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Eic)Ir

fEeH, A (ideal ) 2R — 1M1, EIEARMNEASRZ: N ORFER M. Bk
HKeidd, WS T R—H R WP, ABA I AR &M

1. T abel, Ha+bel,

2. X T reRMacl, fHraclfarel (FEZHIF, HFFESEH BRI,
KK ra =ar ).

IERLBEAE (Proper Ideal) . —ANEEAR 1 4 AR M IERMBEAE (proper ideal ), WIREASZEEEA
B RAY, Wi

I #R

XRMEOLR, IEMBERAR 1 HA LU MR

-ICR, BIT2RWM—IHETE,

- IS T (R RZBWHRATHIS ), FAMR T 8E 1, IBaXFEEreR, B
r=r-l1el, XMEWKREI =R,

i

1. fEEHR Z T, (B ER 2Z = {2k | k € Z} B— P IEMBIAR, Y EAREA
Z, Hui AR E X,

2. L2 T Rx] H, B s x BEERI 2 0 RS (x) = {p(x) € R[x] | p(x) =
x - g(x) for some g(x) € R[x]} &M 1ERIBRAR

Mg EMBES—ITEE, BEAETENH, X—&ESRePIER EE,
AVFZ BB RS AIE T, 5an R BARFAROREEAR , AR T PRARUR IE AL AR

wNeat analytic property

Tfi#t 1 neat analytic singularities & X 2 )5, AT AR AT IS S =
{y = —co} &2 M B —MAESFFIIE .
Neat Analytic Singularities FJE X

VERE UL, EAA A, RO ECRRAR ) RN, XA LEEA,



1.1. Zid

— Ry HA neat analytic singularities ) U2 : X TRIE M BB —N s x e M,
FEAE—NEIE U, XA, ¢ ATEARR N

N
Y = clog (Z |gj|2) + u,
il

Hr

« o> 02,
o g € On(U) AL U L€ Uik %L,
e u€ COU) 21t U BRI K%L

SWES S = {y = —}
B S W, BATESCHE v BUE A Jes & F. £ — DR U W, Al

N
W = clog (Z |gj|2) +u.
j=1

A

Ny = -0, RATFTE
N
clog (Z |gj|2) — —o00,
j=1
HFc>0, XEMT v
1m%}§@ﬂﬂ—a—w,
j=1
3l
N
D lgil* = 0.
J=1

BB, o = —oo MIAUIE RV, gjI2 = 0 1 A4,
AR T

N
S={w=—w}={§haﬁ=0}

=

R TV g% = 0 Y HACY A ¢, BNE, FNEA |g| RIERIIIE. T£,

J
S:{g1:0,g2: ..... gNZO}.

E— MBI U b, {g; = 0} B24iRE ¢, MELE. X o B4R, EMIMNER
LI T —MNMET P . tidid, {g1=0,82=0,..., gy = 0} & M W—METFIRE .

Hi, A48, HA neat analytic singularities FJpREL v BIEER S = (Y = —oo} 2R
& M W — M i . XEFATEENBE U E, ¢ v LRI — AN E L ¢ AT 2 4lipk
BOVJ7 MR EON_E—AGH R, My = —co By RUERIELF R IX LU 22l pR B & RUAR U AT AR,
IR T — MddT F e



1.1. Z¥id

wNormal Bundle and Its Duality

TERAY JUATAARBU LM H, B\ (normal bundle ) FIEAHEM (dual bundle ) 2 E
WEE. TR AR RE EA T SR an o] B A ixX SUHE

i%M ( Normal Bundle )

1 [7l normal bundle Nx 5 318 Ny Fizde TR M7 a4 otbiiled 3G mit A ?

TERAY JUATANARBU LA H, B2\ (normal bundle ) FEAHEM (dual bundle ) 22
MEE. T EPRAEA R EA T E SR an o] B AR X SEHE

i%M ( Normal Bundle )

WX BRATEE SO M P — D TR, 12 TX 8 X MY, TM A M
IV,

B Ny 2 X 7E M P& (normal vectors ) RIS, B EFRRN:

™

Nx = TX|X.
XHEL, TM|x FoRREI7E X B M VI, I TX 52 X YA, A Ny iR TER TM
=T, HEANTYER TM L4082 TX B4,

BEMPRR: el — i x € X, Ny WE4E Ny, 2 TM 5 T.X R E, BEAaEET
T.X Wi, W X ZRA R H—NT0E, B4 Ny HEF4EURIERT X i &,

EMBFHEM ( Dual of the Normal Bundle )

BB N JEHE Ny BIRMB IS, 450E — DN mEA E, HXMENA E* 2l E
)T 24 P8 A1 [ 2 2 (] A ) ) e A

E S VRN Ny ISR NG 2 — AN TN, HAGANEFAERE Ny BIRHE ) 23 1H] -

Ny = (Nx)".

