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1

PART I

RESEARCH NOTES FOR ARTICLES

This notes are mainly about some vanishing theorems and their proofs.





Part I

3

1 VECTOR BUNDLES WITH SEMIDEFI-
NITE CURVATURE AND COHOMOLOGY
VANISHING THEOREMS

Sec 1.1 Preliminaries

Theorem 1.1.1. (Kodaira vanishing theorem[7, P196])

Let L be a positive (ample) line bundle on a compact Kähler manifold X with dimX = n. Then

Hq(X,Ωp
X ⊗ L) = 0, for p+ q > n. (1.1)

Definition 1.1.1. (Chern classes[7, P196])

Let {P̃k} be the homogeneous polynomials with deg(P̃k) = k defined by

det(Id +B) = 1 + P̃1(B) + . . .+ P̃r(B).

Clearly, these P̃k are invariant.
The Chern classes of a complex manifold X are

ck(X) := ck(TX) ∈ H2k(X,R),

where TX is the holomorphic tangent bundle.

Definition 1.1.2. (Chern forms[7, P196])

The Chern forms of a vector bundle E of rank k endowed with a connection ∇ are

ck(E,∇) := P̃k

(
i

2π
F∇

)
∈ A2k

C (M).

The k-th Chern class of the vector bundle E is induced cohomology class

ck(E) := [ck(E,∇)] ∈ H2k(M,C).

Theorem 1.1.2. (Another description of Kodaira vanishing theorem[4, Introduction])

Let F be a holomorphic line bundle over a compact Kähler manifold M . If the Chern class
CR(F ) ∈ H2(M,R) contains a negative definite form X (X < 0) then all cohomology groups

Hq(M,Ω(F )) = 0

when q ⩽ n− 1.



Theorem 1.1.3. (Akizuki-Nakano Vanishing Theorem[4, Introduction])

(The generalization of Kodaira vanishing theorem by Akizuki-Nakano)
If X < 0, then

Hq(M,Ωp(F )) = 0

when p+ q ⩽ n− 1.

Theorem 1.1.4. (Vesentini vanishing theorem[4, Introduction])

If X is semi-definite of rank, k (i.e. X ⩽ 0 and X has k negative eigenvalues at each point of M )
then

Hq(M,Ω(F )) = 0 & H0(M,Ωq(F )) = 0

when q ⩽ k − 1.

Problem 1.1.1. ([4, Introduction])

If X ⩽ 0 with rank k, then
Hq(M,Ωp(F )) = 0

when p+ q ⩽ k − 1?

1.1.1 Correlation Techniques

Problems in holomorphic vector bundles can be often reduced to similar problems in line
bundles, by means of constructing the projective bundle PE over M and the tautological
line bundle LE−1.

By using the technique, we shall generalize to vector bundles some of the results of the following two
section.

Sec 1.2 The Kähler Case

The first result says that let M be a compact Kähler manifold and let F be a holomorphic line bundle
over M . If CR(F ) contains a form X whose associated hermitian form is negative semidefinite of rank k
at each point of M , then

H t(M,Ωs(F )) = Hs(M,Ωt(F )) = 0, for s+ t ⩽ k − 1.

The proof mainly depends on the Akizuki-Nakano Inequality that given any harmonic (p, q)-form φ with
values in E, then

([Λ, ie(Θ)]φ, φ) ⩾ 0, (1.2)

where e(Θ) denotes the exterior multiplication of the matrix of local (1, 1)-form with the column vector
φ. And in [2], we have known that e(Θ) = (∂E∂ + ∂∂E)φ. Here is a simplified version.
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In the Kähler case, let F → M be a holomorphic line bundle over a compact Kähler manifold of
dimension n. Take (U ; (z1, · · · , zn)) be a local coordinate system on M and

φ =
∑

φAB̄ dzA ∧dz̄B,

where A = (α1, . . . , αp) (α1 < · · · < αp), B = (β1, . . . , βq) (β1 < · · · < βq).
Denoting by X1 ⩽ X2 ⩽ · · · ⩽ Xn the eigenvalues of the hermitian form associated to X , for any

z ∈ U , compatible coordinates centered at z can be chosen in U in such a way that the fundamental form
ω of the Kähler metric is given at z by

ω = i
∑

dzα ∧dzα

and

X =
i

2π
Θ =

i

2π

∑
α

Xα dz
α ∧dzα.

Note that the expression of ω above is the consequence of diagonalization. And one can easily obtain
these two equations by using simultaneously diagonalization for ω and X .

Then we compute the formula of Akizuki-Nakano Inequality by

([Λ, ie(Θ)]φ)AB̄(z)

= [Λ, ie(Θ)]AB̄(z) · φAB̄(z)

= [Λ, 2πiX ]AB̄(z) · φAB̄(z)

= −
[∑

α

Xα dz
α ∧dzα,Λ

]
AB̄

(z) · φAB̄(z)

= −
[(∑

α

Xα dz
α ∧dzα

)
∧ (ΛφAB̄)

]
(z) + Λ

[(∑
α

Xα dz
α ∧dzα

)
∧ φAB̄

]
(z)

⋆
= −

∑
α∈A∩B

Xα(z)φAB̄(z) +
∑

α ̸∈A∪B

Xα(z)φAB̄(z),

where [(∑
α

Xα dz
α ∧dzα

)
∧ (ΛφAB̄)

]
=

{∑
XαφAB̄, α ∈ A ∩B,

0, α ̸∈ A ∩B,

and

Λ

[(∑
α

Xα dz
α ∧dzα

)
∧ φAB̄

]
=

{∑
XαφAB̄, α ̸∈ A ∪B,

0, α ∈ A ∪B.

Thus, if the following relations are satisfied at each point z ∈ M

(Xt1 + · · ·+Xts)− (Xj1 + · · ·+Xjn−t
) > 0

for each choice of i1 < · · · < is and j1 < · · · jn−t and for all s ⩽ t, then

([Λ, ie(Θ)]φ, φ)(z) ⩽ 0. (1.3)
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Definition 1.2.3. (Positive Hermitian line bundle)

A hermitian holomorphic line bundle E on X is said to be positive (negative/semi-positive/semi-
negative) if the hermitian matrix (Component) of its Chern curvature form

iΘ(E) = i
∑

1⩽j,k⩽n

cjk(z)dzj ∧ dz̄k

is positive (negative/semi-positive/semi-negative) definite at every point z ∈ X .

In[3, P334], by Prop VI-8.3, we gain that

⟨[iΘ(E),Λ]u, u⟩ =
∑
J,K

(
∑
j∈J

γj +
∑
j∈K

γj −
∑

1⩽j⩽n

γj)|uJ,K|2

⩾ (γ1 + · · ·+ γq − γp+1 − · · · − γn)|uJ,K|2

for any form u =
∑

J,K uJ,KζJ ∧ ζ̄K ∈ Λp,qT ∗(X). Then we have

([Λ, ie(Θ)]φ, φ)(z) = −⟨[iΘ(E),Λ]u, u⟩
⩽ (γ1 + · · ·+ γq − γp+1 − · · · − γn)|uJ,K|2

⩽
(
(Xj1 + · · ·+Xjn−t

)− (Xi1 + · · ·+Xis)
)
|uJ,K|2

⩽ 0.

By (1.3), consequently, in view of inequality (1.2), any harmonic (s, t)-form vanishes identically, i.e.
the Lemma 1.1 of the paper.

Remark. By (1.2) and (1.3), we have [2, Lemma2, P483]

([Λ, ie(Θ)]φ, φ)(z) = 0 ⇐⇒ φ ∈ H ′p,q(M,F )∩H ′′p,q(M,F )

As H ′p,q(M,F ) ∼= Hp,q

∂̄
(M,F ) and H ′p,q(M,F ) ∼= Hp,q

∂ (M,F ), one has

H ′p,q(M,F )∩H ′′p,q(M,F ) ∼= Hp,q

∂̄
(M,F ) ∩Hp,q

∂ (M,F ) = {0}. (1.4)

Thus φ ∈ {0} =⇒ φ ≡ 0, i.e. any harmonic (p, q)-form φ vanishes identically.

Suppose X ⩽ 0 of rank k. Now, for any µ ∈ R+, the form (ω − µX ) is still a Kähler form on M .
Denoting the eigenvalues of X with respect to the metric induced by ω as before, the eigenvalues of X
with respect to the metric induced by (ω − µX ) are

Xi

(1− µXi)
, i = 1, . . . , n.

Now, if µ is sufficient large, we have

s∑
i=1

Xi

(1− µXi)
>

n∑
j=t+1

Xj

(1− µXj)
. (1.5)

The computation should be the following.
Firstly, we gain the first inequality

s∑
i=1

(Xi −Xt+i)

(1− µXi)(1− µXt+i)
⩾

s(X1 −Xk)

(1− µX1)(1− µXk)
= s

(
X1

(1− µX1)
− Xk

(1− µXk)

)
.
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As X1 ⩽ X2 ⩽ · · · ⩽ Xn, then

Xi

(1− µXi)
⩽

Xj

(1− µXj)
, where 1 ⩽ i ⩽ j ⩽ n.

But for the associated hermitian form Θ is negative semidefinite of rank k, there are k negative eigenvalues
of X , which can be written as X1 ⩽ · · · ⩽ Xk < 0 ⩽ Xk+1 ⩽ · · · ⩽ Xn without loosing generality.
(Xl ⩾ 0, l = k + 1, . . . , n)

Thus, we have

s∑
i=1

(Xi −Xt+i)

(1− µXi)(1− µXt+i)
=

s∑
i=1

[
Xi

(1− µXi)
↓ − Xt+i

(1− µXt+i)
↑
]

⩾ s

(
X1

(1− µX1)
− Xk

(1− µXk)

)
.

Secondly, we abtain the second inequality

k∑
j=s+t+1

Xj

(1− µXj)
=

n∑
j=s+t+1

Xj

(1− µXj)

=
n−t∑

j=s+1

Xj+t

(1− µXj+t)
⩽ [k − (s+ t+ 1)]

Xk

(1− µXk)

by
Xj

(1− µXj)
⩽

Xk

(1− µXk)
, whereX1 ⩽ · · · ⩽ Xk ⩽ 0 ⩽ Xk+1 ⩽ · · · ⩽ Xn︸ ︷︷ ︸

n−k

.

Then, for each z ∈ M , we can find µ̄ ∈ R+ so that for any µ ⩾ µ̄ the hermitian form associated to Θ
satisfies condition of Lemma 1.1 for any pair (s, t) such that s+ t ⩽ k − 1, with respect to the Kähler
metric (ω − µX ). This means that for any Kähler form (Not just specific one), by lemma 1.1 of paper,
any harmonic (s, t)-form vanishes identically. Eventually, we gain the Theorem 2.1, i.e., the result we
have written in the beginning of this section.

1.2.1 An application of semidefinite theorem in Kähler case

Theorem 1.2.5. (Lefschetz theorem on hyperplane sections)

If the Chern class CR([S]) ∈ H2(M,R) of [S] contains a form X ⩾ 0 of rank k, then

ρ∗S is an isomorphism for s ⩽ k − 2

and
ρ∗S is injective for s = k − 1.

Proof . The main body remains the same as [1], and now we provide the kernel of the proof. We gain the
exact cohomology sequence from above

· · · → Hq(M,Ωp([S]−1)) → Hq (M,Ω′p) → Hq(S,Ωp−1([S]−1|S)) → · · · .
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Applying the vanishing theorem in Kahler case, we have

Hq (M,Ω′p) = 0, whenever p+ q ⩽ k − 1.

The exact Cohomology sequence yields the isomorphisms

Hq(M,Ωq) ∼= Hq(S,Ωp), for p+ q ⩽ k − 2 = (k − 1)− 1 (1.6)

and the injectivity of the map

Hq(M,Ωp) → Hq(S,Ωp), whenever p+ q = k − 2.

Since
Hs(M,C) ∼= ⊕p+q=sH

q(M,Ωp)

and a similar decomposition holds for S, the conclusion follows. ■

Sec 1.3 General case

In the general case, the proof is very different, which is mainly depends on the local expression of
the Laplace-Beltrami operator and on a result about hermitian forms, due to E. Calabi and Lectures on
Convexity of Complex manifolds and Cohomology vanishing theorems by E. Vesentini.

If the hermitian metric on X is a Kähler metric [10, P72], then

∂ = ∂̃, ϑ = ϑ̃, □ = □̃.

For φ ∈ Cpq(X,E)

(ϑ̃φ)a
AB′ = (−1)p−1∇αφ

a
AαB′,

so that, exactly as in the case of the Laplacian △ in Chapter 2, we have

(□̃φ)aAB = −∇α∇αφ
a

AB
+

q∑
r=1

(−1)r−1
(
∇α∇βr −∇βr∇α

)
φa

AαB′
r

(1.7)

where
∇α = gαβ̄∇β̄,

and A = (α1, . . . αp) , B = (β1, . . . βq) , B
′
r =

(
β1, . . . , β̂r, . . . , βq

)
.

