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Chapter 7 Time Complexity

Objective

In complexity theory, the objective is to
classify problems as easy and hard ones;

In computability theory, the classification
of problems is by those that are solvable
and those that are not.

Recommend: _
Arora, Sanjeev. Computational complexity : a St

modern approach. tHREBHRARIE L .
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Refining Decidability
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7.1 Measuring Complexity

EXP: Consider the prime decision problem
PRIME = { x | xeN, x is a prime }

The (perceived) difficulty of PRIME is illustrated
by the fact that the xePRIME? question seems to
become much more difficult as x gets bigger.

BEIAR: SR A BIXRKE, Al = R 3

We will study the relation between the bit-size
of a problem instance and the required time/
space complexity of the solution for such an
instance (worst case).

FTel, Z55E RAERES B KPR AR




Running Time / Time complexity

Definition 7.1: Let M be a deterministic Turing machine
that halts on all in- puts. The running time or time
complexity of M is the function f: N—N, where f(n) is the
maximum number of steps that M uses on any input of
length n.

Note:
{ f(n) = rlnlax(no. of time-steps of Mon x )
X[|=Nn
Worst case and size of the input x in bits.

we say: “f(n) is the running time of M” , or
“M is an f(n) time Turing machine ” .




Asymptotic Analysis

Definition 7.2: Let f and g be two functions N—R*.

We say and write f(n) = O(g(n)) if and only if there
are two positive constant c and n, such that

f(n) < c-g(n) for all n=n,,.

We say that:
“g(n) is an (asymptotic) upper bound on f(n)”

Wik B

Note: you may think of O as representing a suppressed
constant.




Some big O examples

-
BRI, X
Let f(n) =15n2+7n and g(n) = "2'n3.
We have f(n)=0(g(n)) because for n;=16 and c=2,
we see indeed for all n > ny:
f(n) =15n2 + 7n < 16n%2 < n3 =c-g(n).
K<, @tk L5

More tight is 5n%+ 27n = O(n%).
Take ny=1 and c=32.
(But nj=3 and c=6 works also.)




Polynomials vs Exponentials

Let f be a k-th degree polynomial f(n) = a-nk+ ...,
then f(n) = O(n") for all r > k. £ 1A & i H
X n>«, Limf(n)/ nk)>c

Exponential functions like 2" always ‘overpower’
polynomials.

For all constants a and Kk,

the function f(n) = a-nk+ ..., will obey: f(n)=0(2").
Z LEIBTEN ] LLUE B Z I KT TREK




Logarithms 1% (& T £ Wiz

n = O(n-log(n)) but n-log(n) = O(n9) for which d?

Answer: For every d>1.

Polynomials dominate (powers of)-logarithms,

just like exponentials overpower polynomials.
STE LT 2T

Note that because a-log(n) = O(log(n)) for all a,
we do not have to indicate the base b of log,.

X RA =T e LU BN -, R RS




The O-Ordering , i <

We can also put the O in the exponent:
f(n) = 200egn) thus implies (for big enough n):
f(n) < 2¢109(n) = ne for some c.




Little o-Notation 7)o

Definition 7.5: Let f and g be two functions N—R*.
We say and write f(n) = o(g(n)) if and only
f(n)

im—~= = 0
N—>0 g(n)

Where big-O is about “less-or-equal-than” <=,

little o is about “strictly less than” <.
A FH B LL IR R I SR PR 56 11E




Analyzing Algorithms---sing/z-tap2 D7V

Co

A=

M1

nsider a 1-tape TM that decides the language
{ Ok1k | k=0,1,2,... }.

= “On input string w:
Scan across the tape and reject if a 0 is found to the right of a 1.

Repeat if both Os and 1s remain on the tape:

Scan across the tape, crossing off a single 0 and a single 1.

s Lo~

If Os still remain after all the 1s have been crossed off, or if 1s still
remain after all the Os have been crossed off, reject . Other- wise,

if neither Os nor 1s remain on the tape, accept .”

IHTER
1. Ar—A~8, H O(n?)ia];
2. fEHMBIR: Homr B KA.

(@ [) (4 * F
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Analyzing Algorithms---sig/z-ia02 D7

-
M2 = “On input string w:
1.Scan across the tape and reject if a 0 is found to the right of a 1.
2.Repeat as long as some Os and some 1s remain on the tape:
3. Scan across the tape, checking whether the total number of Os and
1s remaining is even or odd. If it is odd, reject .
4. Scan again across the tape, crossing off every other 0 starting with
the first 0, and then crossing off every other 1 starting with the first 1.
5.1f no Os and no 1s remain on the tape, accept. Otherwise, reject .”
IIAT A R
1. HWr—A &8, H O(nlogn)Bf il
2. {EFRIYEIR: A E R
3. This result can not be further improved on single-tape Turing

machines. In fact, any language that can be decided in
o(nlogn) time on a single-tape Turing machine is regular.