B4R HIF

I X RIALE RS A — A AR

1 TX ST RYIA, LR 1R A 2,

2. Ny RETHGEA, 5 Hi e T 1T I I3 R, R T 7 2 e i

3. N VRTINS AT 2 ] B S B 2 R B

BB 7EfG— M x € X, N MIZF4E NG | AT RBON Ny, 5 R 1954, AR
Ny Rkl M NG Fom S AT &M

B HIF

BB X RIATE R® A0 — A ARl . B

1 TX M EIA, LR A2 % A5

2. Ny R HTEAGUEAN, AT A T T I U1 o 1 R, g 1 2 O I

3. N RUEMAGRHIA, 5 R A R 25 B SR A R

BATTE 2, A Ny: SR THIBTEBA S IR IR L, 0000 Ny = 220 gt
MM NG Jlid SRR RO, Sk AN LR RO 23 ]

KA ETTSE T-HU 0 UM RN bk ] A e LA T3 L,




@ oo sonmme, rwenmn,

X BT (smooth projective variety ), H B4 [E &K Kihler E& o,
A2 X 259480 Kahler i#JE (weakly pseudoconvex Kihler manifold ) 152 3% & —4N45 #k H.
WEE RS, R EBNE TURAIARE LR 9 28 45

HoE, BRATER— L

Lot X2 —MERE, ABIENE S ET, 2EREBUUTH I EEARRTS.

2. Kahler . X2 MR ER, fEfAIEEA Kahler 4544, RIH Kahler JE: w &
M) (Bl dw =0).

3. 55480y Kéhler fiE: iXJ2—A> Kahler #ifg, 74— UM Kahler B

SR X, ©BAREER Kahler i w, HEUEEHEHERZA A 558L™ Kahler
. XBIEHEAA B EE 2 558N Kihler iz, AR, v LUEE LR JLERE]
fife -

1. B8 Ll B800,
2. Kahler &5t : SGH SRR A Kahler 451,
3. 550N BTSSR BB, (T4 Kahler B2 AR 2 5580 0 451

BT X 2 MK, EWE BT UHRABISENZ ST, FILEA R Kahler
Gith. HAh, BEMEOR T e RS ILTN R, R B Kahler HTEHY Kahler B S 1 2 551U
A

zi bRk, HA & Kahler & ROGH S REHR X #55 2 5540 Kahler HiJE .

Je AR T R BRSAT

Theorem 1.1.1. (Main Theorem)

On a weakly pseudoconvex n-dimensional Kdahler manifold (X, w), let L be a smooth Her-
mitian holomorphic line bundle, E a smooth Hermitian holomorphic vector bundle of rank
r>1,and s € HY(X, E) a section transverse to the zero section. Set

Y ={xeX:s(x) =0}

Assume also that, for an integer k > 0, the (1,1)-form V=10, + (r + k)V-184 log |s|3
involving the curvature of L is semipositive on X\Y, and that there exists a continuous
function a > 0 on X such that on X\Y,

(i) V=1Or + (r + k)V-100dlog s|* > 0_1%’

(i) |s|g <e™“.

Then for every relatively compact open subset Q <C X and every k-jet f €
H (X,Kx ® L®" ® Ox/I5*1) satisfying

ViR
/—S’p’(k)2 dVy , < +00,
y |[A"( ds)]
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there exists F©) € HO (Q, Kx ® L®™) such that JSF® = f and

FOP? If1?
a |s|* (—log|s]) v [A7(ds)|

where C™*) > 0 is a constant depending only on r, k, E and supg, |[i®(L)]|.

HERR (EARRE). £ BOCH RFE T 2 S Uk n
e EEP Kx ® L O Ky ® L® 20T LARY, AE 75 SR T A A 3E B A0 2% R AH L A
B, BAORBE, L® 2R LI LIRSKR, DUN&FEEIER LA :

1. Hermitian Metric il Curvature: - L ) Hermitian B2 550 H [ Gk L8 [ E
B - X L Wi o(L®), ®ifA o(L®) = 10(L), H e(L) & L iR, Hit,
S P A P 25 R I R R DL X AN AR AL

2. FECEH PSS - 2P 0.1.4 TP (a):

iO(L) + (r + k)id'd" log |s|? > "H{i®(E)s, s}/|s|?

TEMCH
iO(L®) + (r + k)id'd" log |s)? > “HiO(E)s, s}/|s|?

IR
Li®O(L) + (r + k)id'd” log |s|?> > "H{i®(E)s, s}/|s|?

- S B AR R At A Pt T AR N R R DA N L8

3. UEBAHR RS . - WEBAR T A R L R TR LS, I B IR RN
L2 f&i1-#1 Sobolev JL%% .

AR, JR2 ) i BEAT DLRIAR T

TR EE A X R —NEBYERE R n 5 ERIE, BA—4 Kahler & w. %
L 72— Hermitian 244\, E &— N r 19 Hermitian 246 &MA, JH s € HY(X, E)
SN, RO R R AR . L

Y:={xeX|s(x)=0,A(ds)(x) # 0}

XA X PR — DR r T RIE. BT EMER L >0, (1L,D)-ERXiO(LE) + (r +
k)id'd” log |s|? ZIER, JEHAFE—NESRE > 1 fI157E X WAL FRNAER:

(@) iO(L®) + (r + k)id’d” log |s|? > “H{i®O(E)s, s}/|s|?,

(b) |s| <e”.