In view of the Ricci identity, the summand of (1.7) can be expressed by

q∑
r=1

(−1)r−1
(
∇α∇βr −∇βr∇α

)
φa

AαB′
r
= (K̃φ)aAB (1.8)

where K̃ is a mapping
K̃ : Cpq(X,E) → Cpq(X,E),

which is linear over C∞ functions, whose local expression involves linearly (with integral coefficients)
only the coefficients of the curvature forms, s and L, of E and Θ◦.

By [10, Remark (3) after Lemma 3.2], we have(
K̃φ

)a
AB̄

=
q∑

r=1

(−1)rsabβ̄rαφ
b
AαB′

r
+
(
K̃◦φ

)a
AB̄

, (1.9)
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where K̃◦ involves only the curvature tensor of Θ◦, and is completely independent of E.
Formula (1.7) can be also written as

(□̃φ)aAB̄ = −∇α∇αφa
AB̄ + (K̃φ)aAB̄. (1.10)

Now
□ = (∂̄ϑ+ ϑ∂̄) = (∂̄ + S)(ϑ̃+ T ) + (ϑ̃+ T )(∂̃ + S)

= □̃+ ∂̃T + T ∂̃ + ϑ̃S + Sϑ̃+ ST + TS.

It follows that

Lemma 1.3.1. ([10, Lemma 3.4.])

For any φ ∈ Cpq(X,E)

(□φ)aAB̄ = (□̃φ)aAB̄ + ((F1φ)
a

AB̄ + (F2∇′φ)
a

AB̄ + (F3∇′′φ)
a

AB̄) (1.11)

where
F1 : C

pq(X,E) → Cpq(X,E),

F2 : C
pq (X,E ⊗Θ∗

o) → Cpq(X,E),

F3 : C
pq (X,E ⊗Θ∗

o) → Cpq(X,E),

are linear over C∞ functions. Their local expression involves the tensor product and its first
derivatives.

Then the Laplace-Beltrami operator □ on (0, q)-forms with coefficients in F ⊗D is given locally by

(□φ)B = −∇α∇αφB + (Kφ)B +
∑

gαβΓλ
αβ∇λφB, (1.12)

where B is a set of q indices B = (β1, · · · , βq) and Γλ
αβ are components of the Riemann-Christoffel

connection defined by the hermitian metric on M and K is a linear operator on (0, q)-forms which splits
as the sum of K = K0 +KX .

Lemma 1.3.2. ([10, Lemma 2.2 by E. Calabi, P80])

Let H be a hermitian quadratic differential form on X and G a hermitian metric on X . Assume
that H has at least p positive eigen values. Let ε1(x), . . . , εn(x) be the eigen values of H (w.r.t.
G) at x in decreasing order: εr(x) ≥ εr+1(x) Then given c1, c2 > 0, G can be so chosen that

lH(x) = c1εp(x) + c2 Inf (0, εn(x)) > 0, for all x ∈ X.

Proof . Let G be any complete hermitian metric whatever. Let σ1(x), . . ., σn(x) be the eigen-values of H
with reference to G arranged in decreasing order. We construct now a metric G on X whose eigen values
are functions of {σi(x)}1≤i≤n as follows: let λ : X → R be a C∞− function (we will impose conditions
on λ letter); let U be a coordinate open set in X with holomorphic coordinates (z1, . . . , zn); in U , we
have G = GUαβ̄dz

αdz̄β so that (GUαβ̄)αβ is a function whose values are positive definite hermitian

matrices; then the matrix valued function ĜU =
(
ĜUαβ̄

)
αβ

where Ĝ =
∑

ĜUαβ̄dz
αdzβ in U is defined

by

Ĝ−1
U = G−1

U

∞∑
r=0

λ(x)r

(r + 1)!

(
HUG

−1
U

)r
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where HU is the matrix valued function (HUαβ) defined by

H =
∑

HUαβ̄dz
αdzβ

in U .
We now assert that ĜU define a global hermitian defferential form on X and under a suitable

choice of λ, it is positive definite. To see that ĜU defines a global hermitian differential form on
X , we need only prove the following. Let V be another coordinate open set with coordinates complex

(w1, . . . , wn). Let J =
∂(z1,...,zn)
∂(w1,...,wn)

be the Jacobian matrix. As before let GV = (GV αβ) be defined by

G =
∑

GV αβ̄dw
αdw̄β in V . Then if ĜV is defined starting from GV as ĜU from GU , we have

JĜt
U J̄ = ĜV

We have in fact, writing J∗ for tJ̄−1,

J∗Ĝ−1
U J−1 = G−1

V J

(
∞∑
r=0

λ(x)1

(r + 1)!

(
HUG

−1
U

)r)
J−1, since JGt

U J̄ = GV .

It follows from the above that

J∗Ĝ−1
U J−1 = G−1

V

∞∑
r=0

λ(x)r

(r + 1)!

(
JHUG

−1
U J−1

)r
= G−1

V

∞∑
r=0

λ(x)r

(r = 1)!

(
HV J

∗G−1
U J−1

)r
since JH t

U J̄HV . Hence we obtain

J∗Ĝ−1
U J−1 = G−1

V

∑
r=0

(λ(x))r

(r + 1)!

(
HVG

−1
V

)r
= Ĝ−1

V

This proves that ĜU defines on X a global hermitian differential. We next show that Ĝ is positive definite.
For this we look for the eigenvalues of Ĝ with reference to G. TO compute these, we may assume, in the
above formula for ĜU , that GU is the identity matrix Then we have

ĜU =
+∞∑
r=0

λ(x)r

(r + 1)!
Hr

U

It follows that the eigen values of ĜU are{
+∞∑
r=0

λ(x)r

(r + 1)!
σq(x)

r

}
1≤q≤n

.

It is easily seen that these are all strictly greater than zero: this assertion simply means this: f(t) =
et−1
t

=
∑∞

r=0
tr

(r+1)!
for t ̸= 0, f(0) = 1 (which is continuous in t ) is everywhere greater than 0 .

We will now look for conditions on λ such that Ĝ satisfies our requirements. From the formula for Ĝ,
we have

HUĜ
−1
U =

+∞∑
r=0

λ(x)r

(r + 1)

(
HUG

−1
U

)r+1
.
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Now the eigenvalues of H with respect to Ĝ (resp. G ) are simply those of the matrix HUĜ
−1
U (resp.

HUG
−1
U ), Hence these eigenvalues εq(X) of H with reference to Ĝ are

f (λ(x), σq(x))

where f(s, t) is the function on R2 defined by

f(s, t) =
t∞∑
r=0

Sr

(r + 1)
tr+1

Since ∂f(s,r)

∂t
= est > 0 for any, f(s, t) is monotone increasing in t. Hence we have

εr(x) ⩾ εr+1(x) for 1 ⩽ r ⩽ n− 1.

Moreover f(s, t) ⩾ t for s ⩾ 0. Thus, if we choose λ(x) ⩾ 0 for every x ∈ X , then εq(x) ⩾ σq(x) >
0.

The choice of λ(x) is now made as follows . Let, for every integer v > 0.Bv = {x | d (x, x0) ⩽ γ}
for some x0 ∈ X , the distance being i the metric G. The Bv are then compact. Let bv = Infx∈Bγ (σp(x)).

Then b1 ⩾ b2 ⩾ . . . ⩾ bv+1 ⩾ . . ..
Let b(x) be a C∞ function on X such that b(x) > 0 for x ∈ X and b(x) < bv in Bv −Bv−1. Then

clearly b(x) ≤ σp(x).

Finally let ρ(x) be a C∞ function on X such that ρ(x) ⩾ d (x, x0), and k >
√

C2

C1
b1 be a real

constant. Set λ(x) = 2keρ(x)

b2(x)
. We have then

εq(x) = f (λ(x), σp(x)) = σp(x) +
λ(x)

2!
σp(x)

2 + · · ·

so that

εp(x) ⩾
keρ(x)

b2(x)
σp(x)

2 ⩾ keρ(x) ⩾ k.

On the other hand,

εn(x) = f (λ(x), σn(x)) =
1

λ(x)

{
eλ(x)σn(x)−1

}
⩾

−1

λ(x)
= − b2(x)

2keρ(x)
⩾ −b21

k

C1εp(x) + C2 Inf (0, εn(x)) ⩾ C1k − C2

b21
k

⩾
1

k

(
C1k

2 − C2b
2
1

)
> 0.

■

The general version of the theorem will be described as follows :

Theorem 1.3.6. (The general semidefinite vanishing theorem)

Let M be a compact hermitian manifold. Let F be a holomorphic line bundle and D be a
holomorphic vector bundle over M .
If CR(F ) contains a form X whose associated hermitian form has at least k positive eigenvalues at
each ponit of M , then there exists a positive integer µ0 such that

Hq(M,Ω(F µ ⊗D)) = 0

for all µ ⩾ µ0, and all q ⩽ n− k + 1.
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Proof . By Lemma 1.3.2, M can be equipped with a new hermitian metric in such a way that, denoting
by X1(z) ⩾ · · · ⩾ Xn(z) the eigenvalues of X w.r.t. this metric, then Xk(z) > 0 and

Xk(z) + n · inf(0, Xn(z)) > 0, at each point z ∈ M.

As K = K0 +KX is a linear operator, then A(Kφ,φ) = A(K0φ, φ) + A(KXφ, φ). Aaccording to a
straightforward computation, we abtain

A(KXφ, φ)(z) ⩾ (Xk(z) + n · inf(0, Xn(z)))A(φ, φ)(z)

by using the fact that for q ⩾ n− k + 1, there is at least one of the indices β ⩽ k.
And since M is compact, there exist a positive C s.t. A(K0φ, φ)(z) ⩾ −CA(φ, φ)(z) at every

point z ∈ M .(K0 is a bounded linear operator on M when M is comapct.) Then we choose a µ0 s.t.

µ0(Xk(z) + n · inf(0, Xn(z)))− (C + 1) > 0, at each point z ∈ M,

which implies A(Kφ,φ) ⩾ A(φ, φ). (

A(Kφ,φ)(z) ⩾ [(Xk(z) + n · ing(0, Xn(z))− C]A(φ, φ)(z)

⩾
[(1− µ0)C + 1]

µ0

· A(φ, φ)(z) ⩾ A(φ, φ)(z)

)
Thus, if φ is any harmonic (0, q)-form with coefficients in F µ ⊗D, with µ ⩾ µ0 and q ⩾ n− k+1,

we have
0 ⩽ ∥φ∥2 = (φ, φ) ⩽ (Kφ,φ) ⩽ 0,

which means that φ ≡ 0. ■

Sec 1.4 On vector bundles

1.4.1 Terminologies

Definition 1.4.4. (Hermitian metric)

On a holomorphic vector bundle with a hermitian metric h, there is a unique connection compatible
with h and the complex structure. Namely, it must be ∇ = ∂ + ∂̄, where ∂s = h−1∂ hs.

Table 1.1: Terminologies Interpretation

PE = (E − 0)/C∗,

(E − 0) The bundle space E minus its zero section,

Terminologies Interpretations

Terminologies Interpretations

Continued on next page
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Table 1.1: Terminologies Interpretation (Continued)

Curvature form Θ̂ Θ̂ =
∑

i,j Θr
ri j̄ dz

i ∧dzj −
∑r−1

1 dζα ∧ dζα,

D A holomorphic vector bundle over M ,

SkE k-th symmetric tensor power of E,

LE the associated complex line bundle over PE.

Terminologies Interpretations

Terminologies Interpretations

We have the following homeomorphisms [9, Theorem 2.1, P504 and P502]:

Hq(PE∗,Ω((LE∗)−k ⊗ π∗D)) ∼= Hq(M,Ω(SkE ⊗D))

and

Hq(PE∗,Ωp(LE∗)−1) ∼= Hq(M,Ωp(E)).

Sec 1.5 Vanishing theorems for positive semidefinite vector bundles of rank k

In order to define the following concept, it is necessary to calculate the Hermitian quadratic form
Θ(ζ, η), which is strongly associated with the definition. (cf [8],proof of Proposition 6.3)

Definition 1.5.5. (Vector bundle being positive-semidefinite of rank k)

E is said to be positive semidefinite of rank k if there exists a hermitian metric on E whose curvature
tensor Θ satisfies the following condition: for all ζ ∈ Cr − 0, the quadratic form on the variable η :
Θ(ζ, η) is positive semidefinite of rank k at each point of M , where

Θ(ζ, η) =
∑
i,j

Θρ
σij̄ζ

σζ̄ρηiη̄j.

