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FOR CHAPTER |

m Exteriror Derivative and Wedge Product

AW Leibniz 25 U H B — DN EARES, FeRl 27E0R (p, ¢) B X
o (p, q) BRI TE AR IRER IRIE L EA p 424l (holomorphic ) 43 &A1 ¢ AN 44k (anti-
holomorphic) 73 &ERHIHER.

XF (p, q) B, Leibniz F4#iA T M AR5 S5 (wedge product ) )
KF. WHRa B (p,q) WX, B2 (r,s) BIMHER, WA INFEL d A
FHIEAE LR A9 Leibniz £

dlaAB)=danB+(-1)Pa Adp

XH, do Fl dB 53 31ER o Il B BIINSEL, o A B FRoR o Fl B BOBLRR . £F5 (—1)Pte 2
TR R S AS e i

Leibniz At B 75 BB B &5 G, 200 JURT AN LA v i SR B E oy
BN ERATH,

BIRATERGY [, d(f Au) = 0FETERE, @HA LT ILFED

1. T FRER : WU M BA LR (B oM = 0), A8 2445 Stokes A2, [,,, w
Kk oM B2 . EXMIE T, ik w 24, HESE NSRS,

2. BXERSFNX: WRHIIER f A v SHINFECd(f Au) 72 M LSRR E (R
AL AR B8 ), AR EMBS BRANE. FoleE, W e 979 Y(M)
HEZE, MACHE M WAFIPAE, XEWRE fAu WEDRINE, i H b FEHE D
A EMBDAE.

3. fFE IR LU IR LU e Ao TE U AT g B SR T A2 LA B R o S F PR I
X 0] HE HEATT BAARSS M SR M e e e R OUE .

4. B WR M R —DNERPHEICGLA, 4 Stokes AXAEH, IF HFE AN
B, HRRGT TR AE

=4 =
(Tgr,w) :/Mdf/\u:O,

(dTy,u) = (=1 YTy, du) = (—1)7! /M FAdu=0.

E Where df = du = 0, for the reason that f € '&4(M) andu € 2™ 91 (M). }LI:(
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1.1. EXTERIROR DERIVATIVE AND WEDGE PRODUCT

Remark. '€7(M): M LB Z¥50H p5 &304 — T p BRI MR R 18], 2711 (M)
:0gma (M) 9% X F = .
AT A df Ao du BEHRT (AR (1,1) &, @ p BRAME (0,p) &), MR AEA 0.

TEXH, ERRAIERE— TN A ABL B P gedtiid o B B A i) = or (Ms) EDGH
WA 6] =67 (M) HZSS

1. % 1] B S5 P 52 S -

- RO F oo My — My, BLRIBRSS P AR TR B E IR T w e
EP(My), F*(w) 2 AE M, RIS p-IEaX, il LT U0 X

F*(w)(v1, ..., vp) = w(Fyvy, . .., Fy),

Hrp F, 2 F VI,

2. B A2 WA M A A

- X HL, 9P (M) IR My FRETEET p- B B NS, T c&P (M) ARER My B
1HEW p-TE a3,

- B SMAIEXW E B X BIE T el A8, 2R SR g 50
Ao NHE AT AR, S T 2 2 AR TR 2R 7 A 46k

3. W4 F* M 2 2P (M) B &P (M,) fIZSHT

- T P ¥ My BRSO p- TN 2] My b, R FroSERR BSR S 9P (M) B 2&P (M)
IS

- XEFEK Frof My, EREER (27 (M,y) I cE ) B S My, ERER
(BPs&P(My) HEIOCE ), FFHENE T AR,

Wi, 28 BArd, hilals P gl M s or (M,) 8] 56 (M) IS, FRER My &
HIDCI BT p- 28 RO Wi 2 My EROGH kT p-TEX, I HLEPE T T X R 2SS,

Problem 1.1.1. (C* #HIM TASZES M N(ALEIUE? )

Let M., M, be two oriented differentiable manifolds of dimension m, ms, respectively. Let
F: M, — M, be a smooth map. Then the Pull-Back morphism F* is defined by

F*: *9P(My) — 67 (M)

ux — F*u.
Here are the problems:

1. Why the pull-back morphism is continuous in the C*-topology?
2. Why Supp F*u C F~'(Suppu)?

The following is the useful information.