WH Q c X B— MR BRI FE, X —MHEMEE p = po >0 H:

1
D552 || supgeq(11D2s¢l| + (| Dsell)’

p(y) =

Hrr D %R E i Chern B4,
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W4, MTFEMMHSIFHTEQ c X, UEREDN kKB f ¢ HOX A'T'X @ L® ®
Ox/Ii*), MR

SR, s <+
Y

WAEALE F € HO(X, A'T*X ® L®), 15 J,F, = f, JFH

|Fi? / ) .
dV s < C k r r d dV .,
-/S; |s|2r(_log |S|)2 X, W ( ) v |f|s,p,(k)| ( S)| Y, W

Hi C(k), > 0 BAURIT r. k. E Fll supg |[i©(L®)]] HIHEL.

X SRR, FRA TR AR E BN T Ky ® L8 TS 0L. A BLX 85 BT R A #5 B,
WRAT B 22 HLAA n) Sl 75 B A R, i R IR

HTHEEM Kx @ L 5] Ky @ L%, F5EAFY0 534 o — S8R AR G 5 R0 9 78 1 1]
Ao LU A2 J LA S i DA R 75 2 B iy

1. Hermitian J& &1 3

« Hermitian E#: L® [)JERKA L MER. W% Ay 2 L ) Hermitian €5, B4 L
MR 1S, HE o(L®) = 10(L). FFERAEFIERRE—E, HRMEH o)
I RES H AR VE .
o IR FEPEBA, B iO(L) + (r + k)id'd” log |s|> > "H{i®(E)s, s}/|s|?. B,
T EHIN LIO(L) + (r + k)id'd” log |s|* = “HiO(E)s, s}/|s|* SRILAL, I Ho T RETT B
LA A BT AN
2. Sobolev Ju£ A L2 {1}
- L2 At JESCR M R A L2 Ak nT REARER T L BAARYE R, FRRR R by . )R] L
B, FFEEH AR AT, JEROR L2 AR A ORI AR AR 2B IE I AT R
- Sobolev Y%L : JEICH xE L) Sobolev YEAU R RETRF B E B X, PAEMN L8, JLHEA
WK E jets MRSy, FHEMINFI Sobolev TEABEM EMfL T L8 ) jets.
3. UEBH B BOR A Y
- L2 Extension Theorem: J5i3CH il H2E T Ohsawa-Takegoshi f¥] L2 extension theo-
rem A1 Manivel (3, TFEHIARX L EREAE L® FARRIEH . WRARIN R, TEH—
A BHIE
- Rauch Comparison Theorem: #EH{H i JH ) Rauch e Bt T B E G2, ke
FE L% GO0 T ARER AT
4. REARNESRFNZ 5
- IR . EANIEA R R TS B E R, ORI B Lo, FERLR Y KB
ARy, TEE R,
- G H BRI JFEOCP SR — R EBRG T BB R R TER S B )
SRIGH . XEFFHAW LB L sy, Fln e A5,
5. BAMERL - YEERI T IREEHE 2P0 KB L TR A A T2 — R . X —
AN REER S, FEEME IR R .
- HAWTEAE RS AR R BB U R SR, BN (ets) B XRMER, v HE
TEEWIUE . FEfE) SRR, TR ST IR BT, MR AT ) LA S A P SR A G
BRI



SR E PR Ky © L, SREATANAL P ES &% B B R A i R A BOR AN, E A
KMy L2 4111 Sobolev Y541, FFEERTA UL BRAEF B E T AR . FOCHUEHZ S
B BORA AT REARSL R IY, (HF 85 R AR A — AN .

WURAT HARMIE A5 BR ol SRS 4 TR Bl A g ok, GRIEE 205 5, FRATAT
PARE IR A RS Rk

FEFSCH, L 9 Sobolev YEEURT L2 AfiH7E LA N A Fr b I -

1. Sobolev Y & XA . - ZEJRSCH, X T k B jet () Sobolev & L2 Ji%. X3
KEMMAY L A IE B NTE Sobolev Yok, HAARKYL, & T L2 ya%, HhasT
Hermitian [l M\ L (7521 [ 12:07source ). - XEEEHMH TER f e HOX,A'T*X® L ®
Ox/IE+Y) B sASTERRIBEAR I L2 Y580, B, SO SCTHERREL p > 0 FIASZES p IAGE
BOFHEEAR L2 InAE%L [ 12:2Fsource ] [ 12:3Fsource ],

2. L2 AR . - L2 A B TS k& By jet A3, X454 Parseval’s A3
FI Garding 5 BRI SEIGC . BARTE, XLflvh Uk AN R & 58 1y i
WA [12:1Fsource ] [ 12:5Fsource ). - SCHIAM K T M L2 TEBORISEIET jet 4E
IR AR, XA XM SR ] se FEE B LHE [ 12:4Fsource ),

T B ) R A2 i

HTHEEHPN Ky ® LBCH Ky ® L8 (Hp L® FoR L1 1 IRSKER), TFEMILL
NS

1. Sobolev YEEL Y FE 2 X« - FF B E BT L L® ) Sobolev YEL. X ¥ R EIAI I L [
B S Lo R, - BACRUL, FEUEMZERTBEE T, XTI Sobolev AU AR T &
A P S RS 5 X

2. L2 ARG REE . - JFSeh g L2 A HEH T L A9 Hermitian 540, T35 8A L8 FTEEUE
A R A T, B TR AU I R i S B . - TR EERTRIEAE L® N, Parseval’s
A Garding 51 ELEBIAEMH, sEFEFMEAR THRZFAEN].