1.5.1 Kähler case over semidefinite vector bundles

Theorem 1.5.7. (Semidefinite vanishing theorem for vector bundle of rank k (Kähler Case))

Let E be positive semidefinite (or negative semidefinite) of rank k at each point z of a compact
Kähler manifold M . Then

Hq(M,Ωp(E)) = 0 if p+ q ⩾ 2n− (k − r).

(respectively, Hq(M,Ωp(E)) = 0 if p+ q ⩽ k − r. (By Serre Duality Theorem.))
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Theorem 1.5.8. (The generalization of Theorem 3.1)

{
ρ∗S is an isomorphism, if s ⩽ k − r − 2,

ρ∗S is injective, if s = k − r − 1.

This paper gives an application of its vanishing theorem of Kähler case over semidefinite vector
bundle, which is the Lefschetz theorem on hyerplane sections. Here, S will be a non-singular complex
submanifold of codimension r regularly imbedded in the compact Kähler manifold M , and S will be
assumed to be the zero set of a holomorphic section ζ of a holomorphic r-vector bundle E → M .
Let ρ∗S : Hs(M,C) → Hs(S,C). Let ζ̂ ∈ H0(PE∗, (LE∗)−1) be the holomorphic section of the
line bundle (LE∗)−1 corresponding to ζ . Thus, ζ̂ = {p : ζ̂(p) = 0} is a non-singular submanifold of
codimension 1 in PE∗.

1.5.2 General case over semidefinite vector bundles

Theorem 1.5.9. (Semidefinite vanishing theorem for vector bundle of rank k (General Case))

Let M be a compact complex manifold, and assume that there exists a hermitian metric on E, whose
curvature tensor Θ satisfies the following condition at each point of M .
For any ζ ∈ Cr − 0, the quadratic form in η,Θ(ζ, η), has at least n− k1 positive eigenvalues and
at least k2 negative eigenvalues. Then

Hq(M,Ω(SµE ⊗D)) = 0

for any q ̸∈ (k1, . . . , k2) if µ ⩾ 0.

Sec 1.6 The semi-curvature of a line bundle L(E) over P (E)

Proposition 1.6.1. (PROPOSITION 6.1. OF [9])

Given a point o ∈ M , there exist local holomorphic sections s1, · · · , sr around o such that

hαβ̄ = δαβ and dhαβ̄ = 0 at o.

Proof . Choose local holomorphic sections t1, · · · , tr around o which are orthonormal at o. We set

sα =
∑

aβ
αtβ (aβ

α : holomorphic )

and try to find (aβ
α) such that aβ

α = δβα at o and s1, · · · , sr satisfy the required second condition. If we set

gαβ̄ = h (tα, t̄β) ,

then
hαβ̄ = h (sα, s̄β) =

∑
aγ
αgrδ̄ā

δ̀
β,

14 1.6. THE SEMI-CURVATURE OF A LINE BUNDLE L(E) OVER P (E)

1
N

O
TE

S
FO

R
A

R
TI

C
LE

S



or in matrix form
H = tA ·G · Ā.

We want to find A such that A = I at o and dH = 0 at o. Since

∂H = ∂tA ·G · Ā+ tA · ∂G · Ā,

it suffices to set

aβ
α = δβα − Σ

(
∂gαβ̄
∂zj

)
0

· zj,

where z1, · · · , zn is a local coordinate system with origin o. ■

Proposition 1.6.2. (Proposition 6.3. of [9])

If E is a hermitian vector bundle with negative curvature (resp. semi-negative curvature), then the
line bundle L(E) over P (E) with the induced hermitian metric has negative (resp. semi-negative)
curvature.

Proof . The naturally induced hermitian metric h̃ in L(E) may be described as follows. Since L(E)
minus its zero section is naturally isomorphic to E minus its zero section

(L(E)− 0) ∼= (E − 0),

every nonzero element X of L(E) may be identified with an element of E, and

h̃(X,X) = h(X,X).

Fixing a point o in the base manifold M , we choose holomorphic sections s1, · · · , sr in a neighborhood
of o with the properties stated in Proposition 6.1. Then we may write

h(X,X) = Σhαβ̄ξ
αξ̄β for X = Σξαsα.

We shall compute the Ricci tensor of the line bundle L(E) at an arbitrarily fixed point of P (E) which
lies over o ∈ M . This point is represented by a unit vector X0 ∈ E. Applying a unitary transformation
to s1, · · · , sr, we may assume that X0 = sr(0). We take z1, · · · , zn, ξ1, · · · , ξr−1 as a local coordinate
system around [X0] in P (E), [X0] denotes the point of P (E) represented by X0. Then the components
of the Ricci tensor of L(E) at [X0] are given by −∂2 log h(X,X)

∂zi∂z̄j
− ∂2 log h(X,X)

∂zi∂ξ̄β

−∂2 log h(X,X)

∂ξα∂z̄j
− ∂2 log h(X,X)

∂ξα∂ξ̄β

 =

 −∂2 log hαβ̄

∂zi∂z̄j
0

0 −δαβ


where i, j = 1, · · · , n and α, β = 1, · · · , r − 1. It is clear that this matrix is negative (semi-) definite if
the curvature of E is (semi-) negative. ■

Remark. If E has (semi-) positive curvature, its dual E∗ has (semi-) negative curvature by Proposition
6.2 and hence the line bundle L(E∗) over P (E∗) has (semi-) negative curvature by Proposition 6.3
and its dual L (E∗)

−1
= L (E∗)

∗ has (semi-) positive curvature. But L(E) itself does not have (semi-)
positive curvature.

From Proposition 6.3, we obtain immediately the following
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Theorem 1.6.10. (TEOREM 6.4. OF [9])

A hermitian vector bundle E with negative (resp. semi-negative, positive, or semi-positive) curvature
is negative (resp. semi-negative, positive, or semi-positive).

We do not know if the converse is true, e.g., if a negative vector bundle E admits a hermitian metric
with negative curvature. For a line bundle E, by definition E is negative (resp. positive) if and only
if it admits a hermitian metric with negative (resp. positive) curvature. It is, however, not clear if
a semi-negative (resp. semi-positive) line bundle admits a hermitian metric with semi-negative (resp.
semi-positive) curvature.

So form the proof of Proposition 1.6.2 we get the curvature of L(E) with respect to the induced
hermitian metric h̃ at the point [X0] ∈ P (E)

ΘL(E)([X0]) =
∑
i,j

(
−∂2 log hαβ̄

∂zi∂z̄j

)
dzi ∧ dz̄j −

r−1∑
α=1

dξα ∧ dξ̄α.

=
∑
i,j

Θr
rij̄dz

i ∧ dz̄j −
r−1∑
α=1

dξα ∧ dξ̄α.

There is still an issue.

Θij̄ =
∑

Θα
αij̄ = −∂2 log dethαβ̄

∂zi∂z̄j
? =?−

∂2
∑

α,β log hαβ̄

∂zi∂z̄j
=
∑
α,β

(
−∂2 log hαβ̄

∂zi∂z̄j

)
.

1.6.1 Computation of Θ ∧ φ = 0

For P.52 of [4]

It can be verified that using (1), if E is negative semidefinite, then any harmonic (p, 0)- or
(0, p)- form with coefficients in E has to satisfy the condition : Θ ∧ φ = 0 at each point of
M .

In fact, let φ be a harmonic (p, 0)- or (0, p)- form with coefficients in E, then clearly, we have
Λφ ≡ 0, which shows that (1) can be written as (

√
−1Λe(Θ)φ, φ) ⩾ 0. And the pointwise scalar

product A(
√
−1Λe(Θ)φ, φ) ⩽ 0 at each point of M . Thus by (1) it must be (Λe(Θ)φ, φ) = 0 and

therefore, for (2), we have

(Λ(∂E∂̄ + ∂̄∂E)φ, φ) = 0

=⇒
{
Λ∂̄∂Eφ = 0 → ∂̄φ = 0 → ∂Eφ = 0, when φ is a (0, p)-form
Λ∂E∂̄φ = 0 → ∂Eφ = 0, when φ is a (p, 0)-form

}
=⇒ ∂Eφ = 0.

Then by (2), e(Θ)φ = Θ ∧ φ = 0.
For p.53. Since in the strong sense Θ = Θρ

σij̄τ
σ
i τ̄

ρ
j ⩾ 0 if E is positive semidefinite and let
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φ =
∑

φAdz
A be the local representation of the (p, 0)-form, then we have

Θ ∧ φ =
∑
i∈A

(∑
Θρ

σij̄ τ
σ
i τ̄

ρ
j ∧ φA(i)dz

A(i)
)
=
∑
i∈A

(∑
Θρ

σij̄φA(i) τ
σ
i ∧ τ̄ ρ

j ∧ dzA(i)
)

=
∑
ρ

(∑
i∈A

∑
σ

Θρ
σij̄φ

σ
A(i)(−1)p(i) τσ

i ∧ dzA(i) ∧ τ̄ ρ
j

)

=
∑
ρ

[(∑
i∈A

∑
σ

Θρ
σij̄φ

σ
A(i)(−1)p(i)

)
τσ
i ∧ dzA(i) ∧ τ̄ ρ

j

]
= 0,

which implices that ∑
i∈A

∑
σ

Θρ
σij̄φ

σ
A(i)(−1)p(i) = 0.

1.6.2 Computation of the quadratic form Θ(ζ0, η)

For L(T ∗P ) its Ricci curvature is

Θ(ξ, η) =

 −∂2 log h(X,X)

∂zi∂z̄j
− ∂2 log h(X,X)

∂zi∂ξ̄β

−∂2 log h(X,X)

∂ξα∂z̄j
− ∂2 log h(X,X)

∂ξα∂ξ̄β

 =

 −∂2 log hαβ

∂zi∂z̄j
0

0 −δαβ


For the Fubini-Study metric on Pn(C) with holomorphic sectional curvature c, the curvature tensor is
given by

Kij̄kl̄ = −c

2
(hij̄hkl̄ + hil̄hkj̄).

Given a point o in Pn(C), we may always choose a local coordinate system around o so that the metric
tensor hij̄ coincides with δij at o. Then the curvature of the cotangent bundle is given by

c

2
(δijδkl + δilδkj).

Note that the sign changes when we pass from TP to T ∗ P . The matrix representing the Ricci curvature
of L(T ∗P ) in the proof of Proposition 6.3 reduces in this case to the following:(

− c
2
(δij + δinδjn) 0

0 −δαβ

)
i, j = 1, · · · , n
α, β = 1, · · · , n− 1

.

The Ricci curvature of L(T ∗P )−1 is obtained from that of L(T ∗P ) by changing its sign. On the other
hand, the Ricci curvature of P at o (which is nothing but the Ricci curvature of K−1

P = Hn+1) is given
by Kij̄ = − c

2
(n+ 1)δij . Hence, the Ricci curvature of H is given by

− 1

n+ 1
Kij̄ =

c

2
δij.

Consequently, the Ricci curvature of L(T ∗P )−k ⊗ π∗Hm can be expressed by the following matrix:(
k c

2
(δij + δinδjn) 0

0 kδαβ

)
+

(
m c

2
δij 0
0 0

)
,
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which is clearly positive if m+ k ≧ 1 and k ≧ 1.
Now we compute the quadratic form Θ(ζ0, η) of Sk(TP)⊗Hm as follow: [4, P52]

Θ(η, ζ0) =
∑
α,β,i,j

((
k c

2
(δij + δinδjn) 0

0 kδαβ

)
+

(
m c

2
δij 0
0 0

))(
ηiηj

ζαζβ

)

(δαβ ≡ 0) =
∑
α,β,i,j

(
k c

2
(δij + δinδjn) +m c

2
δij 0

0 0

)(
ηiηj

ζαζβ

)
=
∑
i,j

[
k
c

2
(δij + δinδjn) +m

c

2
δij

]
(ηiηj)

= k
c

2

( ∑
i,j⩽n−1

δijη
iηj +

∑
i

δinη
iηn +

∑
j

δjnη
nηj

)
+m

c

2

∑
i,j

δijη
iηj

= (k +m)
c

2

∑
i,j⩽n−1

δijη
iηj + (2k +m)

c

2
ηnηn

= (k +m)
c

2

∑
i⩽n−1

ηiηi + (2k +m)
c

2
ηnηn

which is semi-positive if m+ k ≧ 1 and k ≧ 1.

Sec hyperplane Theorem

We note that the fibre of SkE∗ over x ∈ M is the space of homogeneous polynomials of degree k on
Ex.

Theorem 1.6.11. (Theorem 1.3. of [4])

Let E be positive semidefinite (or negative semidefinite) of rank k at each point z of a compact
Kähler manifold M . Then

Hq (M,Ωp(E)) = 0 if p+ q ⩾ 2n− (k − r).

(respectively, Hq (M,Ωp(E)) = 0 if p+ q ⩽ k − r. (By Serre Duality Theorem.))