C*-topology C*-#ifMJ AR N WIR M 2—ANRIE, C3(M) Fom M _LRTA s IGE
S 0] G eREC B BRI S ], O -3RENE E AE C°(M) ERdRTbait, HER
FERTARRA

Up={9€C(M):|lg— flls <e}



1.1. EXTERIROR DERIVATIVE AND WEDGE PRODUCT 5

XH, f2C(M) B —DREL e > 02— NIESEEL, || - ||s & s B Sobolev %5
A O, R EE R R R B 22 5

A X PEEAR TR, O -Fhiba LT REasE (M) Eryshibasty, 15
FRATAT LA s IIESE AT Sl pR B WSS . 1 S R H At R S I

TE CINT, — WG f: X — YV BT C° b Fikse, WEXF Y g IF
BV, HE®G FU(V) 2 X Pl cs . XERENT Y hIENTE VY, f#E—A
e>0, HEMNTEER ge 3 (X), WR|g—fll.<e Mge f1(V),

BAIEYL, £ X — Y 1E C b Fiks:, BWREXNT Y PIENMHE VYV, (V)2 X
) Cs RS, Bl f R O R Y F AR,

XPELEMER E AR THE C° $hid T, R RIRESE S EATH O HERAHSCE:, M

T AEHFFEIRIE L A R Bzs IR, FRATT AT DA% 58 el B e W M R A F 254 22 1] H@a‘é,%‘o‘

FOR CHAPTER|

iEBH. As
Hg - F*u”s < 57
we have
[(F) g —ul|, = |(F) " (9 = Fru),
< EH7H, - llg = Frull,
<e|/(F)7,

< E.

Thus 1 is true.

Theorem 1.1.1.

For every T € *9)(M,) such that F s, is proper, the direct image F\T € *9,(M,) is
such that

1. Supp F,T C F(SuppT);

2. d(F,T) = F.(dT);

3. (T ANF*g)=(F.T)Ng, Vge® & (MyR);

4. If G: My — M, is a C*° map such that (G o F)|supp7 is proper, then

G.(F.T) = (GoF),T.

Definition 1.1.1. (Immersion and Embedding)

TES LA JUTH, “immersion” (iR A ) il “embedding” ( #k A ) #l2 B 2
&, BAHEE T — NRIE RS N RUE RDOE WU R . R X A R LTI
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1.1. EXTERIROR DERIVATIVE AND WEDGE PRODUCT

g3 JUART P g B A EUEARAEL, AR e IZE4N 5 A B SO T R A A, Rl =% 3 L
i KRR R, EN10 RS BRI IE , i SRS R 2SR IE .
W LA BIRE S AERT LT, — AN BRE f 2 M — N RN -

Immersion GEN) MR f 5 — A o € M _ERMD df, 285 (|, df, - T.M —
Ty N A& MMRA RGN o X EWE R, [ M — s Y)sa” 7
A7 B N AN Y2 [

Embedding (X \) @R f 2—MREA, JEH f 2 —PhfbirA (B, fR2— P04,
IEH f M 2] f(M) 22— REBE ). XEWRE [ AR AR R A5 (4
BRI’ ), i H f W) B M A — A FHRIGIRA R N .,

SILAHRHEX: £ U, FIBRRERE, €U, BHREZEIEL. —
AN f 2 M — N RN

Immersion GEN) WHEXNTHA « € M, BGTREHR (BIHERT AR R S BURA )
dfy : TeM — Ty N ST XOE THERER, M MR ESH T LUHRA S N 245
Fap,

Embedding (Hx\) WER f2—MRA, JFH f 2 —DaestimA (H, fERHsdug
24y, JEHMN M B f(M) DAL ), XEWE [ AMUE R IREE
gk, i HAE 2Ry B A—Rhaes 007 30 M OiRAEI N .

S X UETE X EARR AL, £ T 8 LRIPE 2 E R, AR
il Canblzsia) . BT ) ARl S T I S s S5 AR RS . A BAR B sl 3
Hr, X Y RIA AT RENS A A F, DLE R E BT SO R, g, XFEIL
i, BESAENE (FTE]RN ) 2—PXREHEKH.

TERSY JU[ R, Constant Rank Theorem (HFkEHL ) J&— 5T IGHE WS 1 a5 M i
MER . BB T AR — AU M A R o B AT E R, WIFEIZ ARSI,
A DA I 5 Y () AL FRAS g T A — DSt L . XA B B T BRARATE < 18] (4 LS Y S
A

U, —ADRUEEST] LI g, HEREZERE SN, WR 2o
TR SR BATEE R, WIAEIZ S AR, ] DUIE R 3 2 1 4 2 AR A A ks e 5
WA — AL . XA B T BEAR S IR (8] B 4 2 LS ) SR R 4544

HARMDE, WRBATE —ANedimst f: M - N N—NERE M 25— NERE N,
JFEHAE S p € M A&, WUMERMS df, WRRRTEER, ABATE p B— DB/ U K,
FAEWE Y2 VR R G (210, 22, -, 2m) T U EFD (wi,wy, ..., w,) 75 f(U) b, HIS7EXL
HERRE,  f IRIRA B A R

TR RN, BAE U E e ST U AL, (BREE L, BAT
BHNELR AR AR AR WA AR 2 A Al i, AR TR BS54 .