3. R Chern 58z - TFEEHHIE L8 iR FA N Chern 4, X4
RSB UEA SR, SRR SERRD AELN . - FEMANEHTHIET,
T A F AR IR R

4. BARHERIGUE : - BARIFSCH T MBOR T LRt —E MRS, HFREZEL R
—ALRERBE NSRRI, X EFE— AT . SETE . WEEATHE,

2k BArd, SR Ky ® L ) Ky ® L® (Wi, ¥ & BIEFie g, @5 L2 il
HEDH R iR IE 0 Chern 4%, JFIIFESMAUEIMESE . X2 —DNE AR, FEXNE—
AN A TAT A RO S8R

@‘]et Bundle and Jet Sheaf

Jet Bundle

e JUfT (complex geometry ) 1, ”JET” BHFRIZE “BiHA” (jet bundle ). WM
e — NERS JURTAREO LA A T 058 6 i B RO IR 0 — Pt . AR UL, Wi
MAHT DA TR WL 5 = B SRS B, R HAERR R R . REULRT A LA AR A
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M.

I 5 DA R S

FIRMN—DTIE M BI85 —DNRE N S f © M —> N. k BT\ (k-jet bundle )
JEM N BEET fAES—Mxe M kM IEGEE. BiEXHU, HABY f,e: M > N ¥
MxeMW kSR, 24 BACY £ g 78 x BN — e 5 N B A A B 28 B e ot
2 kB,

TR

1. JRERARARIE R . FEJRERARAR B, k WS AT PLRIR A £ B4 B S B 7]
e 2. LIRS k TR S E AT, I BT A — 4R (fiber
bundle ), HP 4R k B FHE KRB M ESS . 3. % N **: B AEFFR R J7
U AR R, AN, o] ARG T R A B SR A A T LR R e A T
5.

AR+

- **1-jet bundle**: 4 k = 1 i}, 1-jet bundle ic5% 7 WS SUFNZ S AL, X T8
WLt f - R - R™, 1-jet bundle is% T f 785 mUAE S HAE W] L AERE (Jacobian matrix ). -
o Z=E jet bundle®*: X k > 1, k-jet bundle idsk TR SE, FEMSRTEE Z KRR IL
falfE S

Ak E X

HE MM N REHERIE, x e M, J5(M,N) 23X —EMEMES, HbENEN
FKERTE x SAEE A & Br S8 puy . BHRaiei, A

JE(M,N) ={[f1¥| f: M — N,x € M},

Hor [£15 RIRTE x 54L £ 19 k BB,
LI, BATTI] LUK S 2% (4 T UAR] ] AU 46y s LA A g TrD s, ) ARES LART Al
o3 LT TR T

Jet Sheaf

U, BATDRIFAIZIS — FBUH A (jet bundle ) FBUH)Z (jet sheaf) HYSCHR KHAER
JUATH IR

mE4FZ (Jet Sheaf ) AR X

Mt R U AAEZ (sheaf ) BUEFFRYEMAML, EEH TRAMS KRB SBEL, I
FEARBU LT R LT A4 B SR . U2 34k 1 — Rl R GE M 05 R AL PR R LA X R
F4 )R JUT S5 Z TR R 2R

T L

FIRSHIE X MY AR X B Y AL £ X — Yo k BIBURE Iy, A Ox-#
JZ (Ox-module), HH1 Ox 2 X EWEHE (42548 7 X B2 SCRIf#ET ek 2.

- **0-jet sheaf™*: Jy | = Ox, B2 X EWEMEAL, - **1-jet sheaf™: J; , BT
fH—BSHERS, TREMERE X LY (tangent bundle ) 7x IR . - ** EH jet
sheaf™*: k By Bist 2 J;‘(/Y WRT f 1k SEE R

JRyk ik



TE R AR (x1, ..., x™) kR Jf(/y AT P AR R AL B I S 15
B, PR f, BNk B EAE S x AR AT LR R A
d 92 ok
71 = F@, 920, -,
I 5 J2 B Pk
1. **Exact Sequences™*: W52 FIH M2 2 MAATEREH G5, Hlan, —Bmis)z g5 iy M
YIM Tx Z 1A —ADZ A5 .

O—>Q}(—>J}(/Y—>OX—>O,

Hi ol 2 X EsERZ.

2. % REGE M . Wi 2 HAFE ARG, vTLlEEEMFZ (sheaf morphism )
Moy k&R (graded structure ) #EATHISE.