Theorem 1.6.12. (Lefschetz theorem on hyperplane sections)

If the Chern class CR([S]) ∈ H2(M,R) of [S] contains a form X ⩾ 0 of rank k, then

ρ∗S is an isomorphism for s ⩽ k − 2

and
ρ∗S is injective for s = k − 1.

Proof . Let Sn−1 be a non-singular analytic subvariety of V n,Bs the restriction of the bundle B on S,
and the sequence

0 → Ω′p(B)
i→ Ωp(B)

r→ Ωp (Bs) → 0

18 1.6. THE SEMI-CURVATURE OF A LINE BUNDLE L(E) OVER P (E)

1
N

O
TE

S
FO

R
A

R
TI

C
LE

S



be exact. And let η ∈ Ω′p(B)

η =
∑

α1<···<αp

ηα1...αpdz
α1 . . . dzαp,

where we assume that z1 = 0 the local equation of S. Then it is clear, that for p ≧ 1

η′ =
∑

1<α2<···<αp

(
η1α2...αp

)
s
dzα2 . . . dzαp

belongs to Ωp−1 {(B− {s})s}. If we denote by r̄ the mapping Ω′p(B) → Ωp−1 {(B− {s})s} such
that

r : η ∈ Ω′p(B) → η′ ∈ Ωp−1 {(B− {s})s} ,
then we can easily prove that the sequence

0 → Ωp(B− {s}) → Ω′p(B) → Ωp−1 {(B− {s})s} → 0

is exact. By taking the sequence of cohomology groups corresponding to (12), we obtain the exact
sequence

→ Hq (Ωp(B− {s})) → Hq (Ω′p(B)) → Hq
(
Ωp−1 {(B− {s})s}

)
→ .

Now let us assume that S is so ample that c(B− {s}) contains an everywhere negative definite form,
then we see by theorem 1′′ that

Hq (Ωp(B− {s})) ≃ 0 for p+ q ≦ n− 1,

Hq
(
Ωp−1(B− {s})s

)
≃ 0 for p+ q ≦ n− 1

Putting these in (13), we have, if p ≧ 1, for p+ q ≦ n− 1

Hα (Ω′p(B)) ≃ 0

Moreover it is also the case even when p = 0, because

Ω′0(B) = Ω0(B− {s}), Hq
(
Ω0(B− {s})

)
≃ 0 for q ≦ n− 1.

On the other hand, taking the sequence of cohomology groups of the sequence (11), we get the exact
sequence

→ Hq (Ω′p(B)) → Hq (Ωp(B)) → Hq (Ωp (Bs)) → Hq+1 (Ω′p(B)) → .

Theorem 1.6.13.

If the divisor Sn−1 is so ample such that c(B−{s}) contains an everywhere negative definite form,
then for p+ q ≦ n− 1 there exists the isomorphism

Hq (Ωp(B)) → Hq (Ωp (Bs))

and this is an isomorphism onto or into according as p+ q ≦ n− 2 or p+ q = n− 1.
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Consider the special case, where V is a projective variety, S a generic hyperplane section of V .
Taking B as {0} ({0} the trivial bundle), then clearly {0} − {S} contains an everywhere negative
definite form, so the mapping

Hq (Ωp(0)) → Hq (Ωp (0s)) for p+ q ≦ n− 1

is isomorphic. But we see by the Dolbeault’s theorem

Hq (Ωp(0)) ≃ Hp,q(V , C), Hq (Ωp (0s)) ≃ Hp,q(S, C),

where C is complex number field. Hence we have the Lefschetz theorem in the classical form:

Theorem 1.6.14.

Let V be an algebraic variety of dim. n without singularities immersed in a projective space, S be a
generic hyperplane section of it (consequently S is irreducible and has no singularities), H(V , C)
the cohomology group of degree r. Then Hr(V , C) is isomorphic to Hr(S, C) if r ≦ n− 2, and
Hn−1(V , C) is isomorphic to a submodule of Hn−1(S, C).

■

Sec 1.7 Summary and Reflection

Vanishing theorems are furnish criteria for the non-existence of nontrivial harmonic tensor fields, to
show that certain cohomology groups Hq(X, 0) are zero. According to S. Bochner’s general criterion, a
tensor of a specified type cannot satisfy a given “harmonic ” equation globally on a compact manifold,
unless it is identically zero.
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Part I

21

2 LOGARITHMIC VANISHING THEOREMS
ON COMPACT KÄHLER MANIFOLDS I

Sec 2.1 Terminologies

Table 2.1: Terminologies Interpretation

SNC divisor D every irreducible component Di is smooth and all intersections are transverse.

Ωp
X(logD)

The sheaf of germs of differential p-forms on X with at most logarith-
mic poles along D, (introduced by Deligne in) whose sections on an
open subset V of X are Γ(V,Ωp

X(logD)) := {α ∈ Γ(V,Ωp
X ⊗OX(D))

& dα ∈ Γ(V,Ωp+1
X ⊗OX(D))

}
.

E Holomorphic vector bundle of rank k over a complex manifold M .

h A smooth Hermitian metric on E.

∇ The Chern connection of (E, h), which is compatible with h and
complex structure on E.

Y = X\D The complement of a SNC divisor D in a compact Kähler manifold X .

Poincaré type metric
ωP

A smooth Kähler metric on Y = X\D which is of Poincaré type along D.
According to [11, proposition 3.2 and 3.4], this metric is complete and of
finite volume. Moreover, its curvature tensor and covariant derivatives are
bounded.

ωP =
√
−1

k∑
j=1

dzj ∧ dzj

|zj|2 · log2 |zj|2
+
√
−1

n∑
j=k+1

dzj ∧ dzj.

Ωp,q
(2)(X,E, ωY , h

E
Y )

(or Ωp,q
(2)(X,E))

Whose section space Γ(U,Ωp,q
(2)(X,E)) over ∀U

open
⊂ X consists of E-valued

(p, q)-forms u with measurable coefficients such that the L2 norms of both u
and ∂u are integrable on any compact subset V ⊂ U . (Local integrable)

L2
p,q(X,E) L2(X,Λp,qT ∗M ⊗ E) = L2

p,q(X,E) = A2
p,q(X)⊗ E.

Fine sheaf
For any finite open covering U = {Uj}, there is a family of homomorphisms
{hj}, hj : S → S , such that the support of hj satisfying that Supp(hj) ⊂
Uj and

∑
j hj = identity. (Partition of unity)

R-divisor
T is called an R-divisor if it is an element of DivR(X) := Div(X)⊗Z R,
where Div(X) is the set of divisors in X .

Terminologies Interpretations

Terminologies Interpretations

Continued on next page



Table 2.1: Terminologies Interpretation (Continued)

R-linear equivalence
T1 ∼R T2

T1 − T2 can be written as a finite sum of principal divisors with real coef-

ficients, i.e. T1 − T2 =
k∑

i=1

ri(fi), where ri ∈ R and (fi) is the principal

divisor associated to meromorphic function fi.

R-line bundle L

L =
∑

i aiLi is a finite sum with real numbers a1, · · · , ak and certain
line bundles L1, · · · , Lk. It is k-positivek-positiveif there exists smooth metrics
h1, · · · , hk on L1, · · · , Lk such that the curvature of the induced metric
on L :

√
−1Θ(L, h) =

∑k
i=1 ai

√
−1Θ(Li, hi) is k-positive.

Terminologies Interpretations

Terminologies Interpretations

Attention!: For any fine sheaf S , one has Hq(X,S ) = 0 for q ⩾ 1.

Sec 2.2 Some problems and their solutions

Problem 2.2.1. (Fine sheaf)

Why one can obtain the fact that Ωp,q
(2)(X,E) admits a partition of unity from the consequence that

if u ∈ Γ(U,Ωp,q
(2)(X,E)) and f ∈ C∞(X), then fu ∈ Γ(U,Ωp,q

(2)(X,E))?

Problem 2.2.2. (Splitting of holomorphic vector bundle)

Why the metric ω̃P on the holomorphic tangent bundle TY is of the splitting form : ω̃P =∑n
i=1 ωi(zi)? Then why in local computations, we can treat (TY, ω̃P ) as a direct sum of line

bundles
⊕n

i=1(Fi, ωi), i.e. (TY, ω̃P ) :=
⊕n

i=1(Fi, ωi)?

Theorem 2.2.1.

There exists a smooth Hermitian metric hL
Y on L|Y such that the sheaf Ωp

X(logD)⊗O(L) enjoys

a fine resolution given by the L2-Dolbeault complex
(
Ωp,∗

(2)(X,L, ωP , h
L
Y ), ∂

)
.

Sec 2.3 Preliminaries

2.3.1 Proof of Theorem1.1

Lemma 2.3.1. (3.3) 〈[√
−1Θ(V, hV ),Λω̃P

]
u, u

〉
⩾ C|u|2.
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Proof .
Ωp

Y ⊗K−1
Y = Ωp

Y ⊗ Ω−n
Y = Ω−(n−p)

Y =a
⊕

i1,··· ,in−p

(F−1
i1

⊗ · · · ⊗ F−1
in−p

).

Ωp
Y ⊗ Ω−n

Y = Ωp
Y ⊗ (Ω−p

Y ⊗ Ω−(n−p)
Y )

= (Ωp
Y ⊗ 1)⊗ (Ω−p

Y ⊗ Ω−(n−p)
Y )

= (Ωp
Y ⊗ 1)⊗ (Ω−p

Y ⊗ 1)⊗ (1⊗ Ω−(n−p)
Y )

= 1⊗ Ω−(n−p)
Y = Ω−(n−p)

Y .

(Ωp
Y ⊗ 1)⊗ (Ω−p

Y ⊗ 1) = Ωp
Y (Ω

−p
Y )⊗ 1 = 1(trivial holomorphic cotangent bundle)⊗ 1.

a For (TY, ω̃P ) =
⊕n

i=1(Fi, ωi) by using (2.1), then in local case (Fixed a local coordinate (W ; z1, · · · , zn)),
one has F ∗

i = F−1
i (Dual line bundle)[7, §2.2, p71]. (ΩY is the dual of TY) The conclusion is clear

through some easy computation.
We have √

−1Θ(V, hV ) =
∑

i1,··· ,in−p

√
−1Θ[L|Y ⊗ (F−1

i1
⊗ · · · ⊗ F−1

in−p
)]

and
√
−1Θ[L|Y ⊗ (F−1

i1
⊗ · · · ⊗ F−1

in−p
)] =

∑
i

√
−1∂∂ log(ωi)

(3.12) ⩾ αω̃P − (n− p)Cω̃P

(if α > (n− p+ 1)C) > Cω̃P> 0,

where we denote
√
−1Θ[L|Y ⊗ (F−1

i1
⊗· · ·⊗F−1

in−p
)] =

√
−1Θ[L|Y ⊗ (F−1

i1
⊗· · ·⊗F−1

in−p
), hL

Y ⊗ω∗
i1
⊗· · ·⊗ω∗

in−p
].

Thus, the curvature of each summand of L|Y ⊗ (F−1
i1

⊗ · · · ⊗ F−1
in−p

) is strictly positive, i.e.

√
−1Θ[L|Y ⊗ (F−1

i1
⊗ · · · ⊗ F−1

in−p
)] > 0.

〈[√
−1Θ(V, hV ),Λω̃P

]
u, u

〉
=

〈 ∑
i1,··· ,in−p

√
−1Θ[L|Y ⊗ (F−1

i1
⊗ · · · ⊗ F−1

in−p
)],Λω̃P

u, u〉
⩾ (q · C − (n− n))|u|2 ⩾ C|u|2.(q ⩾ 1)

232.3. PRELIMINARIES

2

VA
N

IS
H

IN
G

TH
E

O
R

E
M

S



And the proof of the assertion that of the metric h̃L
Y is Nakano positive is on following.∑

i1,··· ,in−p

√
−1Θ[L|Y ⊗ (F−1

i1
⊗ · · · ⊗ F−1

in−p
)]

=
∑
i,j,α,γ

√
−1Rγ

ij̄α dz
i ∧dz̄j ⊗ eα ⊗ eγ(cf P.5)

(Rγ
ij̄α = hγβ̄Rij̄αβ̄) =

∑
i,j,α,β

√
−1hγβ̄Rij̄αβ̄ dz

i ∧dz̄j ⊗ eα ⊗ ēβ

dzi =

(
ui ∂

∂zi

)
=
∑
i,j,α,β

√
−1hγβ̄Rij̄αβ̄

(
ui ∂

∂zi

)
∧
(
ūj ∂

∂z̄j

)
⊗ eα ⊗ ēβ

=
∑
i,j,α,β

√
−1hγβ̄Rij̄αβ̄u

iαūjβ

(
∂

∂zi
⊗ eα

)
∧
(

∂

∂z̄j
⊗ ēβ

)
>

∑
i1,··· ,in−p

Cω̃P > 0

As hγβ̄ > 0, then we have
∑

i,j,α,β

√
−1hγβ̄Rij̄αβ̄u

iαūjβ > 0, which immediately shows that∑
i,j,α,β

Rij̄αβ̄u
iαūjβ > 0.