TERCEA RIS J U5 U] 43 A 45t , currents Fil differential forms ({30 ) HIHE
SEER MO, ENIZRREREY], AN T AEREEE Y., DLFEX



1.1. EXTERIROR DERIVATIVE AND WEDGE PRODUCT
PR L B2 ARTE S, PARCERTTZ A5G R B .

wﬁiﬁ%ﬁ (Differential Forms)

W T A2 s J U] rf R e _E R LA BV B BEAR T R BAARRSE, —4
k=S E R 0R — A B-LetEsC R 8, B8 & DR A SR — M. Bee R, XT
LARE LN -

- AR n-ARERIE M B, A E-HE R w A O (M) MU AN (T M)
MocEk, Hrh "M FR8 M _ERRYVIN.

W AR L SMU o 51 d dEAT A, PR B e, TR IE SN )
&

wCurrents s AR

Currents AT FER RS ERXB—MT XL, SFiREXHERE, ENRTILER AR
EEMEMSIHRNE, RIFNHSERXHITRS,

- BN AE n- BRI M B, —A k-4 current 2 —/NMESLEMIZ R T, EEHTER
W (n — k)-aTER w b, JRRE—ASE, BIT Qe R (M) —» R, Ho QrF (M) FoR
Fi A ES28M (n — k)-Tr BB 2S00 .

KE

M TE AN currents  [A] Y20 & T ZARBZE BT DR AMEME . flor 02 2 EmEME Rt
S, T currents WI/E A X LML Az R, AT AR EN T TR 0 #5E o X Pi0oek (8 M 78 T LAn] 00 2
T G IR IR 31 27/ BE R B A LK | B 0 LTS /S g W B P DI IR I EZSE A a7 QT
I3 ITRE . dpe/IN TR PR A R) R

22 HUbt

XS5 SCRIE S A I 18 W] LAYE 22 s S B Al o LT R 8obt ik 2, i

- Jeffrey M. Lee f¥J { Manifolds and Differential Geometry ) . - Loring W. Tu #J « An
Introduction to Manifolds ).

XA AL T I T AN currents MIECFE X, DARGX SUNE S E SRAECF A B Y
N . AT BRI  JUARTAN TUART 53 Bt () v 9 2 R AL 1 IR S 1) A

Theorem 1.1.2. (Constant rank theorem)

Let N and M be manifolds of dimensions n and m respectively. Suppose f : N — M has
constant rank k in a neighborhood of a point p in N. Then there are charts (U, ¢) centered
atpin N and (V, ) centered at f(p) in M such that for (r',... r")in ¢(U),

(¢ofo¢_1) (rl,...,rn) = (Tl,...,rk,O,...,O).

y 4

IEBH. Choose a chart (U, ¢) about p in N and (V) about f(p) in M. Then vo f o ¢! is
a map between open subsets of Euclidean spaces. Because ¢ and « are diffeomorphisms,
Y o f o ¢! has the same constant rank % as f in a neighborhood of #(p) in R*. By the
constant rank theorem for Euclidean spaces (Theorem B.4) there are a diffeomorphism G of

FOR CHAPTER|



8 1.1. EXTERIROR DERIVATIVE AND WEDGE PRODUCT

:

a neighborhood of ¢(p) in R" and a diffeomorphism F of a neighborhood of (¢ o f)(p) in R™
such that
(Foqﬁofogz_ﬁ_loG_l) (rl,...,r”> = (rl,...,rk,O,...,O).

Set¢p=Gogpand ) = F o). [ |

Proposition 1.1.1. (X4 submersion 1 immersion)

LEa L %, submersion (2% ) #= immersion (iZ\) R IRT Z 8] 64 IR Bt
(smooth maps ) 4t ANRRELS . REZXAANRNEITAL RSN, BEEqEEni
FEI XAk st, LAY UTARAKERTPAAEEZMRARRER, ATRENN
EXE KA.