3. %% WA ¥ BURRAERAEGL D TR . SRS LT AR 43 [E] (moduli space ). R
% (algebraic varieties ) P ( deformation theory ) HA T {Zh .

IV FH A5

ORI R AIEGE . TERFSRBEAS AT, W R SR AL T oA L B E B AR T B T A,
flan, g —NREUE X, BUHZE 0T DS B3R X 59 A [HA (automorphism ) #LAK X 1)
AT 23]

= ARER S T AR . BIEFEARBEI S R B T G E N . B R A
WGESRT R B 2 A, AT A R ARES O LART B 7 R AT 503X 28 77 2 ) e P 2 A AR o

AT L R . ZEfRAT LA, R TR U ) eR ORISR Y JR
1728, T ISR T DA G- PR K SO ) 4 SR I R

Sy

T2 (jet sheaf ) Kemith ARREEHE) 2280, (15 5B S 8015 B 0T LUAEREL
JUTRNAEAT JUART H R G AL B, B WS 2, BT DK S 2R L Anl RN fde i ) R A o J2 e
A TRIRE,  DATT B FH 23 BR ) T R AT IS IR . IX (A5 5t 2 A BRAR T UAAT A 98 R B —
MR T H,

TS JURATFIARBU LT, BRIBEZ% ( Chern connection ) VE MW B & 4% T HEAEH,
FERRZETH B ST (jet bundle ) FIWESZE (jet sheaf) W, iEBRATTVEANITIE— N FRIBELE K
AR XL JUAR] X 52 R A N

[4I64% ( Chern Connection )

FRERZE 2 — PRk 4%, T M (complex vector bundle ) |, JuHEAEMR
S5¢ M (Hermitian vector bundle ) b, FRERZS AT HFRE S5, FHTHERAREN:
RS, B RE S AR R B4R B ( Hermitian metric ) FHZ, NARFRE 451,

B 5B

FE—NEMENE, HEA—DMREBRERE b, BRI E —DME— IS V, B2
T &4

1. **Hermitian Compatibility**: % E BB A 51, 52,

0
——h(s1,s2) = h(V_a_s1,52) + h(s1,V 2 _s2),
07 ozl a7t

11
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X RN PRI 2% 5 bk /R SR LT b AHZY .
2. **Complex Structure Compatibility**: BREZ&H (0, 1) 285 T Dolbeault 51- 8,

von _ 3,

N7 FH AE IG5 A FITIBE 5 J2 v
WSS NS 240, 5 R B S A A5 ., PRI SR 4E T — P B AR A U7 Ok AL X 26 S 01
B, FENETE R ARG AR R B R IE LT o AR A i
BT J5(E) 5 E i Lm0 G B, BRESS V i UEH B F, A
E UG A ERIRES . HAAORUE, 45— MR s € T(E), BRIRSS V AEFITE s (5 Bt
S b, nT LA b E SR -
vktls = v(VKy),

Hor vEs 32 s 19 k B SEUTT AU BT .

TE TS J2 H B N

WU JY )y A Ox-BUZ, WS A RB PR R FRIRAS T EARL A 1 P AR 2
B SRR W 57, I X AR n] LA SCWEE 2 D] 1) 3 RORT 46

HARGT 1. — B 2 RIS

MTEGE X B — DR BRI RN E, H—BBUE JY(E) 8 E R —B
FH. BRIRSS V ATRUER S JH(E) b, TS 2605 — B S 154

2. T2 AR 4%

ST R JH(E), BRERES v RFEA] LUES, A5 0] DUE SR B SR IS . XA
WRRAERR EBONE 2%, HA R b2 5 U PRI 2% 9 5 S

N2

WRIRZSAE ST LT o — R B2 TR, il H S bR S e BE R A S5 A A, i
HEATREDS H AR AL BEA [ S AU AR B i B S BUE B . JUHIRAEMBERS J2 FINGER A 1 1T
FErh, BRERGS AT i o S T3R8t T — Bl R G 5 R AL PEX U AT IR J LTS 5, AT 7EAR
BUUTRIERT T U R A 35 R A . WERIRAEIR SO BIRRIRAS I LR, 18 B 2 RIRALBE
A 1) 5 DA BT DA i - SO 46 AR









L?-EXTENSION THEOREM FOR k-
JETS

Part Il

M Introduction

Theorem 2.1.1. (Main Theorem)

Let (X, w) be a weakly pseudoconvex complex n-dimensional manifold possessing a Kdihler
metric w,y be a plurisubharmonic function on X, E be a holomorphic vector bundle of
rank r over X equipped with a smooth Hermitian metric (1 < r < n), and s be a global
holomorphic section of E. Assume that s is transverse to the zero section, and let

Y:={xeX:s(x)=0,A(ds)(x) # 0}.