Thus h̃L
Y is Nakano positive. ■

Theorem 2.3.2. (Main theorem)

Let

X A compact Kähler manifold

D A small normal crossing (SNC) divisor

N A line bundle

∆ =
∑s

i=1 αiDi
an R-divisor with αi ∈ [0, 1] such that N ⊗ OX([∆]) is a k-
positive R-line bundle

L A nef line bundle

Then we have

Hq(X,Ωp
X(logD)⊗ L⊗N) = 0, for any p+ q ⩾ n+ k + 1.
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Proof (A small sketch). The following computation is of (4.5).
√
−1Θ(F , hFα,ε,τ )

=
√
−1Θ(L⊗ F ⊗OX(−[∆]), hFα,ε,τ )

=
√
−1∂∂ log

(
hFα,ε,τ

)
=

√
−1∂∂ log

(
hL
)
+
√
−1∂∂ log

(
hF
)
+
√
−1∂∂ log

(
h∆
)−1

+
√
−1∂∂ log

(
s∏

i=1

∥σi∥2τiDi
(log2(ε∥σi∥2Di

))
α
2

)

=
√
−1∂∂ log

(
hL
)
+
√
−1∂∂ log

(
hF
)
+
√
−1∂∂ log

(
s∏

i=1

haiDi

)−1

+
√
−1∂∂ log

(
s∏

i=1

∥σi∥2τiDi

)

+
√
−1∂∂ log

(
s∏

i=1

(log2(ε∥σi∥2Di
))

α
2

)

=
√
−1∂∂ log

(
hL
)
+
√
−1∂∂ log

(
hF
)
−

s∑
i=1

ai
√
−1∂∂ log(hDi) +

s∑
i=1

τi
√
−1∂∂ log

(
∥σi∥2Di

)
+

s∑
i=1

α
√
−1∂∂ log

(
log
(
ε∥σi∥2Di

))
=

√
−1∂∂ log

(
hL
)
+
√
−1∂∂ log

(
hF
)
−

s∑
i=1

aic1(Di) +
s∑

i=1

τi
√
−1∂∂ log(hDi)

+
s∑

i=1

α
√
−1∂

∂ log
(
ε∥σi∥2Di

)
log
(
ε∥σi∥2Di

)


=
√
−1∂∂ log

(
hL
)
+
√
−1∂∂ log

(
hF
)
−

s∑
i=1

aic1(Di) +
s∑

i=1

τic1(Di)

+
s∑

i=1

α
√
−1

∂∂ log
(
∥σi∥2Di

)
· log

(
ε∥σi∥2Di

)
− ∂ log

(
∥σi∥2Di

)
∧ ∂ log

(
∥σi∥2Di

)
(log

(
ε∥σi∥2Di

)2


=
√
−1Θ(L, hL) +

√
−1Θ(F, hF ) +

s∑
i=1

(τi − ai)c1(Di) +
s∑

i=1

α
√
−1∂∂ log

(
∥σi∥2Di

)
log
(
ε∥σi∥2Di

)


+
√
−1

s∑
i=1

α∂ log
(
∥σi∥2Di

)
∧ ∂ log

(
∥σi∥2Di

)
(log

(
ε∥σi∥2Di

)2


=
√
−1Θ(L, hL) +

√
−1Θ(F, hF ) +

s∑
i=1

(τi − ai)c1(Di) +
s∑

i=1

 αc1(Di)

log
(
ε∥σi∥2Di

)


+
√
−1

s∑
i=1

α∂ log
(
∥σi∥2Di

)
∧ ∂ log

(
∥σi∥2Di

)
(log

(
ε∥σi∥2Di

)2
 .

where hDi
= ∥σi∥2Di

.
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■

Remark.

OX([D])⊗OX(−[∆]) = OX(
s∑

i=1

[Di])⊗OX(−
s∑

i=1

ai[Di])

(Dual line bundle) =
s∑

i=1

aiOX([Di])⊗OX(−[Di])

=
s∑

i=1

aiOX(1). (trivial line bundle)

Definition 2.3.1. (Poincaré Type Metric)

A metric ωY is of Poincaré Type along D if for each local coordinate chart (W ; z1, · · · , zn) along
D, the restriction ω|W∗

1/2
is equivalent to the usual Poincaré type metric ωP defined by

ωP =
√
−1

k∑
i=1

dzj ∧dzj
|zj|2 · log2 |zj|2

+
√
−1

n∑
j=k+1

dzj ∧dzj.

Where W ∗
r = Y ∩W = (∆∗

r)
k × (∆r)

n−k, r ∈ (0, 1
2
].

Theorem 2.3.3. (The key theorem for the proof of the main theorem)

Let

(X,ω) A compact Kähler manifold of dimension n

D A SNC divisor in X

ωP
A smooth Kähler metric on Y = X − D
which is Poincaré Type along D

Then there exists a smooth Hermitian metric hL
Y on L|Y such that the sheaf Ωp(logD) ⊗ O(L)

over X has a fine resolution given by the L2 Dolbeault complex (Ωp,∗
(2)(X,L, ωP , h

L
Y ), ∂).

In other words, we have an exact sequence of sheaf over X

0 → Ωp(logD)⊗O(L) → Ωp,∗
(2)(X,L, ωP , h

L
Y )

such that Ωp,q
(2)(X,L, ωP , h

L
Y ) is a fine sheaf for any 0 ≤ p, q ≤ n. In particular,

Hq(X,Ωp(logD)⊗O(L)) ∼= Hp,q
(2)(Y, L, ωP , h

L
Y )

∼= Hp,q
(2)(Y, L, ωP , h

L
Y ). (2.1)

Note: The isomorphism holds up to equivalence of metrics, i.e. if ω̃P ∼ ωP and h̃L
Y ∼ hL

Y , then

Hp,q
(2)(Y, L, ωP , h

L
Y )

∼= Hp,q
(2)(Y, L, ω̃P , h̃

L
Y ).

! Replacing the line bundle with vector bundle is still valid.
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Problem 2.3.3. (Why Ωp,q
(2)(X,E) is a fine sheaf over X?)

In the paper [6, §2.3, P7], the author asserts that if u ∈ Γ(U,Ωp,q
(2)(X,E)) and f ∈ C∞(X), then

fu ∈ Γ(U,Ωp,q
(2)(X,E)). This demonstrates the existence of a partition of unity in Ωp,q

(2)(X,E).
Subsequently, the author claims that Ωp,q

(2)(X,E) is a fine sheaf over X .

Proof . The basis for this assertion lies in the properties of fine sheaves and the specific construction of
Ωp,q

(2)(X,E):

1. Definition of a Fine Sheaf: A sheaf F is considered “fine” if it satisfies certain partition of unity
properties. In this context, it means that for any open cover {Ui} of the underlying topological
space X , there exist smooth functions ρi ∈ C∞(X) with specific properties:

0 ≤ ρi ≤ 1 for all i.
supp(ρi) ⊆ Ui (the support of ρi is contained in Ui).∑

ρi(x) = 1 for all x in X (the sum of ρi at each point x is 1).

These partition of unity functions ρi are crucial for gluing together local sections of the sheaf to
obtain global sections.

2. Construction of Ωp,q
(2)(X,E): This sheaf represents smooth differential forms of type (p, q) with

values in a vector bundle E over the manifold X . Its construction involves defining local sections
on coordinate patches and specifying how these sections transition between overlapping patches.

3. Demonstrating Fine Sheaf Property: In Section 2.3 of the paper, the author asserts that if u is a
section in Ωp,q

(2)(X,E) and f is a smooth function on X , then the product fu is also a section in
Ωp,q

(2)(X,E). This demonstrates compatibility with the fine sheaf property because it shows that you
can use smooth functions (such as the ρi functions from the partition of unity) to combine sections
locally without leaving the sheaf Ωp,q

(2)(X,E).
Essentially, this step ensures that Ωp,q

(2)(X,E) is closed under multiplication by smooth functions,
which is a crucial property for a sheaf to be fine.

■

Remark. In summary, the assertion that Ωp,q
(2)(X,E) is a fine sheaf is based on the construction of

Ωp,q
(2)(X,E) and the demonstration that it satisfies the necessary partition of unity property when sections

are multiplied by smooth functions. This property is essential for many purposes in differential geometry
and allows for the gluing of local sections to obtain global sections over a manifold X .

Problem 2.3.4.

1. How to get (3.5)?
2. How to obtain the Laurentz series representation of σI(z) on W ∗

1/2?

3. Why σ is L2 integrable on W ∗
r iff βj > −τj along Dj by using polar coordinates and Fubini

Theorem (Example 2.4)?
4. Why σ and ∇σ have only logarithimic pole and σ is a section of Ωp(logD)⊗O(L) on W ?

Solution. 1.
2. The Laurentz series equation for several variables is

f(z1, · · · , zn) =
∞∑

J=−∞

aJ(z1 − z10)
j1 · · · (zn − zn0

)jn, R1 ⩽ |zi − zi0| ⩽ R2,
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where J = (j1, · · · , jn). f(z1, · · · , zn) is single-valued analysis in the annulus centered at every
point zi0 . The coefficients are

aJ =
1

(2πi)n

∫
Ω1

· · ·
∫
Ωn

f(z1, · · · , zn)
(z1 − z10)

j1+1 · · · (zn − zn0
)jn+1

dzJ ,

where dzJ = dz1 ∧ · · · ∧ dzn and Ω1, · · · ,Ωn are counter-clockwise closed curves surrounding
the expansion point (z10, · · · , zn0

) in each variable, and the order of inegration can be interchanged.
By using the above equation, for a fixed point (0, · · · , 0) ∈ W ∗

1/2 = ∆∗t
1/2 ×∆n−t

1/2 , we have

σI(z) =
∞∑

J=−∞

aJ(z1)
j1 · · · (zt)jt, J = (j1, · · · , jt),

where aJ = σIJ(zt+1, · · · , zn) is a holomorphic function on ∆n−t
1/2 . Thus σI(z) is bounded on

W ∗
r ⊂ W ∗

1/2, i.e. there exists a positive constant M such that |σI(z)| ⩽ M .
3. By using polar coordinates, we obtain that

∥σ∥2L2(W∗
r )

=
∑
|I|=p

∫
W∗

r

|e|2hL

(
|σI(z)|2

b∏
ν=1

log2 |zipν |2
t∏

i=1

|zi|2τi(log2 |zi|2)α/2
)
ωn
P

⩽
∑
|I|=p

∫
W∗

r

(
|σI(z)|2

b∏
ν=1

log2 |zipν |2
t∏

i=1

|zi|2τi(log2 |zi|2)α/2
)
ωn
P

⩽
∑
|I|=p


∫ 2π

0
· · ·
∫ 2π

0︸ ︷︷ ︸
b+t



∫ 1

2

0
· · ·
∫ 1

2

0︸ ︷︷ ︸
b+t


(
|σI(z)|2

b∏
ν=1

log2 r2ipν

t∏
i=1

r2τii (log2 r2i )
α/2

)
ωn
P dθdr

=
∑
|I|=p

|σI(z)|2
b∏

ν=1

(∫ 2π

0

∫ 1
2

0
log2 r2ipνdθipνdripν

)
t∏

i=1

(∫ 2π

0

∫ 1
2

0
r2τii (log2 r2i )

α/2dθidri

)
ωn
P

=
∑
|I|=p

(2π)b+t|σI(z)|2
b∏

ν=1

(∫ 1
2

0
log2 r2ipνdripν

)
·

t∏
i=1

(∫ 1
2

0
r2τii (log2 r2i )

α/2dri

)
ωn
P

=
∑
|I|=p

(2π)b+t22b+αt|σI(z)|2
b∏

ν=1

(∫ 1
2

0
log2 ripνdripν

)
·

t∏
i=1

(∫ 1
2

0
r2τii (log ri)

αdri

)
ωn
P

⩽
∑
|I|=p

(2π)b+t22b+αtM2

[
b∏

ν=1

(∫ 1
2

0
log2 ripνdripν

)
·

t∏
i=1

(∫ 1
2

0
r2τii (log ri)

αdri

)](
1

2

)n

< +∞ (By using Example 2.4)

where |e|2hL ∈ [1
2
, 1] over W by hypothesis and ri = |zi|, dr = drip1 ∧ · · · ∧ dripb ∧ dr1 ∧ · · · ∧

drt, dθ = dθip1 ∧ · · · ∧ dθipb ∧ dθ1 ∧ · · · ∧ dθt . (r ≤ 1
2
) Thus σ is L2 integrable on W ∗

r iff
βj > −τj along Dj .
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4. We have

∇σ(z) =
∑
|I|=p

∇
(
σI(z)ζi1 ∧ · · · ∧ ζip ⊗ e

)
=
∑
|I|=p

dσI(z) ∧ ζi1 ∧ · · · ∧ ζip ⊗ e+
∑
|I|=p

σI(z) ∧ ζi1 ∧ · · · ∧ ζip ⊗ de

+

p∑
ν=1

∑
|I|=p

σI(z)ζi1 ∧ · · · ∧ (dζiν ) ∧ · · · ∧ ζip ⊗ e


=
∑
|I|=p

dσI(z) ∧ ζi1 ∧ · · · ∧ ζip ⊗ e

,where

dσI(z) =
∞∑

J=−∞

d
(
aJ(z1)

j1 · · · (zt)jt
)

=
∞∑

J=−∞

d (aJ) (z1)
j1 · · · (zt)jt +

∞∑
J=−∞

aJd
(
(z1)

j1 · · · (zt)jt
)

=
∞∑

J=−∞

d (σIJ(zt+1, · · · , zn)) (z1)j1 · · · (zt)jt

+
∞∑

J=−∞

σIJ(zt+1, · · · , zn)d
(
(z1)

j1 · · · (zt)jt
)

and

σIJ(zt+1, · · · , zn)

=
1

(2πi)n−t

∫
W∗

1/2

σI(zt+1, · · · , zn)
(zt+1 − zt+10)

jt+1+1 · · · (zn − zn0
)jn+1

dzt+1 ∧ · · · ∧ dzn.