Immersion (8 )\)

e EEX: WEA—ANALBBRS f: M - NAARY M EAH N, BE M QH—5p
L, Btk df, - T,M — Ty, N 284t (injective ), R#R f A —A~ immersion,

o EWIEfE. Immersion FF M B3 “BN" B[N, 2R ER f(M) R N ¥
M—ANFRY, TERE [ TRSEM £ N + AZKMAR,

o Ifl: ZERARE R 4G, BHFEHRX RN FET, oRaek R LRSS
57 B,

NOTES FOR DEMAILLY’S BOOK

Submersion (i2i%)

e EX: WRA—ANKBBRA f - M - N AARE M E2AK N, BE M th&E—
& p Lk, BRBWRS A, T,M — Ty,N Zi#HS (surjective) , M#k f A—4
submersion,

o EWMIBAE: Submersion AiF M 4 B;EMAE N ¥ “BA, LBEERE M
BHRTRFT N 443k, #B M E N PG 583 EHE A “ABHK
K",

o Bl ZEMAR? B R G EBA, R FERLYERZE —FAKL,

o HEHE K. Immersion X M Fl N HI4ERCE R EZ 3K, T submersion il H E K
dim(M) > dim(N).

o ISBREFRIMERT: X T immersion, fOMBRET df, WO HUE, 1% T submersion,
df, s BT .

o BEREHITNL /LM Immersion HE XET M s Ebas s A 2] N v, \f
RESSH M 1 N P HFAZS; 1M submersion WZEET M anfal £ 5B Em N~
eRe” B R

o fRELME: submersion (IREMLST ) RIRFREY, TEMS U, IXERE N T B
f:M— NN\RE M BRI N, 8 p e M b, BSSWMS ), : T,M —
TrpyN &Nt (surjective ). [Kith, Tsr df, BIRK ( RRZeti st 4 m 4L 40 )
et — i p PEET HRSE N W45, #/a)iGit, submersion YRR WL
BhREEN, IFHET N Y.



1.2. POINCARE #Ups &

PRFRIIPE AR T M B N B HE /R EnT L “RéSE” M, f§i45 M ¥ N W5
— SRR EASUT N B — NS X AR 2 50 T LA i N R R R R B
B G RIE A4S, submersion BEMSHARIE BT 09 R SRR LS5

m Poincaré %Y &

Poincaré % Kahler B & 28074 — Ml (IREE, & HIFEE JU A3 T LART 8 38 45
5, FERETERFSE Kahler Wiy . iXRhEE S HA — SR BT, A efIE L. REJL
AR B B AR BN A . FEIX HL, PRl Poincaré %Y Kahler Ji 5t (1) — L6 4k
PR -

1. Kéhler )5 : Poincaré % Kahler & &t i 562 —> Kahler JE i, XTEREE L —NEIR
& bR S R, Hige Kahler 04, BACRUL, &% (M, 9) 2 —MEWE, Hid g ZHE LW
RS, WRAE NS g HEMEEM J (B J2 = -1), HFHBE 9(JX,JY) = g(X,Y)
M RS X, Y oL, H J ZWEEER (VJ =0, Ho V2 g 54— 4E 84 ),
4 g it —A Kahler fE &,

2. Poincaré 4 J5i: Poincaré I &8 HAFTiE 1 Poincaré i, XEWRE ©FE L5 T

AR AT AT R A3 ] kR il AR AR M ERE | ﬁﬁf%LLﬁH’Jﬂﬁﬁ,

R LR e r iy Sl T IeS5 K, BT Poincaré BRI 23 R 94T Ry o X — PR A
1% Poincaré % Kahler R 7ERFSE IR AR A o RS i LS vhaER A H

3. SefrMERIAEEYE. BT Poincaré BYEE & AE N AT TN, fﬁmriﬁﬁ%%ﬁ
B, HIREASRAEEN ., SR EEEXMER T, iR Cauchy JFF#MEL, X250
FrAn U g R i — DN E BV . AW, JERMEEMERE T REE 5 JosFimkb” A, jﬂﬁﬁ
SRR T RSN AR

4. W : Poincaré ! Kahler HE7EEF T2 0 X H#EA A, AR HARTAREBUL
fal b AL [ BE, ARl R AE R B AN 2245 AL nl B s FERe W Brh, KRR X e
fdEGied, et TR ERNA 0 T,

Poincaré %Y Kahler Bt 52 M E L4kl , FRERENBEEE =, Rl aEL L
fal . B3 JUARTANARES ) L An) S5 45

12 R

HIWr— N4 E () Kahler B 2754 Poincaré K 3 SRR & 2 750 /& Poincaré /1
FRAEPERT, AR TP e AR TR 2 S B A (947 2 LA B T I R LA 454 | o 3 AR 1A ot 3
P .

