the L2 f both
(or QP ( X, E)) 3 D, ql— orms‘ u with measurable coefficients such that the n(?rms of both u
(2) ' and Ou are integrable on any compact subset V' C U. (Local integrable)
BB DX ATM @ E) = Ly (X B) = A,X) 88
. For any finite open covering & = {U,}, there is a family of homomorphisms
Fine sheaf - {h;}, h;: S — 7, such that the support of h; satisfying that Supp(h;) C
' Uj and ) _; h; = identity. (Partition of unity)
Redivisor ' Tis called an R-divisor if it is an element of Divg (X) :=Div(X) ®z R,
- where Div(X) is the set of divisors in X.
Terminologies Interpretations

Continued on next page

21
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2.2. SOME PROBLEMS AND THEIR SOLUTIONS

Table 2.1: Terminologies Interpretation (Continued)

Interpretations

. I7 — 15 can be written as a finite sum of principal divisors with real coef-

k
R-li ivalence
fnearequivaience ' ficients, i.e. T} — T = Z ri(f;), where ; € R and (f;) is the principal
Ty ~r T : il
. divisor associated to meromorphic function f;.
L = Y .a;L; is a finite sum with real numbers a,, - - - , a; and certain
: ' line bundles Lq,---, L. It is k-positiveif there exists smooth metrics
LG el /- hi,--+ ,hyon Ly, -, L, such that the curvature of the induced metric
on L:/—10(L,h) = 328 a;/—10(L;, h;) is k-positive.
Terminologies . Interpretations

Attention!: For any fine sheaf ., one has H1(X,.¥) = 0 forq > 1.

m Some problems and their solutions

Problem 2.2.1. (Fine sheaf)
Why one can obtain the fact that Q0 (X, E) admits a partition of unity from the consequence that

(2)
ifu € T(U, %(X, E)) and f € C*(X), then fu € D(U, (X, E))?

Problem 2.2.2. (Splitting of holomorphic vector bundle)

Why the metric wp on the holomorphic tangent bundle T'Y is of the splitting form : Wp =
S wi(z:)? Then why in local computations, we can treat (T'Y, wp) as a direct sum of line
bundles @;_,(F;,w;), i.e. (TY,wp) := P, (Fi,w;)? ‘

Theorem 2.2.1.

There exists a smooth Hermitian metric hi: on L|y such that the sheaf Q% (log D) @ O(L) enjoys
a fine resolution given by the L*-Dolbeault complex (Qf;; (X, L,wp, hi:), 5)

m Preliminaries
@Proof of Theorem].1

<[\/—_1@(V, hV),A&P} u, u> > C|u|2,
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Proof.
WK, '=R%o"=0""= P F'e®  -®F").

n
0 ® 0" =% ® (% ® %" ) =
(n— w
= (%ol (' e0"™) E
(o) (N e1)® (10" ™) |:_I|:J
- 1® Q;(n—iﬂ) _ Q;(”—P)‘ =
(©)
(B 1) (Q®1)=0%(Q,") ® 1 = 1(trivial holomorphic cotangent bundle) ® 1. e
“For (TY,wp) = D, (F;,w;) by using (2.1), then in local case (Fixed a local coordinate (W; 21, - - - , 2,,)) %
one has [ = F;'(Dual line bundle)[7, §2.2, p71]. (Qy is the dual of T'Y) The conclusion is clear >
through some easy computation. <
We have =
V=10(V,h") = Z V-IO[Lly ® (F,'®--- ® ' )]
11,0 yin— D
and
V-10[Lly @ (F'®--- @ F; ! ) Z V=100 log(w;)

(3.12) > awp—( —p)Cap
(ifa>n—-—p+1)C) > Cip> 0,

where we denote
VIOl @ (F' @@ F 1 ) = V-1O[Lly @ (F'®- - @ F | ), hy Qu], ®-- - Quwj _].
Thus, the curvature of each summand of L|y ® (F;,' ® - -+ ® inp) is strictly positive, i.e.

VIO[Lly ® (Fy' @ - ® FL )] > 0.

<[\/—_1@(V, hv),AaP} u, u> = <

(q-C—=(m=n)ul*>Cluf(¢=D

in—p

[ Y, V-1OlLly ® (F'® - © F' ), AWP] uu>

V
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2.3. PRELIMINARIES

And the proof of the assertion that of the metric E)L/ is Nakano positive is on following.

(R,

ijo

D V-Ielve (Fl e F L))

i1, in—p
= ) V—I1R] dz' AdZ ® € ® e, (cf PS5)
i7j7a7’y
= hPRga5) = Y V—1h"Ri.5dz’ A7 @ e* @ &°

i7j7a7/8

. -0 = 0 -0
L = ¢ = —]_ fYB = A b— I = P
dz (u 8zi> E V—=1h"" R,z (u Gzi) A (u 82j> ®e"®e

i,
= Y V1R puw’” (i ® e“) A (i ® éﬁ)
o ! 0z 0z

> Y Cup>0

11, 7in7p

As b > (0, then we have PEPRY —1h"P Ryz,5uwW? > 0, which immediately shows that

iij7a318

Thus A% is Nakano positive. u

Theorem 2.3.2. (Main theorem)

Let
X A compact Kdhler manifold
D A small normal crossing (SNC) divisor
N A line bundle
N ) an R-divisor with a; € [0, 1] such that N @ Ox([A]) is a k-

positive R-line bundle

L A nef line bundle

Then we have

HY(X, Q% (logD)® LR N) =0, foranyp+q=>n+k+ 1.

v 4
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Proof (A small sketch). The following computation is of (4.5).
V—10(F,hl_ )
=V @(L®F®0X(_[A])ah§57)
= V~18910g(h7 . ;)
— V=100 1og(h*) + V—=1001log(h") + V—=1001log(h™) " + /=100 log (H ol 5 log2(5||ai||2Di))§)