As σIJ(zt+1, · · · , zn) is a holomorphic function on ∆n−t
1/2 , thus it has only removable singularity,

and so as to σI(z), which shows that σ and ∇σ have only logarihmic pole.
■

Sec Additional Material

❃ Definition of Nef line bundle

Definition 2.3.2. (Nef line bundle (Algebraic version))

More generally, a line bundle L on a proper scheme X over a field k is said to be nef if it has
nonnegative degree on every (closed irreducible) curve in X (The degree of a line bundle L on a
proper curve C over k is the degree of the divisor (s) of any nonzero rational section s of L.) A
line bundle may also be called an invertible sheaf.
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The term “nef” was introduced by Miles Reid as a replacement for the older terms “arithmetically
effective” (Zariski 1962) and “numerically effective”, as well as for the phrase “numerically eventually
free”. The older terms were misleading, in view of the examples below.

Every line bundle L on a proper curve C over k which has a global section that is not identically
zero has nonnegative degree. As a result, a basepoint-free line bundle on a proper scheme X over k
has nonnegative degree on every curve in X ; that is, it is nef. More generally, a line bundle L is called
semi-ample if some positive tensor power L⊗a is basepoint-free. It follows that a semi-ample line bundle
is nef. Semi-ample line bundles can be considered the main geometric source of nef line bundles, although
the two concepts are not equivalent; see the examples below.

A Cartier divisor D on a proper scheme X over a field is said to be nef if the associated line bundle
O(D) is nef on X . Equivalently, D is nef if the intersection number D ·C is nonnegative for every curve
C in X .

To go back from line bundles to divisors, the first Chern class is the isomorphism from the Picard
group of line bundles on a variety X to the group of Cartier divisors modulo linear equivalence. Explicitly,
the first Chern class C1( L) is the divisor (s) of any nonzero rational section s of L.

❃ The nef cone

To work with inequalities, it is convenient to consider R-divisors, meaning finite linear combinations
of Cartier divisors with real coefficients. The R-divisors modulo numerical equivalence form a real vector
space N 1(X) of finite dimension, the Néron-Severi group tensored with the real numbers. (Explicitly:
two R-divisors are said to be numerically equivalent if they have the same intersection number with all
curves in X .) An R-divisor is called nef if it has nonnegative degree on every curve. The nef R-divisors
form a closed convex cone in N 1(X), the nef cone Nef(X).

The cone of curves is defined to be the convex cone of linear combinations of curves with nonnegative
real coefficients in the real vector space N1(X) of 1-cycles modulo numerical equivalence. The vector
spaces N 1(X) and N1(X) are dual to each other by the intersection pairing, and the nef cone is (by
definition) the dual cone of the cone of curves.

A significant problem in algebraic geometry is to analyze which line bundles are ample, since that
amounts to describing the different ways a variety can be embedded into projective space. One answer is
Kleiman’s criterion (1966): for a projective scheme X over a field, a line bundle (or R-divisor) is ample
if and only if its class in N 1(X) lies in the interior of the nef cone. (An R-divisor is called ample if it can
be written as a positive linear combination of ample Cartier divisors.) It follows from Kleiman’s criterion
that, for X projective, every nef R-divisor on X is a limit of ample R-divisors in N1(X). Indeed, for D
nef and A ample, D + cA is ample for all real numbers c > 0.

Definition 2.3.3. (Metric definition of nef line bundles (Geometry version))

Let X be a compact complex manifold with a fixed Hermitian metric, viewed as a positive (1, 1)-
form ω. Following Jean-Pierre Demailly, Thomas Peternell and Michael Schneider, a holomorphic
line bundle L on X is said to be nef if for every ε > 0 there is a smooth Hermitian metric hε

on L whose curvature satisfies Θh(L) ⩾ −εω. When X is projective over C , this is equivalent to
the previous definition (that L has nonnegative degree on all curves in X) which explains the more
complicated definition just given.
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Definition 2.3.4. (Logarithmic pole)

For a complex function f(z), if there exists a pole at z0 with the following form:

f(z) ∼ C

(z − z0) log(z − z0)
,

where ∼ denotes that the ratio tends to 1 as z → z0, C is a nonzero complex number, and
log(z − z0) represents the logarithmic function, then z0 is called a logarithmic pole of the function
f(z).
Note that the characteristic of a logarithmic pole is that the function becomes very large in magnitude
as we approach points near z0.
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Part I

32

3L2-APPROACH TO THE SAITO VANISH-
ING THEOREM

Sec 3.1 Terminologies

Table 3.1: Terminologies Interpretation

A variation of Hodge
structures on X with

weight k

A smooth vector bundle E on X with decomposition E =
⊕

p+q=k E
p,q

by smooth vector bundles and a flat connection ∇ : E → A1
X(E) that

maps each AX(E
p,q) into A1,0

X (Ep,q) ⊗ A1,0
X (Ep−1,q+1) ⊗ A0,1

X (Ep,q) ⊗
A0,1

X (Ep+1,q−1). (∇2 = 0)

Filtration on E

F pE =
⊕

p′⩾p E
p′,k−p′ and

∇1,0 : Ar,s
X (Ep,q) → Ar+1,s

X (Ep,q); θ : Ar,s
X (Ep,q) → Ar+1,s

X (Ep−1,q+1)

∂ : Ar,s
X (Ep,q) → Ar,s+1

X (Ep,q); φ : Ar,s
X (Ep,q) → Ar+1,s

X (Ep+1,q−1)

A polarization on E

A sesquilinear pairing Q : E ⊗ E → AX such that
1. Q is compatible with ∇ in the sense that ∇Q(u, v) = Q(∇u, v) +
Q(u,∇v) for all smooth sections u, v of E,
2. The summands Ep,q od the decomposition are mutually orthogonal to each
other,
3. h(v, w) =

∑
p+q=k(−1)qQ(vp,q, wp,q) is positive definite.

hE or h
The Hermitian metric on E. For all smooth sections u, v ∈ E, we have
hE(θu, v) = hE(u, φv).

(E,∇, F •, Q) A complex polarization of Hodge structures

Some useful facts
• For each Ep,q, the connection ∇1,0+∂ is the metric connection with respect
to h.
• The curvature of the hermitian bundle Ep,q is equal to −(θφ+ φθ).

Poincaré Type metric
ωcaré on (∆∗)l ×∆n−l ωcaré = i

l∑
j=1

dzj ∧ dz̄j

|zj|2(− log |zj|2)2
+

n∑
k=l+1

idzj ∧ dz̄j .

Admissible coordinates
(Ω; z1, · · · , zn)

centered at x ∈ D

• Ω is an open subset of X containing x
• (z1, · · · , zn) is a coordinates system on Ω centered at x, which gives a
holomorphic isomorphism of Ω with ∆n = {(ζ1, . . . , ζn) ∈ Cn : |ζj| < 1},
•D ∩ Ω is given by the equation z1 · · · zl = 0 for some l ⩽ n.

Terminologies Interpretations

Terminologies Interpretations

Continued on next page



Table 3.1: Terminologies Interpretation (Continued)

Higgs field θ
If E is a variation of Hodge structures on X = X\D, then every point
x ∈ D has an admissible coordinate (Ω; z1 · · · , zn) centered at x such that
|θ|2h,caré ⩽ C holds on Ω∗ for some constant C > 0.

Prolongation bundles
via Norm Growth and

the Nilpotent Orbit
Theorem

Let (E, h) be a hermitian vector bundle on X = X\D. For each α =
(α1, · · · , αν) ∈ Rn, we prolong E to an OX-module PαE as follows. Let
(U ; z1, · · · , zn) be an admissible coordinates and suppose that D|U is defined
by z1 · · · zl = 0, i.e. Di = (zi = 0), i = 1, · · · , l. Then

PαE(U) =

{
σ ∈ Γ(E,X ∩ U) : |σ| ≲

l∏
j=1

|zj|−αj−ε on U for all ε >

0

}
. a

D =
∑ν

i=1 Di A SNC divisor on a compact kähler manifold X ;

{Ωi}i∈I Finitely many admissible coordinates covering D s.t. |θ|2h,ωcaré
< C;

L
A line bundle on X s.t. L + D has a smooth hermitian metric hL+D =
hL+

∑ν
1 αjhj with semi-positive curvature ωL+D = ωL+

∑ν
j=1 αjωj and

at each point x ∈ X , the curvature has at least n− t positive eigenvalues;
(*)

B
a nef (semi-definite) line bundle on X .(Hermitian metric: hB ; Curvature
w.r.t. hB: ωB)

Terminologies Interpretations

Terminologies Interpretations
a For every p, q and every α ∈ Rν , the prolongation bundles PαE

p,q satisfy the folllowing properties:
1. PαE

p,q is a locally free sheaf,
2. By Nilpotent Orbit theorem, Ep,q can be naturally identified to PαE

p,q, which is the prolongation
bundle via growth of Higgs norm.

Theorem 3.1.1. (Main theorem)

Let L be a line bundle on X . Assume that L+
∑ν

i=1 αiDi is n− t-positive R-line bundle. If B is
a nef line bundle on X , then

Hl
(
X, grp

(
DR(X,D)(Eα)

)
⊗ L⊗B

)
= 0 for all l > t, p ∈ Z.

Remark. This theorem is just the variant of [6, Theorem 1.1 (4.1)] by replacing Ωp
X(logD) with

grp
(
DR(X,D)(Eα)

)
. Here we consider the Deligne extension Eα, α ∈ Rν of a variation of Hodge

structures E on X\D, whose eigenvalues of the residue along Di lie inside [−αi,−αi + 1). By the
Nilpotent Orbit theorem via Higgs norm growth, we gain the graded pieces Ep,q

α on X from extension of

Ep,q. Then one has the graded pieces of the logarithmic de Rham complex grp
(
DR(X,D)(Eα)

)
that is(

Ωi
X
(logD)⊗ Ep−r,q+r

α ,∇
)
, where 0 ≤ i, r ≤ n, which is the generalization of [6, Theorem 3.1].
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Sec 3.2 Dolbeault Resolution for the de Rham Complex

3.2.1 The Dolbeault resolution

Let X be a complex manifold and E → X a holomorphic vector bundle. Let E be the associated
sheaf of free OX-modules. Let A0,q(E) be the sheaf of C∞ sections of Ω0,q ⊗E. In (2.5), we defined the
operator

∂̄ : A0,q(E) → A0,q+1(E).

We know (cf. lemma 2.34 and proposition 2.36) that this operator satisfies:

The kernel of ∂̄ : A0,0(E) → A0,1(E) is equal to the sheaf of holomorphic sections of E, i.e. to E
(here A0,0(E) is the sheaf of C∞ sections of E ).
For q > 0, a section of A0,q(E) is ∂̄-closed if and only if it is locally ∂̄-exact.

In other words, we have the following.

Proposition 3.2.1.

The complex

0 → A0,0(E)
∂̄→ A0,1(E) · · · ∂̄→ A0,n(E) → 0,

where n = dimC X , is a resolution of the sheaf E .

3.2.2 The logarithmic Holomorphic de Rham Resolution

Let X be a complex manifold, and let D ⊂ X be a hypersurface, i.e. D is locally defined by the
vanishing of a holomorphic equation.

Definition 3.2.1. (Normal Crossing Divisor)

We say that D is a normal crossing divisor if locally there exist coordinates z1, . . . , zn on X such
that D is defined by the equation z1 · · · zr = 0 for an integer r which naturally depends on the
considered open set.
In particular, a divisor D =

∑s
i=1 Di is called simple normal crossing divisor if every irreducible

component Di is smooth and all intersections are transverse.