Let L be a holomorphic line bundle over X equipped with a singular Hermitian metric hy,
which is written locally as e % for some function ¢; € L}OC with respect to a local holo-
morphic frame of L. Assume that ¢ + (1 - %) ¢, + y is quasi-plurisubharmonic and ¢,
is locally bounded above. Let o := y + (r + k) log |s|% for an integer k > 0 and ©; = 8¢y
. Moreover, assume that the (1, 1)-form

@) V=10, + (1 - £) V=100¢,, + V=1ddc > 0 holds on X\Y,

and that there is a continuous function a > 0 on X such that the following two inequalities
hold on X\Y :

(ii) %\/—_1®L + (1 - %) V-100¢, + V-18d0 >

(iii) o < “2ra
Then, for every relatively compact open subset Q <C X, and every k-jet f €
H® (X,Kx ® L ® Ox/J}*) satisfying

Fik
Cy:= /L(k)zdvxw < +00,
Y |A7(ds)|

there exists F;, € H° (X, Kx ® L) such that J*F, = f and

|Fk|z (k)
[2 e‘TR(O')dVX’w < Cr,RCf’

where Cr(’;; > ( is a constant depending only on r, R, k, E, and supq, |[i®|.

v 4

FEY B — DRI . XA T ue KA BBUN T35

izt kel e 1]

loc

15
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2.1. INTRODUCTION

Tk jet £ Y B,

T BRE NG, Tl IHE S JUB AT

L gtk el e LD B BXANRPEE Y ARSI RSE, BRR u, 12 Y EIRIKZ 3]
T BRI, WS s RE Y BRI IIRIRE (B Y = (s = 0}), 4 el e L] Rk
us KA A RERAL |s|" IR,

2.u, Y E#FTH: wF el e Ll Tk u, £ Y EXARR, T, W u,
v EANE, el gste y WP LS R, G T LL .

3. jet 4447 A XHF g 0 jet, RAERBONFET k 19 jet, HATHE ue £ Y LMATH
WA N ue 26 Y BN, IEELH up BOGHERT A S8 v ERS . R, B
BUNFAT K SH CHD k B BA RO jet) 42 Y EHLBATNE.

LR ERTE, MIIAE 1 € LD MBI u, 26 Y BTN, B v RIUNT
STk BTG jet 15 Y BRI,

Problem 2.1.1. AEZE £ 4 RN R #ETFER)

HE AT T Aag s FaL—NFEAr PRAK A LHERSLERE £, T¥K
CEE f=2"fi, RE fil, 20,7 o R EF AR S,

M. T —ANBRAESL T AR SRR £, WIHAE— A r VNI A, EAMFIX A

PREL, HhE f FEE R M v, R EAE S ARy KRR A f AT LASHE f = 27 A1, Ho fi
PSR RARS

FWGOBORTE: T £ R AR, 1AM AT LURFER— /4 B
f(Z):ao+a1Z+a212+...

Hr a; RHE
WHBARKAEZD . FA f 2AERR 2R, FiaA — N/ IR m, g
anm # 01 ag,an, ..., -1 BRREE . WHELED,

f(2) = amz™ + amar 2™ + - -
B2 AT B2 Bk, vTRAGE
f(2) = 2"(@m + Ame12 + Ame2Z® + - +)

_i/a fl(Z) = d, +am+]_Z +am+2z2 P ooog ﬂy am i 05 ﬂ:t fl EE;@%#E?; EI] fllo 7& 00
RBFRIEA B, f(z) WRARIR N

f(2) =7" fi(2)

Hrpr fi @ — e A, B4R RE, FFHAEERAL fi # 0.
XA RN 1 R B AR T2l s B 2R N U0 T, ORIE 1 ATl A e B e AR A
I, B f oA 5 R SRR sk B £ SRR, m



2.2. WEIERSTRASS PREPARATION THEOREM AND WEIERSTRASS DIVISION THEOREM

MWeierstrass Preparation Theorem and Weierstrass Division
Theorem

Weierstrass’ preparation theorem is a theorem obtained and originally formulated by
K. Weierstrass in 1860 as a preparation lemma, used in the proofs of the existence and ana-
lytic nature of the implicit function of a complex variable defined by an equation f(z,w) =0
whose left-hand side is a holomorphic function of two complex variables. This theorem gen-
eralizes the following important property of holomorphic functions of one complex variable
to functions of several complex variables: If f(z) is a holomorphic function of z in a neigh-
bourhood of the coordinate origin with f(0) = 0, f(z) # 0, then it may be represented in the
form f(z) = z°g(z), where s is the multiplicity of vanishing of f(z) at the coordinate origin,
s > 1, while the holomorphic function g(z) is non-zero in a certain neighbourhood of the
origin.

The formulation of the Weierstrass preparation theorem for functions of » complex vari-
ables, n > 1. Let

f(@)=f(z1,.--»20)

be a holomorphic function of z = (z1, ..., z,) in the polydisc
U=z:|z|<a,i=1,...,n,

and let
f(0)=0,1(@,...,0,z,) £0.

Then, in some polydisc
V=Az:lz|<bi<a,i=1,...,n},

the function f(z) can be represented in the form
f@ =z + filzi,e s za-0)zy oo+ filzn, -5 2ae1)10(2),

where s is the multiplicity of vanishing of the function

f(Zn) = f(oa o .,O,Z”)
at the coordinate origin, s > 1 ; the functions f;(z, ..., z,-1) are holomorphic in the polydisc

V' ={(z1, . »2n-1) : |zl < bii=1,...,n—1},
fi(0,...,00=0,j=1,...,5;

the function (z) is holomorphic and does not vanish in V. The functions f;(z1,...,2,-1),J =
1,...,s,and h(z) are uniquely determined by the conditions of the theorem.