1. W17k . —> Poincaré A Kahler & & 7E I B4 B I 2 B0 A 2 I AT M
Eﬁ—‘ﬂéi}‘ﬁ XA A S R A b Ty, HEE R SRR 4 R Y SR H — R R R
170, X5 E AR TEEACL. X R R AR AR FREAZ IR, HAEEIRIER
A OB g

9
g

FOR CHAPTER|
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1.2. POINCARE #Ups &

2. FER5EAS T . Poincaré %Y Kahler R FUE SR, REMREEXMERT, WE
FHIEE Cauchy FEAERAHRBR S . X2 4 Poincaré & BAT — PRk G J LR 4546, fi
IR LS5 A RGO B AR, RERIEAS R E 1.

3. Kahler 5#4: AR A Poincaré B Rr#l2 Kahler JE i, HAZNA Kahler B4R
5= Poincaré AUy, M, 44 E A eT 22 Kahler &, BIE2—1MERE LHRS
i, HE5—MNESSWAEZ, WERE &M (Kahler X2 HH ).

4. B mZAT . fERSEN T, Poincaré Y Kahler & ] R E & B AR E
KRR T, anfa i R e R S B A SRR e 1 R a3, XS S mT DUARYE Bk
R M TR S

FESCPRERAET, FIRT— D4 € Kahler 82750 Poincaré BYiE # 75 LR A S HEL
e, ARG ERE R R EARIAA, AR RMIER TR, DRI R 5%
JUT &, X TR BT ECA RS . AR RS, Al DUOd S A S R i R A
FFRF ISt A8 R[] 24 W7 i 1 (1) Poincaré RURFE: .

W& — A4 E R Kahler JE #2758 Poincaré Y, il W S5 B4 A2 Mk, R EIER )L
oA CEean s i AT AT R ). g, DA RS T ARAS BT
BARRA N1 A7 BEEH T AN, H2ELUF IR B2 R TF B

1. ERARAT R Bk, REENTEEREE R RLILANIERITA. Poincaré
TR B F R A A I BT B 2D T U S Tl g M I, B R iR B e B A ) T 655
K, XPhRRPE T LA o B A R KR A 0 I A HAE I R B A T A SR B IE .

2. 58#5 M. Poincaré BYJE B AIURSEAAH . Al LB K40 XE B i R T4 Cauchy &
H T HCSOR LI UE X — i, RS X AE S g b ml BEAH T R 3E

3. MIZHr: BARK A Riccd PR MFFAME R &2 AE R (82 A MR MR 54
Al AR OCF B eV R B B B R, (HIX I AN 22 HI W Poincaré R e i) e M 254 . Poincaré
YR IE Y EORTE D A MR BA R E AT 8, X 0] BB RIS B B il R s A e
KA =T, i, FREeF BT nl BE EoK B R g 4l im fi % (holomorphic sectional
curvature ) fERMHE# T M55 K, X5 Ricci MRS A K, HEEEEAMB .

4. FHEWA Kahler TER A MM . 1T Poincaré AU & 1462 Kihler &, FIHEL
LA EERER S —NE MM, AL HE Kihler B 22N . X 0] LUl R0t
JE B 5 S5 A2 L ) Kahler JEC A AU R 58

M2 M — Kihler & 275 4 Poincaré 75 Biss &% fe BRI HAK R . WAR4T
K. R R RS, P2 T, XTRERANEEAE L LR,

@-ﬁnmﬁj‘fﬁ?

1E59 1 5845 Kahler iJE EiG — 5884k Kahler J& £ ) [a] 8 n] DL i3 55% 45 2 /Y Kih-
ler i w FIFIH plurisubharmonic exhaustion EREL £ SkfEgR, X FE8E & BIECH 5 Hr Al
UM R PE S, T2 — DA 1

de >
=R

o Kahler iit#s: —1MEIRKE, H EFEAE— Kahler F&, HI—/GHE R0 Hermitian JE &,
HAHMN B Kahler JE 22 ).



1.2. POINCARE #Ups &

« Plurisubharmonic (PSH) &#: e 2 E, —AGHERE f MR R V—100f > 0
(FEARATAEAR R ), WFR f & plurisubharmonic pE%L.

o 55 1 & WHR—NEWRE FEAE—1 PSH exhaustion pREL, BIXFE—ANGIF A% 1,
A AR B ¢, R {2 e M f(2) <} BEN, MHRXMERELET 15580,

1. #5€M) Kahler i : RZEHRINCEA T A Kéhler it w f1—4> PSH exhaustion
¥ fo w i Kahler B PARARAN w = /—1g;5d2" A dZ