=1

= v/—1001og(h*) + v—19dlog(h") + v/=100log (H h%i> +v—199log (H HUZH%)
i=1

+v/ 190 log (H(logQ(ellmll%i))g)

=1

= /= 8810g(hL)+\/ 100 1og(h Zaﬂ/ 109 1og(hp,) +ZTN 6810g(HUZHD)

+3 av =109 log(log(c]laill3,))

i=1

=/ aalog(hL) + V= 8810g hF Zazcl i) + ZTi\/—lﬁglog(hDi)
i=1

. glog(snoill%,-)
ey ( log (<llol3, )

= V/—1001log(h*) + v/—19dlog(h Zazcl ZTZCI

90108 |loll3,) -1og(suaz-HDi) - alog(nainDi) Aalog(uaiu%,,)
(o (=loil3,)”

-+ Z a\/jl
i=1

i s aﬁﬁglo 0; 2 i
= V=16(L, h") + V=1O(F, ") + Y (ri — ai)er(Di) + ) | ( g(” IID,) )
=1 i=1 log<5Haz-H2Di)

_ s a()log(”aiﬂ%i) /\glog(HUi”%)i)
VY (og (<llonll3, )

= V=16(L, h") + V=16(F,h") + i(ﬁ —a;)c1(D;) + i (Owl(l)l))
i=1 log(aﬂai]%i)

& (ed108(lloilly, ) Ao loilh,)
+ﬁ; (log(t€||0i||2pi>2

where hp, = ||0; /%,

25
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2.3. PRELIMINARIES

|
Remark.
Ox([D]) ® Ox(—[A]) = OX(Z[Di]) ® Ox(— Z a;[Di])
i=1 i=1
(Dual line bundle) = Z a;0x([D;]) ® Ox(—[Dy])
i=1
— Z a;Ox(1). (trivial line bundle)
i=1
Definition 2.3.1. (Poincaré Type Metric)
A metric wy is of Poincaré Type along D if for each local coordinate chart (WW; zy, - - - | 2,,) along

D, the restriction w|W1*/2 is equivalent to the usual Poincaré type metric wp defined by

w —v—lzk: dz; Adz —I—\/—lzn:d-/\d_-
P = | Z] ZJ.
=il

Z%- 10g2 |22 j=k+1

Where W =Y NW = (A5)F x (A,)" % r € (0,1].

2

Theorem 2.3.3. (The key theorem for the proof of the main theorem)

Let

(X,w) A compact Kiihler manifold of dimension n
D A SNC divisor in X

A smooth Kdhler metricon Y = X — D

i which is Poincaré Type along D

Then there exists a smooth Hermitian metric hy; on L|y such that the sheaf Q0 (log D) @ O(L)
over X has a fine resolution given by the L* Dolbeault complex (5 (X, L, wp, hi),0).
In other words, we have an exact sequence of sheaf over X

0 = Q(log D) ® O(L) = Q3 (X, L, wp, hy)
such that Q3 (X, L, wp, hi) is a fine sheaf for any 0 < p, q < n. In particular,

HY(X,(log D) ® O(L)) & HYI(Y, L,wp, h) & HUA(Y, Lwp, hY).  (@.1)

Note: The isomorphism holds up to equivalence of metrics, i.e. if Op ~ wp and hi: ~ hi., then

HI();;(Y, La wp, hﬁl}) = H@g(yﬂ L7 C’Dp, hé)

! Replacing the line bundle with vector bundle is still valid.

v 4
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Problem 2.3.3. (Why Q)(;{(X, E) is a fine sheaf over X ?)

In the paper [6, §2.3, P7], the author asserts that if u € T'(U, Q((X, E)) and f € C*(X), then
fu e T'(U, Qfg(X, E)). This demonstrates the existence of a partition of unity in QI(’S (X, E).
Subsequently, the author claims that Q% (X, E) is a fine sheaf over X.

Proof. The basis for this assertion lies in the properties of fine sheaves and the specific construction of

Qfyy (X, E):

1. Definition of a Fine Sheaf: A sheaf F is considered “fine” if it satisfies certain partition of unity
properties. In this context, it means that for any open cover {U;} of the underlying topological
space X, there exist smooth functions p; € C°°(.X) with specific properties:

0 0 < p; <1forallzs.

@ supp(p;) C U; (the support of p; is contained in U;).

@ > pi(x) = 1forall z in X (the sum of p; at each point x is 1).
These partition of unity functions p; are crucial for gluing together local sections of the sheaf to
obtain global sections.

2. Construction of €2755(X, E'): This sheaf represents smooth differential forms of type (p, ¢) with
values in a vector bundle £ over the manifold X. Its construction involves defining local sections
on coordinate patches and specifying how these sections transition between overlapping patches.

3. Demonstrating Fine Sheaf Property: In Section 2.3 of the paper, the author asserts that if u is a
section in QIZS(X , E) and f is a smooth function on X, then the product fu is also a section in

Q’(’g (X, E). This demonstrates compatibility with the fine sheaf property because it shows that you
can use smooth functions (such as the p; functions from the partition of unity) to combine sections
locally without leaving the sheaf Qg‘i (X, E).

Essentially, this step ensures that Qz(’é‘i(X , E) is closed under multiplication by smooth functions,
which is a crucial property for a sheaf to be fine.

Remark. In summary, the assertion that Q@% (X, E) is a fine sheaf is based on the construction of

Q’é‘i (X, F') and the demonstration that it satisfies the necessary partition of unity property when sections
are multiplied by smooth functions. This property is essential for many purposes in differential geometry
and allows for the gluing of local sections to obtain global sections over a manifold X .

Problem 2.3.4.
1. How to get (3.5)?
2. How to obtain the Laurentz series representation of o;(z) on Wie?