If the formulation is suitably modified, the coordinate origin may be replaced by any
point a = (ay,...,a,) of the complex space C". It follows from the Weierstrass preparation

17
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2.2. WEIERSTRASS PREPARATION THEOREM AND WEIERSTRASS DIVISION THEOREM

theorem that for n > 1, as distinct from the case of one complex variable, every neigh-
bourhood of a zero of a holomorphic function contains an infinite set of other zeros of this
function.

Weierstrass’ preparation theorem is purely algebraic, and may be formulated for formal
power series. Let C[[z1, ..., z,]] be the ring of formal power series in the variables z1, .. ., z,
with coefficients in the field of complex numbers C ; let f be a series of this ring whose terms
have lowest possible degree s > 1, and assume that a term of the form cz;, c0, exists. The
series f can then be represented as

f=@+ A+ + f)e

where f1,.. ., f;areseriesin C[[z1,...,z,-1]] whose constant terms are zero, and g is a series
in C[[z1,...,z,]] with non-zero constant term. The formal power series f1, ..., f; and g are
uniquely determined by f.

A meaning which is sometimes given to the theorem is the following division theorem:
Let the series

f€eCllz1,...,zll

satisfy the conditions just specified, and let g be an arbitrary series in C[[z1, ..., z,]]. Then
there exists a series

h e C[[Zl, .. -,Zn]]

and series
aj € C[[zl,...,zn_l]],aj(O,...,O) =0,

j=0,...,5—1,

which satisfy the following equation:
g=hp+ag+aiz, + - +as;1z) .

Weierstrass’ preparation theorem also applies to rings of formally bounded series. It pro-
vides a method of inductive transition, e.g. from C[[z1,...,z,-1]] to C[[z1,...,2,]]. Itis
possible to establish certain properties of the rings C[z1,...,z,] and C[[z1,...,z,]] in this
way, such as being Noetherian and having the unique factorization property. There exists a
generalization of this theorem to differentiable functions [6].
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Comments

The polynomial

th + fl(Z19 sy Zn—l)zz_l + + +fS‘(Z1’ ey Zn—1)9

which occurs in the Weierstrass preparation theorem, is called a Weierstrass polynomial of
degree s in z,.

T X AN E B A PR DL RCEATTHIE R .

Theorem 2.2.2. (Weierstrass Preparation Theorem)

If f is holomorphic around the origin in C" and is not identically zero on the w-axis, then
in some neighborhood of the origin f can be written as

f:g'h’

where g is a Weierstrass polynomial of degree d in w and h(0) # 0.
BRBAS f € Ocng MEEHE—IEA f=g htAHBX, L g R—AWP @ h R—ANFLT
# (BT g, KA FMib h0) 0 ),

IEBA. B S Pl A ME— (1) 8 BRI AR v AABARGXAS “ME—PE” 285 R A 2. X
BERNXBEHE “— I E—SMATEHENRIBE TR EEFKR, EX £ (1) = f (W, z0)
,BIEE w e CL GRE, f TR T —mEE, I2AMREXHEMNSIE fo=gw -hw, BT R
EENEE 0 BBBREIESE, XMERT £, 1 g, BIESREBRY, Fr AME—PE2 BRI .

TR £, IR ICH br(w), ... ba(w), IRARA

8w (zn) = (zn —b1(W)) -+ (zu — ba(w)) .
HARIK BT S I A — S M, (R XA 22—, R
d-1

gw,zy) =z +ar(w) -z + - +ay(w)

S WP, IR 2500 LLHITE a;(w) /2iX 28 b (w) EEANFRZ i
N7 LTINS FY ) R A 2

l_ 1. At2aR &M% B d 5w ARX? —i
|_ 2. RERBGINZAIAtAZLHE? J
Remark. ZABAITUAEREMA R KA TR LT, BEAR S 477 QHFRL
K IiEABEERIER,

X PN [ BT T A R 3 5 | B rp A5 21 2
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R fRA—ALERE (XM TEPAAEXNEREEZXM ), LEARE
{lz] = r} LEARE, £FK {|z] <r} AR EA by, ..., by (3 ERBEEHIUTH), AL
2K

1 kf(Z) k
27I'i |Z| r (Z)d _Zb

EPrk>0,
vy 4

AR EAERAN T G WTRITE R/ RBUMNIE 7. BAE— N EENEERE “RE®
INRIRBIRBI AT . BRI, St e, BERAE {|2a] < &n} W fo RA 0 X—4> (d HIY) TRl
fJ:Ji%’l@EPERk 0, T8 fi WEREHEE w 3R, HIX AU MR Fr AAE
RGN IR RE d o IR T, AT DB RIBIBON (-e1,61) X -+ X (=&n,80) o