2. ¥ Kahler E& . Hir2EWE —ANHH Kihler JE& O, B4 0, 7% 8 w i Kihler
Wi, —MAERETAE VS f HXRERIM, BEmMES, TUAEEFR f BE—
N #THY Kihler 723K, EbiN @ = w + V—1006(f), Hi ¢ B—MEYRFHBEE,
15 o(f) B3R TR EEMNHERLABISE&ME,

3. WAERSEAME: 8 o MSREEAE THIMRHTE & O BN . XlH BIRE BMHS/ETL55
ekl , HERAEBIE T I055 K. — DB REE ¢ 2 — DT f P K
PREL, BN o(f) = f B R IEKE,

4. BF Kahler . W52 0 J5, FEBIUEEMSLE— Kahler JTEX, HI @ 2R (B
dio=0)e X—2BBHEFH w A f R, AR ¢ BIZBORIRIE,

5. BORANY . SLhrmtgErh, F5EAFAest ¢ LIIIR o AMUZ 58 & HY, B0 2 HA AT fg
) LT B o B BT o BEAl, 1T BB T3 5% RE A n] ELAATT- 53 o DA R ey b B 0 35t sk 2 i 1)
i

e WS RO o(f) LAUREE G Kahler i w, #ORFIERE O B MNAE L
JES Y, FINORE Kahler M. XA FEFREZ PSH sRi%. Kéhler JUAf LIS 73 A A TR
ARPEAE, R THRER [l w, BAWETGRESIERE S, TERMREREAEI .

A, BT R A TR, RN E RO, H 00t Forh i Y, Ay Ay, B
i\ T VB KRR T2E {1y A ) BOAHERS, 2 —FI AT 7 Mk ik i00e” ¢ Kahler
Hw=1iy 0 A7 THIJEH .

KRR IR T i00e¥ fER—A (1,1)-JE3X, wf LAE i Kahler B & A S T/, JF
HEANERICE n; An; FREC RN, ) 7T AR e XA XA E 7 )RRy “AE” 5
“UREET . TERXMMEGCT, N AT DAEERAE RN e rREHY B B0 Kahler R DTHRF R
/N,

ELURM, i00ev iR MR pREL ¥ B PERAEE T LROREL, Tk o i Kahler B & w
RIEENRRIT, WAL T —Fh ALK A A MR T ) BT . IXAERY R IR T AU
BOR ERFATHY, T HAEERE A AR A, R 4 VR 75 BB AN LA [R) s AL B LA
P B 3 A LA AT G B AR AR I

Beah, MU MERE , XAIRITFIRRE /R T i00e? [ JUIAIAR M BT 0T RAE o34 ix
SERRAEAE N RIRAPRAR, KON X R H 4 T AE 207 1) B R R sl ik . Rl & et
& JUAN Kahler JURIHY_EF3CHr, SXARR) 0 ATk 2 AR A i

o
L
-
o
<
L
O
(2 4
O
LL



12  1.3. COMPUTATION

M Computation

For any differential form 7, e(n) denotes the multiplication operator v — n A u acting

:

on the set of differential forms on X. And we have

1. 3; = —%(0 — e(dyp))* and 07, = —*(0 — e(0y))%,
2. 0, =0—e(dy),
3. Formula I:
[e(n), A] = ie(n)",
[e(7)] = —ie(n)",
if n is of type (1,0).
4. Formula II: If ds? is Kalerian,
[0, A] = i0",
[0 — e(dp), A] = —idy,
+ 050 — (0,0% + 0%0,,) = [ie(00p), Al.

NOTES FOR DEMAILLY’S BOOK

Then we have

0e ()9, + 0e(1)0 — 0pe(n)0”" — 0%e(1)d, = e(n)lie(00yp), A] + e(9n)d, — e(0n)*d — e(9n)0" + e(01)* 0.

The computaion is the following.

Cauchy-Schwarz A& — ok T, Tufﬂﬂ?%ﬁéi?%?: ’@Tﬁ* 1y . Befll
A LA Cauchy-Schwarz A5 AR B A ESR /R UM AL [ f(x)g(x) dz L.

Cauchy-Schwarz A% XAEFTE X RE T

XA AR eREL f(2) Rl g(z), FEMBEZSA] (X, pn) b, FRATTA

s (forsn)” (fworane)

TERXANAZENX N - fz) Ml g(o) 2 SCEMEEZS E] X _ERal e E. - p RS
AR (A5 dngh DURR I E ),

UERZA B BT

LB, BXRE h(z) = f(z) — Ag(z), H X B—MEE I H L

2. 5 h(x) B9 L? JEE 5 -

| @ du@) = [ 156 du(z).
3. JRIFIEAFTT -

/X (@) = Ag(@) P du(z) = /X (F @) - 22f@)g(z) + N|g(@)?) du(z).
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4. B R

J 1@ dute) =2 [ g dua) + 2 [ loto)P duta).