3. Why o is L? integrable on W} iff 3; > —7; along D; by using polar coordinates and Fubini
Theorem (Example 2.4)?

4. Why o and N o have only logarithimic pole and o is a section of Q2 (log D) @ O(L) on W? ‘

Solution. 1.
2. The Laurentz series equation for several variables is

o0

f(zlv e 7Zn) — Z CLJ(Zl - Zlo)j1 te (Zn - Zno)jn7 Rl < |Zz - Ziol < R27

J=—00

27
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where J = (J1,- -+, jn)- f(21,- -+, 2,) is single-valued analysis in the annulus centered at every
point z;,. The coefficients are

Z .. Z
1 ) n) : dZJ,

o n (21— 21,) ”“ »+ (Zn = 2y )T
where dz; = dz; A--- Adz, and 2y, - - - , (2, are counter-clockwise closed curves surrounding
the expansion point (21,, - - - , 2y, ) in each variable, and the order of inegration can be interchanged.
By using the above equation, for a fixed point (0,---,0) € Wy, = A, X A /2 » We have

o0

or(z) = Y as(z) (2, T = (o)
J=—00

where a; = 075(2441, - , 2,) is a holomorphic function on A’f/;t. Thus o;(z) is bounded on

W C Wy, ie. there exists a positive constant M such that |o;(2)| < M.
3. By using polar coordinates, we obtain that

o2

= Z/ lel7 L (!01 I2H10g !zszIQH\Z\Q“ log® |2 )“/2>
|I|=p
Z/ (IU[ IZHIOg IzszIQHIZ 1?7 (log? | ] )a/2>
|7|=p

2m 27 b
/ / / / (|01 |2H10g H °Ti (log? r?) "‘/2> wp dOdr
\I\
2 t 2
~ Y Jou( / / tog?r2_ddy,, drs,, | [ / / 274 (log? 12) 2 dgsclrs | W

[I|=p i=1
b 1
=" en)or(2) P ] ( / log? 77 dnw> H( / 2% (log? r )Q/an> W
||=p v=1 \"0 i=1 \"0

1

t 1
_ Z (2m)bHto2brat |y ()2 H (/ log? Tlpudﬁpu> H </ Ti(logm;)® dm) w

[|=p =1

b 1 n
1
< Z (27r)b+t22b+atM2 [H (/0 log rzpudr,py> H /0 7“271 (logr;) dri)] <2>

‘[‘:p v=1 =1

< 400 (By using Example 2.4)

where |e|?,, € [%, 1] over W by hypothesis and r; = =dr,, A+ Adrg, Adry A-- - A
dry,d@ = df;, A---Adb; , ANdOL A~ AdO, . (r < %) Thus o is L? integrable on W iff
B; > —; along D;.
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4. We have
Vo(z) =Y V(or(2)C A= A, ®e)
[I|=p
=Y dor(2) Ay A NG, ®e+ Y or(2) NGy A AG, ®de
|I|=p |7|=p
p
+> | Do o@D A AdG) A AG, B e
v=1 \l|=p
= Z dor(z) NGy A+ NG, ®e
|=p
,where
dos(z) = ) d(as(z)" - (2)")
J=—00
= > dlan) ()" (@) + 30 asd ()" (2))
J=—00 J=—00
= > d(on (2, 5 2) (2" ()"
J=—00
+ Z UIJ(zt+17 T 7Z7L)d ((zl)jl T (Zt)jt)
J=—00
and
JIJ(Zt+17 e 7Zn)
1 JI(Zt+17 e 7Zn)
= — A —d A - ANdz,.
(27Ti)n_t /I/Vl*/Q (Zt—l-l — zt+10)]t+1+1 e (zn —_ znO)Jn+1 Zt+1 Z.
As 015(2e41, -+, 2,) is a holomorphic function on A’f/_;, thus it has only removable singularity,

and so as to 0(z), which shows that o and Vo have only logarihmic pole.
|

MY sdditional Material
Deﬁnition of Nef line bundle

Definition 2.3.2. (Nef line bundle (Algebraic version))

More generally, a line bundle L on a proper scheme X over a field k is said to be nef if it has
nonnegative degree on every (closed irreducible) curve in X (The degree of a line bundle L on a
proper curve C' over k is the degree of the divisor (s) of any nonzero rational section s of L.) A

line bundle may also be called an invertible sheaf.

29
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The term “nef” was introduced by Miles Reid as a replacement for the older terms “arithmetically
effective” (Zariski 1962) and “numerically effective”, as well as for the phrase “numerically eventually
free”. The older terms were misleading, in view of the examples below.

Every line bundle L on a proper curve C' over k which has a global section that is not identically
zero has nonnegative degree. As a result, a basepoint-free line bundle on a proper scheme X over k
has nonnegative degree on every curve in X ; that is, it is nef. More generally, a line bundle L is called
semi-ample if some positive tensor power L®* is basepoint-free. It follows that a semi-ample line bundle
is nef. Semi-ample line bundles can be considered the main geometric source of nef line bundles, although
the two concepts are not equivalent; see the examples below.

A Cartier divisor D on a proper scheme X over a field is said to be nef if the associated line bundle
O(D) is nef on X . Equivalently, D is nef if the intersection number D - C' is nonnegative for every curve
C'in X.

To go back from line bundles to divisors, the first Chern class is the isomorphism from the Picard
group of line bundles on a variety X to the group of Cartier divisors modulo linear equivalence. Explicitly,
the first Chern class C;( L) is the divisor (s) of any nonzero rational section s of L.

The nef cone

To work with inequalities, it is convenient to consider R-divisors, meaning finite linear combinations
of Cartier divisors with real coefficients. The R-divisors modulo numerical equivalence form a real vector
space N'*(X) of finite dimension, the Néron-Severi group tensored with the real numbers. (Explicitly:
two R-divisors are said to be numerically equivalent if they have the same intersection number with all
curves in X.) An R-divisor is called nef if it has nonnegative degree on every curve. The nef R-divisors
form a closed convex cone in N*(X), the nef cone Nef (X).

The cone of curves is defined to be the convex cone of linear combinations of curves with nonnegative
real coefficients in the real vector space N;(X ) of 1-cycles modulo numerical equivalence. The vector
spaces N'(X) and NV;(X) are dual to each other by the intersection pairing, and the nef cone is (by
definition) the dual cone of the cone of curves.