Given a pair (X,D), where D is a normal crossing divisor in X , we will define the holomorphic
de Rham complex with logarithmic singularities along D. Let Ωk

X(logD) be the subsheaf of the sheaf
Ωk

X(∗D) of meromorphic forms on X , holomorphic on X −D, defined by the condition:

If α is a meromorphic differential form on U , holomorphic on U −D ∩ U , α ∈ Ωk
X(logD)|U if

α admits a pole of order at most 1 along (each component of) D, and the same holds for dα.
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Lemma 3.2.1.

Let z1, . . . , zn be local coordinates on an open set U of X , in which D ∩ U is defined by the
equation z1 · · · zr = 0. Then Ωk

X(logD)|U is a sheaf of free OU -modules, for which
dzi1
zi1

∧ · · · ∧
dzi1
zil

∧ dzj1 ∧ · · · ∧ dzjm with is ≤ r, js > r and l +m = k form a basis.

Proof . Let α be a section of Ωk
X(logD) on V ⊂ U . As α admits a pole of order at most 1 along D,

we can write α = β

z1···zr
, with β a holomorphic k-form on V . As dα admits a pole of order at most 1

along D, we find that
∑

i≤r z1 · · · ẑi · · · zrdzi ∧ β must vanish along D. It follows immediately that if
β =

∑
I,J βI,JdzI ∧dzJ with I ⊂ {1, . . . , r}, J ⊂ {r+1, . . . , n}, the function βI,J must vanish on the

hyperplanes of equation zi, i ∈ I ′ := {1, . . . , r} − I , and thus must be divisible by zI′ =
∏

i∈I′ zi. ■

Corollary 3.2.1.

The sheaves Ωk
X(logD) are sheaves of free OX-modules.

Furthermore, by definition, if α is a section of Ωk
X(logD) on V ⊂ X , then dα = ∂α is in

Ωk+1
X (logD). Indeed dα is meromorphic, with a pole of order at most 1 along D, and closed. Thus,

(ΩX(logD), ∂) is a complex of sheaves over X . This complex is called the logarithmic de Rham complex.
For Corollary 3.2.1 , the complex

0 → A0,0
X (E)

∂̄→ A0,1
X (E)

∂̄→ · · · ∂̄→ A0,k
X (E) → 0

is a resolution for Ωk
X(logD), where A0,k

X (E) =
⊕

p+q=k(Ω
k
X ⊗ Ep,q).

Lemma 3.2.2.
Via i, the holomorphic de Rham complex is a resolution of C.

Proof . We want to show that the sheaves of cohomology Hk = Hk (ΩX) satisfy H0 = i(C) and
Hk = 0 for k > 0.

Now, we have an inclusion of the holomorphic de Rham complex into the de Rham complex

(ΩX , ∂) →
(
Ak

X , d
)
,

since d and ∂ coincide on holomorphic forms. Moreover, we can see the usual de Rham complex AX as
the simple complex associated to the double complex(

Ap,q, ∂, (−1)p∂̄
)
.

Each column
(
Ap,q

X , (−1)p∂̄
)

of this double complex is exact in positive degree by proposition 2.36 and
gives a resolution of Ωp

X . Thus, the de Rham complex is quasi-isomorphic to the holomorphic de Rham
complex by lemma 8.5. Like the usual de Rham complex, it is exact in positive degree, and its cohomology
is given by the locally constant sheaf C in degree 0 , so this also holds for the holomorphic de Rham
complex. ■

Sec 3.3 L2-existence results
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Lemma 3.3.3.

Let H1, H2 and H3 be Hilbert spaces and let T : H1 → H2 and S : H2 → H3 be closed and
densely defined operators such that ST = 0. Let T ∗ and S∗ be the adjoints of T and S, respectively.
Suppose that there exists ε > 0 such that

∥T ∗u∥2 + ∥Su∥2 ≥ ε2∥u∥2 for all u ∈ Dom(T ∗) ∩Dom(S).

Then for every u ∈ H2 such that Su = 0, there exists v ∈ H1 such that Tv = u and ∥v∥ ≤
ε−1∥u∥.

The first proposition is a global version of the L2-existence result in Lemma 3.3.3.

Theorem 3.3.2. (Global version of the L2-existence result)

Let (X,ω) be a Kähler manifold (not necessarily compact) and let L be a line bundle with
smooth hermitian metric hL. Let E be a complex polarized variation of Hodge structures on X .
Furthermore, we assume that

1. The geodesic distance δω is complete on X .
2. The norm of the Higgs field |θ|2h,ω is globally bounded.

3. There exists ε > 0 such that ⟨[iΘL,Λω]u, u⟩ ≥ ε∥u∥2ω for all smooth and compactly
supported (r, s)-forms u for r + s = n+ l.

Let u be a measurable section with values in El such that ðu = 0. Provided that the right hand side
of the expression below is finite, there exists a measurable section v with values in El−1 satisfying
ðv = u and the following inequality∫

X

∥v∥2h,ωdVω ⩽
1

ε

∫
X

∥u∥2h,ωdVω.

Theorem 3.3.3. (Local version of the L2-existence result)

Equip Ω∗ = (∆∗)l ×∆n−l with the Poincaré metric ωcaré defined in Table 3.1. Let E be a complex
polarized variation of Hodge structures on Ω∗. Let C > 0 be a number such that ∥θ∥2ωcaré

< C on
Ω∗. Define η : Ω∗ → R by the following formula, for aj ∈ R and bj > C + 2:

e−η =
l∏

j=1

|zj|2aj(− log |zj|2)bj
n∏

j=l+1

e−bj |zj |2.

If u is an (r, s)-form with values in Ep,q, with measurable coefficients such that ∂u = 0 and∫
Ω∗

∥u∥2h,ωcaré
e−ηdVcaré < +∞,

then there exists an (r, s − 1)-form with values in Ep,q, with measurable coefficients, such that
u = ∂v and ∫

Ω∗
∥v∥2h,ωcaré

e−ηdVcaré ≤
∫
Ω∗

∥u∥2h,ωcaré
e−ηdVcaré.
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Sec 3.4 Construction of the Kähler metric on the Complement

1. As X is a Kähler manifold, let ω0 be the Kähler metric on X . (positive-definite)
2. According to (*), we can choose hermitian metrics on L and OX(Dj), and abtain the corresponding

curvatures ωL and {ωj}ν1 . Locally, for each x ∈ X , we can simulataneously diagonalize ω0 and
ωL +

∑ν
j=1 αjDj such that

ω0(x) = i
∑
µ

ζµ ∧ ζµ & ωL +
ν∑

j=1

αjωj = i
∑
µ

γµ(x)ζµ ∧ ζµ.

(diagonalization of the metric and corresponding curvature), where 0 ⩽ γ1(x) ⩽ · · · ⩽ γn(x) and
γt(x) > 0 since there at least n− t positive eigenvalues. We can let m = minx∈X γt(x) > 0.

3. (Constructing the properiate Kähler metric ω from ω0. How and Why?) From the proof of
[Demailly,ChapterVII,4]: “Let us consider the new Kahler metric on X

ωε = εω + iΘ(E), ε > 0,

and let iΘ(E) = i
∑

γjζj ∧ ζj be a diagonalization of iΘ(E) with respect to ω and with
γ1 ⩽ · · · ⩽ γn. Then ωε = i

∑
(ε+ γj)ζj ∧ ζj . The eigenvalues of iΘ(E) with respect to ωε are

given by
γj,ε =

γj
(ε+ γj)

, 1 ⩽ j ⩽ n.

”,we know that we can construct an analogous Kähler metric such that it is complete for each
admissible coordinate Ωi, i ∈ I .

4.

Let σj ∈ H0
(
X,OX(Dj)

)
= Γ

(
X,OX(Dj)

)
that vanishes along Dj .

σj(x) =

{
0, x ∈ Dj;

̸= 0, x ∈ X\Dj.

And take aj to be sufficiently close to αj so that Pα(E
p,q) = Pa(E

p,q). We can rescale

σj so that |σj|2hj ⩽ exp
(

−2(C+3)

δε2

)
. Let

τj : X → R, τj(x) = − log |σj|2hj ,x

and let

ξ =
ν∑

j=1

ajτj − bj log τj.

So define the new Kähler metric ω on X as

ω = εω0 + ωL + ωB + i∂∂ξ.

ω is positive definite and then ω is a Kähler form on X .

5. (Prove that the metric ω and ωcaré are mutually bounded for each admisiible coordinate Ωi.)
1 Clearly, this implies that (X,ω) is complete1 Clearly, this implies that (X,ω) is complete. Fix an admisiible coordinate (Ω; z1, · · · , zn)
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and assume that D ∩ Ω is defined by the equation z1 · · · zl = 0. For convenience, suppose that
(zi = 0) = Di ∩ Ω. Note that τi = − log |zi|2 + gi for some smooth function gi on Ω. Then

bj
τ 2
j

∂τj ∧ ∂τj =
bj

(− log |zj|2 + g)2

(
dzj
zj

− ∂gj

)
∧
(
dzj
zj

− ∂gj

)
.

Since the first four terms of ω are smooth on X , we see that 2 ω and ωcaré are mutually2 ω and ωcaré are mutually
bounded on Ω.bounded on Ω. 3 This also shows that |θ|2hj ,ω is globally bounded (Theorem 2.53)3 This also shows that |θ|2hj ,ω is globally bounded (Theorem 2.54).

3.4.1 Poincaré type Kähler metric on complement X\D

Namely[1, Introduction, Definition 2], fixing a simple normal crossing divisor D in a compact Kähler
manifold (X, J, ωX), we recall the definition Poincaré type Kähler metrics on X\D, following [TY87,
Wu08, Auv11]:

Definition 3.4.2. (Poincaré type Kähler metric on complement)

A smooth positive (1, 1)-form ω on X\D is called a Poincaré type Kähler metric on X\D if: on
every open subset U of coordinates (z1, . . . , zm) in X , in which D is given by {z1 · · · zj = 0},
ω is mutually bounded with 2ω is mutually bounded with 2

(ωcaré) ω
model
U := i

j∑
k=1

dzk ∧ dzk

|zk|2 log2
(
|zk|2

) + i
m∑

l=j+1

dzl ∧ dzl

and has bounded derivatives at any order for this model metric.
We say moreover that ω is of class [ωX ] if ω = ωX + ddcφ for some φ smooth on X\D, with

φ = O
(∑j

ℓ=1 log
[
− log

(
|zℓ|2

)])
in the above coordinates and dφ bounded at any order for

ωmdl
U . We then set: ω ∈ MD

[ωX ].

1 Metrics of MD
[ωX ] are complete1 Metrics of MD
[ωX ] are complete, with finite volume (equal to that of X for smooth Kähler metrics

of class [ωX ] ); they also share a common mean scalar curvature, which differs from that attached to
smooth Kähler metrics of class [ωX ].

3.4.2 Check the positivity of the commutator operator [iΘL⊗B,Λω]

The key idea is to twist the metric of L by an extra factor of eξ. This gives us a smooth hermitian
metric h′

L = hLe
ξ on L|X . Denote it by Θ′

L⊗B. Then

iΘ′
L⊗B = ωL + ωB + i∂∂ξ.

simulataneously diagonalization ω0 and iΘ′
L⊗B at x ∈ X and express

ω0 = i
∑
µ

ζµ ∧ ζµ & iΘ′
L⊗B = i

∑
µ

γ ′
µ(x)ζµ ∧ ζµ,

4Which is related to the existence of admissible coordinates centered at each point x ∈ D.
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and γ ′
1 ⩽ · · · ⩽ γ ′

n.
Using the result of 3. of The sketch of the proof and ω = εω0 + iΘ′

L⊗B, if we diagonalize iΘ′
L⊗B

with respect to ω and denote the eigenvalues as γ ′
µ,ε(x), then we have

γ ′
µ,ε =

γ ′
µ

γ ′
µ + ε

.

As

1 ⩾ γ ′
µ,ε(x) ⩾

ε1 − ε

ε1
for 1 ≤ µ ≤ t− 1,

1 ⩾ γ ′
µ,ε(x) ⩾

m+ ε1 − ε

m+ ε1
for t ≤ µ ≤ n.

,then we abtain that [8]

⟨[iΘL⊗B,Λω]u, u⟩x
lemma2.12

⩾
(
γ ′
1,ε(x) + · · ·+ γ ′

s,ε(x)− γ ′
r+1,ε(x)− · · · − γ ′

n,ε(x)
)
|u|2ω,x

⩾

[(
ε1 − ε

ε1

)
· t+

(
m+ ε1 − ε

m+ ε1

)
· (s− t)− (n− r)

]
|u|2ω,x

⩾
1

10
|u|2ω,x.