Xt AN AR B E “EZ]SX?‘%%WEWHXW’%)&%Hﬁﬁ#ﬁﬁ%@?ﬁ”o T Lk Pl
ULH 13X o; #RAE ALY

ZHE—FTEEIEANRE P SEHEERY T, HHAFTZRATHEXT w # 2, #2
£ EH Osgood 5[3BANS . [h&E w, BT fw M g Z RSN, FrPA by, CEI B AR
2n ) REAEL; TR T HE I 25, oy (W,2n) = L, 2 qz, AR w R A

2711 [{|=e1 -z

Remark. 31T f(zy,..., ) =0, REBRZ w = z1,..., Zne1, W B F AR A —AN—T &K
fw(zn) == f(w,zy) = 0. —, BEXBFLELERPEIEEXN f,(20) = gv(20) - hy(zn), ARA
B fEwWwER—HKAR, BEE f, MREBEFXNPE—NDMPREZERAR, KAz
BE, BATK f, o ARRE, —HEAET f, 2HERE, 1A g, A—HTUNFELL
fo K&, BA hy, BT fir = gy - by BAIRGBIEX f,, AFAREA bi(w), ..., ba(w), MA
gw(zn) = (zn —b1(w)) -+ (2, — bd(w)), W UE AR g, =20 +ar(w)zd  + -+ ag(w). EHE—
k, MAZTENSBEGEE, B THRZIEAE—HRATRL? iz&&ﬁ']ﬂﬁ/l\l‘ﬂ%, %
—: XEABRAREDb(w),i=1,..., dWNE d RES wMk, RXRFHEX, NHE—HE
R, #F=: L@ g, RFELHL? R g, 24, A4 h, DAL ERY, EFX
AN EAAA ELE, NI SHREAEXM, Bg, 2 WP,

sStFEM—, RiEik, Bi&xdEGw AKX, MNABR (di,w1), (da, wa)o ARA AR IA
fw = 8wihw, = Gwolwey B gy # 8w, B THATMIE g, BFR4BIEK £, & g ERE, KR
2R A {c1,.. ., cqt, BEZHIBE gu,. 8w, AREBAZETMN, M gy, = [14,(z0 — bi(w1)) =
8wy = Hdg(zn - bj(WQ)) = Hq(Zn - ck), A 8wi = 8wa» Mwy = My, X5 B 8wi F 8wo i,
wdmdhwhk,

[FlRR —%e L @ik B ik, &R Lemma 2.2.1BF 7] ,

Corollary 2.2.1.

‘g-‘/l\ﬁ%lzﬁ: OX,p %]KIBE UFDo



2.3. Bl

B, YR HFTEXS Ocn o FAEWIELF T T n = 0,1 #RRE BARE, BATZIXXT n AGRIE
W, K f € Ocnp, A WPT HiFEAT f = g - b, T A WBRAIAEE, §UALFX WP
g € Ocrn-1p[7] -

AN X & — 4 UFD, TS ¢ = g1+ gk, HH1 g € Ocn-1p[z] ZATZ
Mo g N Ocnp MHYITER, MH WPT f g = g - by, H g & WP [ b A%, T4
g=(81--81) (h1--hy), B—NE5E—L WP W IRFIFR DMISRE — A WP, 58 NG5 0]
i, B LAFE IR WPT By ME—PEHIE g = g1 -+~ 8x « T &, B WP #2 — 28R T2 WP 1y 3fefH,
FIri” ANAT2) WP” J2 481X WP 7E Ocn-1 g[z] HATHT 2,

RHF A WP 1E Ocnr o[z] HARTTZINTE Ocnp HULA L) W g J2—DARATZy
WP HAE Ocno H6 g = fi - fo, WINLH WPT 45 f; = gi - by, T/ & = (8182) (h1he), FIFEH WPT
FIME—MEHIE ¢ = 2182 -

B ARSI BIAIEE, 54 f € Ocng BB —2 AN 2] WP [{3RAN . ME— Pk AIE Bt 2 2D
(), NI WP 78 Ocn g[z] Bl Ocn o AT 22— REIIENTT (BT EZAE T —2F
i) m

Theorem 2.2.3. (Weierstrass Division Theorem)

Let g(z,w) € O,_1[w] be a Weierstrass polynomial of degree k in w. Then for any f € O,,
we can write

f=g-h+r

with r(z, w) a polynomial of degree < k in w.

Ay

1EBH. Here is the proof in my words.

MLEXEY i

Theorem 2.3.4. (Inverse Function Theorem)

Let U,V be sets in C" with 0 € U and f : U — V a holomorphic map with  (f) = g—g
nonsingular at 0. Then f is one-to-one in a neiborhood of 0, and f=' is holomorphic at

f(0).

v 4

iEEH. As F(f) = Z—Z nonsingular at 0, i.e., not all of the g—g = 0,i,j = 1,...,n, thus
det |Fr(f)| = |det(F(f))|* # 0 at 0, by ordinary inverse fuction theorem f has a smooth
inverse f~! near 0. Now the left thing is to prove this f~! is holomorphic at £(0). Naturally,
we have

flof()=z

21
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