A significant problem in algebraic geometry is to analyze which line bundles are ample, since that
amounts to describing the different ways a variety can be embedded into projective space. One answer is
Kleiman’s criterion (1966): for a projective scheme X over a field, a line bundle (or R-divisor) is ample
if and only if its class in N''(X) lies in the interior of the nef cone. (An R-divisor is called ample if it can
be written as a positive linear combination of ample Cartier divisors.) It follows from Kleiman’s criterion
that, for X projective, every nef R-divisor on X is a limit of ample R-divisors in N*(X). Indeed, for D
nef and A ample, D + cA is ample for all real numbers ¢ > 0.

Definition 2.3.3. (Metric definition of nef line bundles (Geometry version))

Let X be a compact complex manifold with a fixed Hermitian metric, viewed as a positive (1, 1)-
form w. Following Jean-Pierre Demailly, Thomas Peternell and Michael Schneider, a holomorphic
line bundle L on X is said to be nef if for every ¢ > 0 there is a smooth Hermitian metric /.
on L whose curvature satisfies ©,, (L) > —cw. When X is projective over C, this is equivalent to
the previous definition (that L has nonnegative degree on all curves in X') which explains the more

complicated definition just given.
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Definition 2.3.4. (Logarithmic pole)

For a complex function f(z), if there exists a pole at z, with the following form:

C
(2 — 20) log(z — 20)’

f(z) ~

where ~ denotes that the ratio tends to 1 as 2 — 2y, C is a nonzero complex number, and
log(z — zp) represents the logarithmic function, then z; is called a logarithmic pole of the function

f(2).

Note that the characteristic of a logarithmic pole is that the function becomes very large in magnitude

as we approach points near 2.
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L?-APPROACH TO THE SAITO VANISH-
ING THEOREM

. . - ';Ei-‘.; Pl A
Terminologies SN s | L
Table 3.1: Terminologies Interpretation

Interpretations

. A smooth vector bundle £ on X with decomposition £ = P gk B

. by smooth vector bundles and a flat connection V : E — .Al Y (E) that
' maps each Ax(EP9) into Ay (EP?) @ AY(EP ) ® AOl(Ep R
3 A01(Ep+1q 1) (VQ _ O)

777777777777777777777777777777 FPE=@®,., 7w
VAR (EPY) — AYT(EP); 00 AV (EPY) — AT (EPT

D A (EP) — AR EP); g AR (BP) = A (BP0

A variation of Hodge
structures on X with
weight k

" A sesquilinear pairing ) : £ ® E — Ay such that

' 1. Q is compatible with V in the sense that VQ(u,v) = Q(Vu,v) +
" Q(u, Vo) for all smooth sections u, v of F,

2. The summands ¢ od the decomposition are mutually orthogonal to each

" other,
ffffffffffffffffffffffffffffff 300, 0) = B,y (F1)°QWP?, wP) ispositive definite.
The Hermitian metric on £. For all smooth sections u, v € E, we have
hgorh
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ot ) =l
(E,V,F* Q) A complex polarization of Hodge structures
. ® For each P4, the connection V!° + 0 is the metric connection with respect
Some useful facts to h.
. ® The curvature of the hermitian bundle £ is equal to —(6p + f).

Poincaré Type metric | dz; A dz;
* n—l 1+ Weare = == ZdZ N dZ
s o (A7) ¢ At =12 L ;;

. . . @ () is an open subset of X containing x
Admissible coordinates . ) . .
(21, 2) .o (21, -+, 2,) is a coordinates system on €) centered at , which gives a
cent:eré(,i T GnD " holomorphic isomorphism of © with A™ = {((y,...,¢,) € C* : |(;| < 1},
. @ D N (2 is given by the equation 2; - - - 2; = 0 for some [ < n

Terminologies " Interpretations

Continued on next page
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Table 3.1: Terminologies Interpretation (Continued)

Interpretations

. If E is a variation of Hodge structures on X = X\D, then every point
Higgs field 0 . € D has an admissible coordinate (£2; z; - - - , 2,,) centered at = such that

| |9|i s < C holds on Q* for some constant C' > 0.

' Let (E, h) be a hermitian vector bundle on X = X\D. For each o =
(ay, -+ ,a,) € R", we prolong E to an Ox-module P, F as follows. Let

' (U; 21, - -+, 2,) be an admissible coordinates and suppose that D ;s is defined

Prolongation bundles | ) :
via Norm Growthand 0¥ 212 =0,ie. Di=(2,=0),4=1,--- 1. Then
| !

the Nilpotent Orbit PLE(U) = {0 e(E,XNU) :|o| < 1_[|,zj|_aj_8 on U foralle >

Theorem
j=1

{Q}ier Finitely many admissible coordinates covering D s.t. |0[; , =< C;
" A line bundle on X s.t. £ + D has a smooth hermitian metric h,,, =
r - he+ 371 a;h; with semi-positive curvature w,, p = w, +> ), a;w; and
. at each point x € X, the curvature has at least n — ¢ positive eigenvalues;
(%)

. a nef (semi-definite) line bundle on 7.(Hermitian metric: hp ; Curvature
i W.I.1. hBZ wB)

Terminologies . Interpretations

2 For every p, q and every a € R", the prolongation bundles P, /7 satisfy the folllowing properties:
1. P, EP1is alocally free sheaf,
2. By Nilpotent Orbit theorem, E£?? can be naturally identified to P, E??, which is the prolongation
bundle via growth of Higgs norm.

Theorem 3.1.1. (Main theorem)

Let L be a line bundle on X. Assume that £+ 57, o;D; is n — t-positive R-line bundle. If B is
a nef line bundle on X, then

H (Y, it <DR(Y’D)(EQ)) QLR B) =0 foralll >t,p€Z.