5. T h(x) B L* BCRARRY, FRATA

J1#@ P duta) ~ 27 [ f@)ata) dute) + % [ lo@)P duta) 2 0.

6. XJERT N IRAENX . N TREHXSA N #AL, FI RSN T T2

@ [ f@o@duoy -1 ( [ 11@Pdw) ([ ls0Pi) <o

7. XN A E AR

([ st x)s(/u Pau)) ([l duta))

8. TRy S 2 .
(/|f )12 dyu(z) ) (/rg )12 dy(z) ) .

EAMAEREY TRMERA Cauchy-Schwarz A%, B4 FRAT, DR EEL f(2)
Ml g(x) B FIT AR A BRET, IR AENTHI SR AR > 4 HE d 32 2 e AT 145 H VT3 B i .
test mono itshape bold font bolditalic font regular font

Theorem 1.3.3. (Akizuki-Kodaira-Nakano Vanishing Theorem)

If F is a positive line bundle on a compact complex manifold X, then

FOR CHAPTER|

HP(X F)=H'(X,05 ®F)=0 forp+q>n+1.

v 4

More generally, if F' is a Griffiths positive (or ample) vector bundle of rank » > 1, Le
Potier [LP75] proved that H»¢(X, F') = 0 for p + ¢ > n + r. The proof is not a direct con-
sequence of the Bochner technique. A rather easy proof has been found by M. Schneider
[Sch74], using the Leray spectral sequence associated to the projectivized bundle projec-
tion P(F') — X, using the following more or less standard notation.

Proposition 1.3.2. (Notation.)

If V' is a complex vector space (resp. complex vector bundle), we let P(V') be the projective
space (resp. bundle) of lines of V, and P(V') = P (V*) be the projective space (resp. bundle)

of hyperplanes of V.

Problem 1.3.2. (@& 1)

BB XA 3. Letm: X — S be amorphism between schemes. An R-Cartier divisor
D on a scheme X is said to be k-ample if D is a finite R y-linear combination of k-ample
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1.3. COMPUTATION

Cartier divisors on X. We simply say that D is ample when S is a point.
, AR 3tT 4 weakly 1-complete kahler manifold £t R-line bundle # ampleness 4=4T
EX? REFAAZIFHEN? o R7TH, L H—BRELE a2k a mmp =

W 4. ‘

. X5 1-5845 1% Kahler JifE X B R-ZGA\ (5 i, R-Cartier BT ) ByHE)
(ampleness ) & X, BfSEn] UG S AREU L AR DCHES:, RETEMTALME = F e —
SEiEEE, DU EAARITI

1. ARV PHE X SETLAE S8 KEE

REJLMI, R-Cartier Br1 D #FHN k-3 1 (k-ample ), WRERZARRAD k-3
Cartier F 7 IESCBZMEAL A (WE SUFR Do Y k= dim X B, XK MEE L.

TESBNT LTS 5, GBI PEw] LA D At iR ey (L) ZER9 JUAT Ik B 20 1 . 9l
Kahler i/ EH R-A\ L 8 H# o HEE — 52K o (L) € HYY(X,R) KRR .

KEEME: 59 1-524511% Kahler Vil H 2 AR BRI . H9) M nl LS 3 24 (A% 1E 1 25
KL, 5 LW e (L) FrREN (1,1)- KM IEMEEEMC., FFEmENE, BT 1-580
ANRERIE BB, & SO P T5 B SR R s R EAT A 5 Hridi 9 LT 1 o

2. I MHHEX TS 1-5£8& Kahler G LW B

FE55 1-584% Kahler i X b, FRATATLAE L R-RAME M, (T .

o — AN R-%M L BEFRH B8589 (ample ), WIHE{7/E— Hermitian 854 ¢, #7% cy(L)
A AR TE R (1, 1) TR w 5.

o X k=B (k-ample) f5E , WTEBARAEBRBULIIG R : IR L 5%
er(L) TSR NATIREA k-4 16 Cartier IR -3 R EAY (1, 1)-TH 0 TE 524 M4l
&, MBRE k-t

3. REFEXHERNEX?

1£55 1-56% 1 Kahler W b, R-ZeR3EPen] LU R V(X R) LR
TNRRE Lo IXPE S CBEAE T

- IR 55 1-50 8 A i &35 ) Kahler M Hbs ek, - ARUESE T PSR AR R IRTE I E 5t
AR

A, FEX—HELL G N B, FTRETREMIANAR, BIA IR I Se A A T R e .