Sec 3.5 L2–Dolbeault resolution

3.5.1 L2–Dolbeault resolution of the de Rham complex when there is a variation of
Hodge structures on the complement of an SNC devisor

TARGETTARGET

Construct a Kähler metric ω on X s.t. the following conditions are satisfied:

1. (X,ω) is complete;
2. |θ|2h,ωcare

is globally bounded;
3. [iΘL⊗B,Λω] is a positive definite (r, s)-form;
4. The local ∂̄-equation in admissible coordinate with appropriate twist is solvable.

Proposition 3.5.2.

The complex

0 → H2
(r)(E

p,q ⊗ L⊗B) → L2
(r,•)(E

p,q ⊗ L⊗B)

is a resolution of H2
(r)(E

p,q ⊗ L⊗B) by fine sheaves.
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Proof . By the short exact sequence

H2
(r)(E

p,q ⊗ L⊗B)
i→ L2

(r,0)(E
p,q ⊗ L⊗B)

∂→ L2
(r,1)(E

p,q ⊗ L⊗B)

and i being injective with Im(i) = ker ∂, we know that the complex is exact at H2
(r)(E

p,q ⊗ L ⊗ B).
(The ∂–equation is regular.) Also, it is clear that the complex is exact on X . Thus, the left task is to
prove the exactness on the boundary X , which is equivalent to solve a ∂-equation on a doamin of type
Ω∗ = (∆∗)l ×∆n−l.

After construction of an admissible coodinate (Ω; z1, · · · , zn) (D = (z1 · · · zl = 0)) and assuming
that L⊗B is locally trivial on Ω and is trivialized by a non-vanishing section σ, let u⊗σ ∈ L2

(r,•)(E
p,q⊗

L⊗B)(Ω) such that ∂u = 0 with∫
Ω∗

∥u∥2hE ,ωcaré
e−ηdVωcaré < +∞,

then by proposition 3.5, the ∂-equation is solvable. ■

Proposition 3.5.3.

The sheaves H2
(r)(E

p,q ⊗ L⊗B) in terms of prolongation bundles are

H2
(r)(E

p,q ⊗ L⊗B) = Ωr
X(logD)⊗ PαE

p,q ⊗ L⊗B.

Proof . ■

Sec 3.6 Proof of the Main theorem

1. As the global bound for the Higgs field θ in Theorem 2.5 give a morphism on sheaves L2
(r,s)(E

p,q ⊗
L⊗B)

θ→ L2
(r+1,s)(E

p,q ⊗L⊗B), thus analogously to Section 3.1, we can construct a double complex:

L2
(0,n)(E

p,q ⊗ L⊗B) L2
(1,n)(E

p−1,q+1 ⊗ L⊗B) · · · L2
(n,n)(E

p−n,q+n ⊗ L⊗B)

...
...

...
...

L2
(0,1)(E

p,q ⊗ L⊗B) L2
(1,1)(E

p−1,q+1 ⊗ L⊗B) · · · L2
(1,n)(E

p−n,q+n ⊗ L⊗B)

L2
(0,0)(E

p,q ⊗ L⊗B) L2
(1,0)(E

p−1,q+1 ⊗ L⊗B) · · · L2
(n,0)(E

p−n,q+n ⊗ L⊗B).

θ θ θ

θ

∂

θ

∂

θ

∂ ∂

θ

∂

θ

∂

θ

∂ ∂

θ

∂

θ

∂

θ

∂ ∂

2. By Proposition 3.8 and 3.9, the r-th column is a resolution of Ωr
X
(logD)⊗Ep−r,q+r

α ⊗L⊗B by
fine sheaves. Hence, we can compute the hypercohomology of[

Ep,q
α → Ω1

X(logD)⊗ Ep−1,q+1
α → · · · → Ωn

X(logD)⊗ Ep−n,q+n
α

]
[n]⊗ L⊗B

by taking the global section of the total complex above and compute the cohomology. Let (E, ð) be
the total complex of the double complex above. We have a concrete description of the global section
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of the sheaves L2
(r,s)(E

p−r,q+r ⊗ L ⊗ B). The global sections u are (r, s)-forms on X with values in
Ep−r,q+r ⊗ L⊗B with measurable coefficients such that∫

X

∥u∥2h′,ωdVω < +∞ and
∫
X

∥∥∥∂u∥∥∥2
h′,ω

dVω < +∞.

By Proposition 3.6 and 3.3, we have an a priori inequality ( The condition 3 of prop 3.4The condition 3 of prop 3.4)

∥ðu∥2 + ∥ð∗u∥2 ≥ 0.1∥u∥2

for u ∈ El when l > 0. Since (X,ω) is complete and |θ|2hE ,ω is globally bounded on X , the vanishing
of cohomology immediately follows from Proposition 3.4Proposition 3.4.
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4LOGARITHIMIC VANISHING THEO-
REMS FOR EFFECTIVE q-AMPLE DIVI-
SORS

Sec 4.1 Introduction

Definition 4.1.1. (q-ample line bundle)

A line bundle L over a compact complex manifold X is called q-ample if for any coherent sheaf F
on X there exists a positive integer m0 = m0(X,L,F) > 0 such that

H i(X,F ⊗ Lm) = 0, for i > q,m ⩾ m0.

Remark. A divisor D is q-ample if OX(D) is a q-ample line bundle.

Note that for ∆ =
∑s

i=1 αiDi ∈ Div(X)⊗Z R, αi ∈ R to be a q-positive (q-ample) R-divisor, ∆ is
the support of some q-ample divisor D′, i.e. Supp(D′) = ∆.

Theorem 4.1.1. (Main theorem)

Let

X A compact Kähler manifold

D
A small normal crossing divisor which is the support of some
effective q-ample divisor D′, i.e. Supp(D′) = D.

Then we have
H i(X,Ωj

X(logD)) = 0, for any i+ j > n+ q.

Theorem 4.1.2. (generalization of Main theorem)

With the same notation above, for any nef line bundle L, we have

H i(X,Ωj
X(logD)⊗ L) = 0, for any i+ j > n+ q + 1.



If H(t, x) = tx is the homotopy between the identity map Ω → Ω and the constant map
Ω → {0}. Then we have the following computation:{

F (x) = H(0, x) ≡ 0

G(x) = H(1, x) ≡ IdΩ .

andF ∗(v) =

{
v(0) ∈ H0

DR(Ω,R) = R;
0 ∈ Hp

DR(Ω,R) = {0}.(For dp(v(0)) ≡ 0 for any p ≥ 1)
,

G∗(v) = (Id)∗(v) = v.

434.1. INTRODUCTION
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Part I
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5
NOTES FOR SOME NEW TOPICS

Sec 5.1 Perverse Sheaf and Intersection Cohomology

5.1.1 Poincaré Duality

Definition 5.1.1. (cap product)

On an n-manifold X , the cap product is

C i(X)× Cn(X)
⌢−−→ Cn−i(X),

where Ci and C i denote the (simplicial/singular) i-(co)chains on X with Z- coefficients.

The cap product is defined as follows: if a ∈ Cn−i(X), b ∈ C i(X) and σ ∈ Cn(X), then

a(b ⌢ σ) = (a ⌣ b)(σ).

The cap product is compatible with the boundary maps, thus it descends to a map

H i(X;Z)×Hn(X;Z) ⌢−→ Hn−i(X;Z).

The following statement lies at the heart of algebraic and geometric topology. For a modern proof see,
e.g., [5, Section 3.3]:

Theorem 5.1.1. (Poincaré Duality)

Let X be a closed, connected, oriented topological n-manifold with fundamental class [X]. Then
capping with [X] gives an isomorphism

H i(X;Z)
∼=−→ Hn−i(X;Z)

for all integers i.

As a consequence of Theorem 5.1.1 one gets a non-degenerate pairing

Hi(X,C)⊗Hn−i(X;C) −→ C.

In particular, the Betti numbers (It is known as the rank of the corresponding homology groups.) of X in
complementary degrees coincide, i.e.,

dimC Hi(X;C) = dimC Hn−i(X;C).

Note that the existence of Hodge structures on the cohomology of complex projective manifolds leads to
an important consequence that the odd Betti numbers of a complex projective manifold are even.



5.1.2 Understanding Why the Odd Betti Numbers of a Complex Projective Manifold
are Even?

For a complex projective manifold, the odd Betti numbers are always even. This can be understood
through a combination of complex geometry and topological properties. Let’s break this down in detail:

1. Definition of Betti Numbers: Betti numbers, denoted as bk, quantify the topology of a manifold
by representing the rank of the k-th homology group Hk(M,Z) (or the k-th cohomology group
Hk(X;Z)). They indicate the number of k-dimensional "holes" or independent cycles in the
manifold. For instance, b0 represents the number of connected components, b1 represents the
number of independent loops, and so on.

2. Complex Projective Manifolds: A complex projective manifold is a complex manifold that
can be embedded into complex projective space. These manifolds have a rich structure and are
inherently Kähler manifolds, meaning they have a compatible triple structure of a complex structure,
a symplectic structure, and a Riemannian metric.

3. Hodge Decomposition: For a Kähler manifold M , the complex de Rham cohomology group
Hk(M,C) can be decomposed into a direct sum of Hodge components:

Hk(M,C) =
⊕

p+q=k

Hp,q(M)

Here, Hp,q(M) denotes the space of harmonic forms of type (p, q), and hp,q = dimHp,q(M) are
the Hodge numbers.

4. Relation Between Betti Numbers and Hodge Numbers: The k-th Betti number bk is related to
the Hodge numbers hp,q by the following formula:

bk =
∑

p+q=k

hp,q

5. Symmetry of Hodge Numbers: For Kähler manifolds, there is a fundamental symmetry in the
Hodge numbers:

hp,q = hq,p

This symmetry implies that the Hodge components Hp,q and Hq,p appear in pairs.
6. Implication for Odd Betti Numbers: Due to the symmetry hp,q = hq,p, the sum of Hodge numbers

for odd k (such as b1, b3, etc.) will always be an even number because each non-zero hp,q has a
matching hq,p. Thus, the odd Betti numbers must be even.

7. Example: Consider the complex projective space CPn. The Hodge numbers are as follows:

h0,0 = 1

h1,1 = 1

h2,2 = 1 (if n ≥ 2)
All other hp,q = 0.

The Betti numbers calculated are:

b0 = h0,0 = 1

b2 = h1,1 = 1

b4 = h2,2 = 1 (for n ≥ 2)
The odd Betti numbers b1 = b3 = 0.
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This example shows that odd Betti numbers are zero (which is even) for CPn.
8. Conclusion: In summary, the reason the odd Betti numbers of a complex projective manifold are

even is due to the Hodge decomposition and the inherent symmetry of Hodge numbers on Kähler
manifolds.

Remark. In the diagram, δ is labeled as a meridian, and η is labeled as a longitude. The reason why the
homology class of δ vanishes can be explained from the perspective of algebraic topology.

1. Meridian as a Boundary: From the diagram, the meridian δ appears to be the boundary of a region.
In homology theory, any curve that forms the boundary of a region has a trivial homology class (i.e.,
it vanishes). This is because a boundary does not represent a closed, independent cycle—it is merely
the edge of a higher-dimensional region. In other words, since δ bounds some region within X , it is a
boundary, and hence its homology class must vanish.

2. Boundaries and Homology in Algebraic Topology: In homology theory, the boundary of a
higher-dimensional object always has a zero homology class. For example, in the case of a surface, if a
loop (like the meridian δ) is the boundary of a region, its homology class is trivial because it does not
represent a free, closed cycle but rather a boundary.

3. Betti Number and Hodge Decomposition: The passage also mentions that δ’s homology class
vanishes, and this is related to the fact that the first Betti number b1 of X is odd. According to Hodge theory,
if the first Betti number is odd, a complete Hodge decomposition cannot exist. This implies that certain
homology classes in H1(X;C) cannot be fully decomposed into pure (1, 0) and (0, 1) components. This
is connected to the fact that δ’s homology class vanishes in the homology of X .

Summary:

1. The meridian δ is the boundary of some region, and by the fundamental property of homology, any
boundary has a trivial homology class.

2. This follows from basic algebraic topology, where boundaries do not contribute to non-trivial
homology classes.

3. Additionally, the fact that X has an odd first Betti number implies that a full Hodge decomposition
is not possible for H1(X;C), which further supports why the homology class of δ is trivial.

5.1.3 Lefschetz Hyperplane Section Theorem

A map f : X → Y is called homotopy equivalence if there is a map g : Y → X such that fg ∼= I
and gf ∼= I. It is an equivalent relation and X and Y are homotopy equivalent if they are the deformation
retracts of the third space Z containing them. In general, we can take Z as the mapping Cylinder Mf of
any homotopy equivalence f : X → Y . As we know that Mf deformation retracts to Y , it suffices to
prove that Mf also deformation retracts to its other end X .
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