Ay

Remark. This theorem is just the variant of [6, Theorem 1.1 (4.1)] by replacing 2% (log D) with
gr? <DR(7, D)(Ea)>. Here we consider the Deligne extension E,,a € R of a variation of Hodge

structures E on Y\D, whose eigenvalues of the residue along D; lie inside |[—c;, —c; + 1). By the
Nilpotent Orbit theorem via Higgs norm growth, we gain the graded pieces E** on X from extension of
EP4. Then one has the graded pieces of the logarithmic de Rham complex gr? (DR(X D) (Ea)> that is

(Qiy(log D) ® EPm77 V), where 0 < i,r < n, which is the generalization of [6, Theorem 3.1].
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34 3.2. DOLBEAULT RESOLUTION FOR THE DE RHAM COMPLEX

n m Dolbeault Resolution for the de Rham Complex

@-The Dolbeault resolution

Let X be a complex manifold and £ — X a holomorphic vector bundle. Let £ be the associated
sheaf of free O y-modules. Let A%?(E) be the sheaf of C* sections of Q%9 ® E. In (2.5), we defined the
operator

0: A"(E) —» A Y(E).

We know (cf. lemma 2.34 and proposition 2.36) that this operator satisfies:

@ The kernel of 9 : A*°(E) — A%!'(E) is equal to the sheaf of holomorphic sections of E, i.e. to £
(here A”?(E)) is the sheaf of C* sections of F ).

@ For ¢ > 0, a section of A™(E) is O-closed if and only if it is locally J-exact.

NOTES FOR ARTICLES

In other words, we have the following.

Proposition 3.2.1.

The complex i i
0— A(E) S AN E)-- 5 A(E) 0,

where n = dim¢ X, is a resolution of the sheaf £.

Ay

@The logarithmic Holomorphic de Rham Resolution

Let X be a complex manifold, and let ) C X be a hypersurface, i.e. D is locally defined by the
vanishing of a holomorphic equation.

Definition 3.2.1. (Normal Crossing Divisor)

We say that D is a normal crossing divisor if locally there exist coordinates z1, . . ., 2, on X such
that D is defined by the equation z; - - - z, = 0 for an integer r which naturally depends on the
considered open set.

In particular, a divisor D = 7| D; is called simple normal crossing divisor if every irreducible

component D; is smooth and all intersections are transverse.

Given a pair (X, D), where D is a normal crossing divisor in X, we will define the holomorphic
de Rham complex with logarithmic singularities along D. Let Q% (log D) be the subsheaf of the sheaf
Q% (D) of meromorphic forms on X, holomorphic on X — D, defined by the condition:

@ If o is a meromorphic differential form on U, holomorphicon U — D N U, o € Q% (log D)y if
« admits a pole of order at most 1 along (each component of) ), and the same holds for dc.



3.3. L?-EXISTENCE RESULTS

) 1emmas2l g

Let zy, ..., 2, be local coordinates on an open set U of X, in which D N U is defined by the
equation z; - - - z, = 0. Then Q% (log D)|U is a sheaf of free Oy-modules, for which d;# JANCRRIVAN
i

dzz#/\dzjl/\---/\dzjm withi, < r,js > randl + m = k form a basis.
2

v 4

Proof. Let v be a section of Q% (log D) on V' C U. As « admits a pole of order at most 1 along D,
we can write o = Zlizr, with 5 a holomorphic k-form on V. As da admits a pole of order at most 1
along D, we find that >, 2y -+ 2;- -+ 2.dz; A\ 0 must vanish along D. It follows immediately that if
B =230, Brsdz Ndzywith I C {1,...,r},J C {r+1,...,n}, the function (3; ; must vanish on the

hyperplanes of equation z;,% € I' := {1,...,r} — I, and thus must be divisible by zp = [[..,, z;. M

Corollary 3.2.1.

The sheaves Q%5 (log D) are sheaves of free O x-modules.

v 4

Furthermore, by definition, if « is a section of % (log D) on V' C X, then da = O« is in
Q’)“(H(log D). Indeed da is meromorphic, with a pole of order at most 1 along D, and closed. Thus,
(Qx(log D), 0) is a complex of sheaves over X. This complex is called the logarithmic de Rham complex.

For Corollary 3.2.1 , the complex

0— AL(E) S ANE) S - & AHE) -0
is a resolution for Q% (log D), where AY"*(E) = @

) [omma322 8

Via 1, the holomorphic de Rham complex is a resolution of C.

0F @ EP9).

p+q=k (

v 4

Proof. We want to show that the sheaves of cohomology H* = H* (Qx) satisfy H° = i(C) and
HF =0 for k > 0.

Now, we have an inclusion of the holomorphic de Rham complex into the de Rham complex
(QXaa) - (‘Al)ﬁ(ad) )

since d and O coincide on holomorphic forms. Moreover, we can see the usual de Rham complex Ax as
the simple complex associated to the double complex

(A™,8, (~1)"9).
Each column (A%, (—1)?0) of this double complex is exact in positive degree by proposition 2.36 and
gives a resolution of Q0. Thus, the de Rham complex is quasi-isomorphic to the holomorphic de Rham
complex by lemma 8.5. Like the usual de Rham complex, it is exact in positive degree, and its cohomology

is given by the locally constant sheaf C in degree 0 , so this also holds for the holomorphic de Rham
complex. |

m L?-existence results
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Let H,, Hy, and H; be Hilbert spaces and let T': H, — H, and S: Hy, — Hs be closed and

densely defined operators such that ST = 0. Let T and S* be the adjoints of T and S, respectively.
Suppose that there exists € > 0 such that

1T ul|* + ||Sul|® > €||lu|®  forallu € Dom(T*) N Dom(S).
Then for every w € Hy such that Su = 0, there exists v € Hy such that Tv = w and ||v|| <

e ull

The first proposition is a global version of the L?-existence result in Lemma 3.3.3.