4. B3k

iR S AR AT UM RA TS 275 SOk R B G S

1. 2T MMP k5. - F. Ambro, A. Fujino, S. Mori, et al. BJAHCSCHR, JUHZ. -
”Introduction to the Theory of MMP”, W, Mori & Matsuki i B E5si##t. - “On abundance
theorems” by Fujino. - X254 %} k-ample i) XAEARBU LM 5 F AT TR0 HA .

2. BE MBI fEMT JLDU A . - Demailly 86, filll: - “Complex Analytic and Dif-
ferential Geometry”, RI{ENMEMTT = FIEEAZS . - Voisin ) “Hodge Theory and Complex
Algebraic Geometry”, Wi T3 PEAI Kahler {JE A G JUFE: .

3. XT59 1-58 % TER R . - H. Grauert, R. Remmert Y SCHAX IR S HT IR IE ) 56 5%
YEEAT T1HE . - K. Ohsawa Y "Analysis of Several Complex Variables” 7] g%} % Kihler
IR UM S A5 B .
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l

1. Definition (Ampleness of R-line bundles): Let X be a weakly 1-complete Kahler
manifold, and let L be an R-line bundle on X, represented by a real (1, 1)-cohomology
class ¢;(L) € H"(X,R). The R-line bundle L is said to be ample if there exists a
smooth, strictly plurisubharmonic potential ¢ : X — R and a smooth Kahler form w
such that:

c1(L)=[w] and w > 0on X.

In other words, L is ample if its first Chern class can be represented by a strictly positive

FOR CHAPTER|

(1,1)-form compatible with the weakly 1-complete structure of X. This ampleness
condition ensures that L satisfies positivity conditions analogous to those for ample
divisors in algebraic geometry.

2. Definition (k-Ampleness of R-line bundles): Let X and L be as above. The R-line
bundle L is said to be k-ample if ¢;(L) can be expressed as a finite R-,-linear combi-
nation of the first Chern classes of Q-Cartier divisors D, ..., D, such that each D; is
k-ample in the following sense:

For every coherent sheaf 7 on X, there exists an integer my, > 0 such that for all
m > my, the higher cohomology groups H'(X, F ® Ox(mD;)) = 0 for all i > k.
Alternatively, in analytic terms, L is k-ample if ¢;(L) can be represented by a (1,1)-
form w,, such that for any proper analytic subset 7 C X of codimension > k + 1,
wi|z > 0.

3. Discussion on Weakly 1-Complete Kihler Manifolds A weakly 1-complete Kahler
manifold X allows for the definition of ampleness due to its weakly 1-complete ex-
haustion function ¢) : X — R, which is plurisubharmonic. While X is not necessarily
compact, the ampleness and k-ampleness of an R-line bundle can be defined using
local positivity conditions of ¢; (L), provided ¢, (L) is compatible with the geometry
induced by .

This definition aligns with the analytic perspective used in Kahler geometry while ex-
tending the algebraic notion of ampleness to the non-compact setting.
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This definition bridges the analytic framework of Kdahler geometry with the algebraic
concept of ampleness in the context of the Minimal Model Program (MMP).

Problem 1.3.3. (@& 2)
EHF AL L, THAELE very ample 13t £ 57 ‘
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1.3. COMPUTATION

. EAESHYIRIE b, o AL S R B very ample £k R SEEixT 4 **, XA very
ample & XA G EARHSE TR A IS 2 WM GE ), AR S RIE okl AR 2tk R Ge
LMEMIE R A B A, LUT 2R 4T

1. Very ample HIEEX —NEMEFRSE (8EE —MH—4 Cartier divisor D) ##A
very ample, BEWR#E D #ixE T —MKA ¢p : X — PV, Hi X B2— M2, B
Wi

- D WARRETH AR T — MRS R0, BB X 2] PY BiRA;

- X WO — BB LIRS, Rl 2 Rk

2. ESTEMERER ISR (3L Kihler RIS — R E R ) A LWL
GERR SRR, RIEAEEIE R FE MM RS, i sExE IEHR ample B4,

3. BRBLZ A very ample A G H5AEGHZIRMEICC, HIRANTA] LA 5 H AR J LA
PR, an.

- {4 (pseudo-effective) line bundles: & X 55 fR it X _F ) EME: ;

- X EEMH (bigness): EHA LB 2 RHEINE SRR ;

- ZRMEFRF (quasi-projective embeddings): 7E4FE M, FHRIRA T HER 2

g, FARSHYIRIE b, MRS R very ample MR IFAEAE, HAT LAEHE)
AEVERN B PR AT S 2 A0 ] |
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