Theorem 3.3.2. (Global version of the L*-existence result)

Let (X,w) be a Kihler manifold (not necessarily compact) and let L be a line bundle with
smooth hermitian metric hy. Let E be a complex polarized variation of Hodge structures on X.
Furthermore, we assume that

NOTES FOR ARTICLES

1. The geodesic distance 6., is complete on X.
2. The norm of the Higgs field |9|i7w is globally bounded.

3. There exists € > 0 such that ([iOg, A Ju,u) > €||u||i for all smooth and compactly
supported (1, s)-forms u forr + s =n + [,

Let w be a measurable section with values in E' such that 3u = 0. Provided that the right hand side
of the expression below is finite, there exists a measurable section v with values in E' = satisfying
0v = u and the following inequality

1
ol ave < < [l av.
X € Jx

v 4

Theorem 3.3.3. (Local version of the L>-existence result)

Equip Q0 = (A*)' x A" " with the Poincaré metric W, defined in Table 3.1. Let E be a complex

polarized variation of Hodge structures on {Y*. Let C' > 0 be a number such that ||(9||imré < Con
(Y. Define n: {2 — R by the following formula, for a; € Rand b; > C + 2:

! n
e =[] Izl (~log|z ") [T eiof
=t =141

If w is an (1, s)-form with values in E*9, with measurable coefficients such that Ou = 0 and
2 _
/ lull2.. e Vg < +o0,
Q*

then there exists an (r,s — 1)-form with values in EP%, with measurable coefficients, such that
u = Ov and

[ e Ve < [l Ve
O* O*

v 4
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m Construction of the Kidhler metric on the Complement

1. As X is a Kéhler manifold, let wo be the Kahler metric on X. (positive-definite)

2. According to (*), we can choose hermitian metrics on £ and O (D), and abtain the corresponding
curvatures w, and {w; }}. Locally, for each x € X, we can simulataneously diagonalize w, and
v
we + Y27y a;D; such that

wo(z) = iZCMAFM & w£+zajwj = Z.Z'Vu(x)cu/\?u'

(diagonalization of the metric and corresponding curvature), where 0 < 7, (x) < - -+ < 7,(z) and
v¢(x) > 0 since there at least n — ¢ positive eigenvalues. We can let m = min, 5 v,(z) > 0.

3. (Constructing the properiate Kéhler metric w from wy,. How and Why?) From the proof of
[Demailly,ChapterVIL,4]: “Let us consider the new Kahler metric on X

%)
=
m
oc
o
i
0
|
9]
=
T
2
<
>

we = ew +1O(E), e > 0,

and let iO(E) = i3 ~;¢; A (; be a diagonalization of i©(E) with respect to w and with
Y1 <+ < Yo Thenw, =i > (g + ;)¢ A (. The eigenvalues of iO(E) with respect to w, are
given by )
g :
Vie (€+’Yj)71<j<n‘
”,we know that we can construct an analogous Kihler metric such that it is complete for each
admissible coordinate €);,7 € .

I =

Leto; € H° (Y, Oy(Dj)) =T <7, (’)y(Dﬂ) that vanishes along D;.

0j(x) = '
#0, ze€X\D;.
And take a; to be sufficiently close to «; so that P, (EP?) = P,(EP?). We can rescale
0; so that o] < exp <%2+3)> Let
7 X 2R, 7(z) =—loglosl;, .
and let ,
5 = ZCL]‘Tj — bj IOgTj.

=1

So define the new Kdihler metric w on X as

W = Ewp + Wy + wp + 100€.

E:R w is positive definite and then w is a Kéiihler form on X . }g

5. (Prove that the metric w and w.y¢ are mutually bounded for each admisiible coordinate €2;.)
(D Clearly, this implies that (X, w) is complete. Fix an admisiible coordinate (£2; 2y, - - , 2,)
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3.4.

CONSTRUCTION OF THE KAHLER METRIC ON THE COMPLEMENT

and assume that D N (2 is defined by the equation z; - - - z; = 0. For convenience, suppose that
(z; = 0) = D; N Q. Note that 7; = — log | z;|* + g; for some smooth function g; on §2. Then

bj . bj (dZ] ) (dE] — >
20N = v aE \5 %) M5, %)

Since the first four terms of w are smooth on X, we see that (2) w and Weye are mutually
bounded on Q2. (3 This also shows that |4[; , is globally bounded (Theorem 2.5%).

WPoincaré type Kéhler metric on complement X\ D

Namely[ 1, Introduction, Definition 2], fixing a simple normal crossing divisor [ in a compact Kéhler

manifold (X, J, wy ), we recall the definition Poincaré type Kéhler metrics on X\ D, following [TY87,
Wu08, Auvll]:

Definition 3.4.2. (Poincaré type Kdiihler metric on complement)

of

A smooth positive (1, 1)-form w on X\ D is called a Poincaré type Kéhler metric on X\ D if: on
every open subset U of coordinates (z',...,2™) in X, in which D is given by {z'--- 27 = 0},
w is mutually bounded with (2)

z dz* A dzF m _
(Weae) W 1= i § R 40} deAd
=1 ‘zk| 10g (’Zk\ ) I=j+1

and has bounded derivatives at any order for this model metric.
We say moreover that w is of class [wx]| if w = wx + dd°p for some ¢ smooth on X'\ D, with

=0 ( 1_log [— log <|z€|2>D in the above coordinates and dy bounded at any order for

wil. We then set: w € 4"

wx]*
(1) Metrics of /l[fx] are complete, with finite volume (equal to that of X for smooth Kéhler metrics

class [w X] ); they also share a common mean scalar curvature, which differs from that attached to

smooth Kihler metrics of class [wx].

@Check the positivity of the commutator operator [1O 55, A,]

The key idea is to twist the metric of L by an extra factor of €5. This gives us a smooth hermitian

metric b}, = hze® on L] x. Denote it by O’ . Then

10y p = We + wp + 100E.

simulataneously diagonalization wy and ¢©, 5 at 7 € X and express

wozizgu/\g_“ & i@’B—zZ% )¢, A (s
m

“Which is related to the existence of admissible coordinates centered at each point x € D.
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andy; < -+ <7,
Using the result of 3. of The sketch of the proof and w = cw, + 1O, if we diagonalize 1O, ;
with respect to w and denote the eigenvalues as fy;w (x), then we have

y g =
ey te &J
As 8
&1 — L
12%5(:1:)2 forl <pu<t-—1, -
: £l o
m-+ée, — € <
1>+ >———— fort< pu<n. =
fyw(sc) " ort < pu<n T
2]
,then we abtain that [8] <
<L
. lemma2.12 p p p 0 9 >
<[Z@£®B7 Aw]u7 u>$ > (Vl,a(x) +eeet fys,a(x) - ’}/7,_,'_178(27) - fYn,a(x)> |u|w,a:
> [(51_5> St (M) -(s—t)—(n—r)] a2,
&1 m + &; ’
1
> —ulg,
10 ’

m L?~Dolbeault resolution

L?-Dolbeault resolution of the de Rham complex when there is a variation of
Hodge structures on the complement of an SNC devisor

E{ TARGET E

Construct a Kdhler metric w on X s.t. the following conditions are satisfied.:

1. (X,w) is complete;

2. |0]3....... is globally bounded;

3. [iO©,eB, Au] is a positive definite (1, s)-form;
E:R 4. The local 5-equation in admissible coordinate with appropriate twist is solvable. }g

Proposition 3.5.2.

The complex

0— H(EM QL B) = L, ,(E"® LR B)

is a resolution of ”H%T)(Ep’q ® L ® B) by fine sheaves.
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3.6. PROOF OF THE MAIN THEOREM

Proof . By the short exact sequence
i 9,
(B QLR B) = Lo (B ® L B) = Li,;,(E" ® L ® B)

and i being injective with Im (i) = ker 0, we know that the complex is exact at H{y (B ® L ® B).

(The O—equation is regular.) Also, it is clear that the complex is exact on X. Thus, the left task is to
prove the exactness on the boundary X, which is equivalent to solve a E-equation on a doamin of type
O = (A x A,

After construction of an admissible coodinate (£2; 2, - -+ , 2,) (D = (21 - - - 2 = 0)) and assuming
that £® B is locally trivial on {2 and is trivialized by a non-vanishing section o, letu®o € L{, ,,(EP!®

L ® B)(£) such that du = 0 with

Wearé

/f;* ||u||}2LE7wcaréeindV < +OO7

then by proposition 3.5, the O-equation is solvable. [ |

Proposition 3.5.3.

The sheaves H?r) (E™ ® L ® B) in terms of prolongation bundles are

H2\(EP ® L ® B) = Qx(log D) @ P.E" ® L ® B.

v 4

Proof. |

W Proof of the Main theorem

1. As the global bound for the Higgs field 6 in Theorem 2.5 give a morphism on sheaves L?T’s) (EP®
L® B) 2 L{11.4(EP"® L ® B), thus analogously to Section 3.1, we can construct a double complex:

Liom (B 8 L® B) —— L (B MM @ LOB) —— - —— L{, ,(B" """ ® L& B)
] ] o G
0 N © 9 y o 6
E) E) ) ]
L%O,l)(Ep’q QLR B) 0 L%Ll)(EprcHl QLR B) 0 y 0 L%l,n) (Ep—n,qun QL B)
5 5 5 5/\
L%Ovo)(Ep’q ®L®B) —— L%LO)(EP—Lq-H ®L®B) 45 ... %, L%mo)(Ep—n,q-&-n ® L ® B).

2. By Proposition 3.8 and 3.9, the r-th column is a resolution of {2%-(log D) ® E2™™"" ® L ® B by

fine sheaves. Hence, we can compute the hypercohomology of

[Ef;q — QL(log D) ® B~ Mt 5 ... 5 O (log D) ® Eﬁ‘”"””] neL®B

by taking the global section of the total complex above and compute the cohomology. Let (E, d) be
the total complex of the double complex above. We have a concrete description of the global section
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of the sheaves L7, (£ """ ® L ® B). The global sections u are (7, 5)-forms on X with values in n

(T7S

Er~1" @ L ® B with measurable coefficients such that

[l v < o0 ama [ [0
2 X

dV,, < 4oc.

2

h!\w

By Proposition 3.6 and 3.3, we have an a priori inequality ( The condition (3) of prop 3.4)
[oul* + [5"u* > 0.1]jul’

for u € E' when [ > 0. Since (X, w) is complete and |0|; _, is globally bounded on X, the vanishing
of cohomology immediately follows from Propesition 3.4.
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Introduction

Definition 4.1.1. (g-ample line bundle)

A line bundle L over a compact complex manifold X is called g-ample if for any coherent sheaf F
on X there exists a positive integer my = mo(X, L, F) > 0 such that

H(X,F® L™) =0, fori > q,m > mj.

Ay

Remark. A divisor D is q-ample if Ox (D) is a q-ample line bundle.

Note that for A = Y7, a;D; € Div(X) ®z R, o; € R to be a g-positive (g-ample) R-divisor, A is
the support of some g-ample divisor D', i.e. Supp(D’) = A.

Theorem 4.1.1. (Main theorem)
Let

X A compact Kdhler manifold

A small normal crossing divisor which is the support of some

= effective q-ample divisor D', i.e. Supp(D’) = D.

Then we have ' .
H'(X, Q% (log D)) =0, foranyi+j >n+q.

v 4

Theorem 4.1.2. (generalization of Main theorem)

With the same notation above, for any nef line bundle L, we have

H (X, Y (logD)® L) =0, foranyi+j >n+q+ 1.

v 4
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E{ If H(t,x) = tx is the homotopy between the identity map ) — ) and the constant map EEL

X

Q — {0}. Then we have the following computation:

) € Hp(,R) =R;
0 € HSR (Q,R) = {0}.(For d?(v(0)) = 0 forany p > 1)
(Id)*(

X

43
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W Perverse Sheaf and Intersection Cohomology

WPOincaré Duality

Definition 5.1.1. (cap product)

On an n-manifold X, the cap product is
CH(X) x Co(X) = Coi(X),

where C; and O denote the (simplicial/singular) i-(co)chains on X with Z. coefficients.

v 4

The cap product is defined as follows: if a € C"(X),b € C*(X) and 0 € C,(X), then
a(b ~ o) = (a—b)(o).
The cap product is compatible with the boundary maps, thus it descends to a map
HY(X;Z) x Hy(X;Z) = H, (X, 2).

The following statement lies at the heart of algebraic and geometric topology. For a modern proof see,
e.g., [5, Section 3.3]:

Theorem 5.1.1. (Poincaré Duality)

Let X be a closed, connected, oriented topological n-manifold with fundamental class [ X|]. Then
capping with | X| gives an isomorphism

H'(X;Z) = H,_(X;2)

for all integers 1.

v 4

As a consequence of Theorem 5.1.1 one gets a non-degenerate pairing

In particular, the Betti numbers (It is known as the rank of the corresponding homology groups.) of X in
complementary degrees coincide, i.e.,

Note that the existence of Hodge structures on the cohomology of complex projective manifolds leads to
an important consequence that the odd Betti numbers of a complex projective manifold are even.
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WUnderstanding Why the Odd Betti Numbers of a Complex Projective Manifold

are Even?

For a complex projective manifold, the odd Betti numbers are always even. This can be understood
through a combination of complex geometry and topological properties. Let’s break this down in detail:

l.

Definition of Betti Numbers: Betti numbers, denoted as by, quantify the topology of a manifold
by representing the rank of the k-th homology group Hy (M, Z) (or the k-th cohomology group
H"*(X;Z)). They indicate the number of k-dimensional "holes" or independent cycles in the
manifold. For instance, b, represents the number of connected components, b; represents the
number of independent loops, and so on.

Complex Projective Manifolds: A complex projective manifold is a complex manifold that
can be embedded into complex projective space. These manifolds have a rich structure and are
inherently Kéhler manifolds, meaning they have a compatible triple structure of a complex structure,
a symplectic structure, and a Riemannian metric.

. Hodge Decomposition: For a Kihler manifold M, the complex de Rham cohomology group

H*(M, C) can be decomposed into a direct sum of Hodge components:

H*(M.C)= @ H"(M)
pt+q=Fk
Here, H?%( M) denotes the space of harmonic forms of type (p, ¢), and h?? = dim H?4(M) are
the Hodge numbers.

. Relation Between Betti Numbers and Hodge Numbers: The k-th Betti number by, is related to

the Hodge numbers h?¢ by the following formula:

by= > hP

pHq=k

. Symmetry of Hodge Numbers: For Kihler manifolds, there is a fundamental symmetry in the

Hodge numbers:

hPd — RaP

This symmetry implies that the Hodge components H?¢ and H?? appear in pairs.

. Implication for Odd Betti Numbers: Due to the symmetry h?¢ = h?P, the sum of Hodge numbers

for odd k (such as by, b3, etc.) will always be an even number because each non-zero h*? has a
matching h%?. Thus, the odd Betti numbers must be even.

. Example: Consider the complex projective space CP". The Hodge numbers are as follows:

o W =1
o hit=1
o h*? =1(fn>2)
@ All other h?? = (.
The Betti numbers calculated are:
*) bo = hO’O =1
*) bg = hl’l =1
@ by =h?*?=1{forn > 2)
@ The odd Betti numbers b; = b; = 0.

45
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5.1. PERVERSE SHEAF AND INTERSECTION COHOMOLOGY

This example shows that odd Betti numbers are zero (which is even) for CP".

8. Conclusion: In summary, the reason the odd Betti numbers of a complex projective manifold are
even is due to the Hodge decomposition and the inherent symmetry of Hodge numbers on Kéhler
manifolds.

Remark. In the diagram, 0 is labeled as a meridian, and 7) is labeled as a longitude. The reason why the
homology class of d vanishes can be explained from the perspective of algebraic topology.

1. Meridian as a Boundary: From the diagram, the meridian 0 appears to be the boundary of a region.
In homology theory, any curve that forms the boundary of a region has a trivial homology class (i.e.,
it vanishes). This is because a boundary does not represent a closed, independent cycle—it is merely
the edge of a higher-dimensional region. In other words, since ¢ bounds some region within X, it is a
boundary, and hence its homology class must vanish.

2. Boundaries and Homology in Algebraic Topology: In homology theory, the boundary of a
higher-dimensional object always has a zero homology class. For example, in the case of a surface, if a
loop (like the meridian 9) is the boundary of a region, its homology class is trivial because it does not
represent a free, closed cycle but rather a boundary.

3. Betti Number and Hodge Decomposition: The passage also mentions that §’s homology class
vanishes, and this is related to the fact that the first Betti number b; of X is odd. According to Hodge theory,
if the first Betti number is odd, a complete Hodge decomposition cannot exist. This implies that certain
homology classes in H'(X; C) cannot be fully decomposed into pure (1, 0) and (0, 1) components. This
is connected to the fact that ’s homology class vanishes in the homology of X .

Summary:

1. The meridian 9 is the boundary of some region, and by the fundamental property of homology, any
boundary has a trivial homology class.

2. This follows from basic algebraic topology, where boundaries do not contribute to non-trivial
homology classes.

3. Additionally, the fact that X has an odd first Betti number implies that a full Hodge decomposition
is not possible for H*(X; C), which further supports why the homology class of J is trivial.

@Lefschetz Hyperplane Section Theorem

Amap [ : X — Y is called homotopy equivalence if there isamap ¢g : Y — X such that fg =1
and g f = L. It is an equivalent relation and X and Y are homotopy equivalent if they are the deformation
retracts of the third space Z containing them. In general, we can take Z as the mapping Cylinder M of
any homotopy equivalence f : X — Y. As we know that M deformation retracts to Y, it suffices to
prove that M also deformation retracts to its other end .X.
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