@ P i#+F

&2 TONGIJI UNIVERSITY



Analyzing Algorithms---rulij-tape DTV

M3 = “On input string w:
1.Scan across tape 1 and reject if a O is found to the right of a 1.
2.Scan across the Os on tape 1 until the first 1. At the same time, copy
the Os onto tape 2.
3.Scan across the 1s on tape 1 until the end of the input. For each 1
read on tape 1, cross off a 0 on tape 2. If all Os are crossed off before
all the 1s are read, reject .
4.If all the Os have now been crossed off, accept . If any Os remain,
reject .”

Sy TS

1. AWr—A~e8, F O(n)iTal;
2. FEARIBTIR: 2 B R AL,

@) P i+ %
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Analyzing Algorithms

e
Discussion

1. The complexity of A depends on the model of computation
selected.

2. In complexity theory, we classify computational problems
according to their time complexity. But with which model do
we measure time?

3. Definition of the time complexity class.

DEFINITION 7.7
Let t: N->R* be a function. Define the time complexity class,

TIME(t(n)), to be the collection of all languages that are decidable
by an O(t(n)) time Turing machine.

Recall the language A = {018 k > 0}. The preceding analysis shows that A €
TIME(n?), because M, decides A in time O(n?) and TIME(n?) contains all
languages that can be decided in O(n?) time.

@) e 4 2
@) QNIM % 5

GJI UNIVERSITY




Model Dependency?

The previous result gives an O(n-log(n)) versus
O(n) difference between 1 and 2-tape TMs.

B R EE AN [R] AL A T A TR B TR

Like with computability, we want the complexity of
a problem to be independent of the specific TM-
model that we use.

T BRI A B2 B E ) A Jo T A 2 FH TMIA 7

What to do?

Answer: We group O(n?), O(n-log(n)), O(n), et
cetera together in a ‘polynomial-time class’ .




Complexity relationships among models

e
THEOREM 7.8 (£ 58

Let t(n) be a function, where t(n) > n. Then every t(n) time multi-
tape Turing machine has an equivalent O(t?(n)) time single-tape
Turing machine .

DEFINITION 7.9

Let M be a nondeterministic Turing machine that is a decider. The
running time of M is the function f: N-=>N, where f(n) is the
maximum number of steps that M uses on any branch of its
computation on any input of length n.

THEOREM 7.11 (FEFiEH: 5T )

Let t(n) be a function, where t(n) > n. Then every t(n) time
nondeterministic single-tape Turing machine has an equivalent
20(tn) time deterministic single-tape Turing machine.



The ‘Polynomial Time Class’ P

E—
Definition 7.12: The class of languages that can
be decided by a single-tape TM in polynomial
time is denoted by P:

L]

P: AT FH 2 T CR [A) 7E S AL A o ) 1] AR B8 &5

Many, many problems are in P.

The problems in P are efficiently solvable.
— AN P a2 S tH R — R

Practically computable




Robustness of P

In general, every kind of TM (k-tape, r-heads, etc.)
can be solved by a standard, single tape TM with
only polynomial time/space overhead.

As a result, the poly-time class P does not depend
on the specific computational model that you use.

If some TM can solve A in poly-time, then AeP.

We can extend the TM-model in many ways...




Strong Church Turing Thesis
e

All reasonable computational models are
polynomial-time/space equivalent:

It is always possible to simulate one model
with a machine from another model with only

polynomial time/space overhead.

The answer to the question “AeP?” does not
depend on the model that we favor.

P Hl Non P @& /N RS, S5wmEZART
K

H A SN BB R rlTEE AT R . PR




B 7.12 PATHe P

-
PATH={<G,s,t>|G is a directed graph that has a directed path froms tot}
JE %
25 W H e PATHRY 22 IS [R] R0V . 28 ) FA AL
PATHHUZR 1 BRIAS 2GR A Al BERRAE, R E 72 (57 1E M s
ih%ﬁﬁ%%o
HERRAE L2 G K E s 2 Il T U 41, magGHY I R
<W%M£Mﬁfﬁﬁ%@,%ﬁfﬁf?tkwﬁﬁw%
@, KONEAE EATERE T H. )
HERF AT Eem, 25 SR IH RS 2N [F] o
%IﬁftHTIETJ B WR TR AR

TEJER e R IEEEANAGT s iR, KL, 2, 3, H
mATA 7] B A2 R B A T R . IR 2 H 2 TR I 2 1%
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EH7.12 PATHeP

e
UERA . B, R —diahiE , fFlS —mhEL
M= “STHIN<G, s, t>, GEEEFT M s tiBaRE
1) £ S s Eibnic
2) BE NHEPE3, HAAHFAET SBARIC.
3) AMGHITEL. WRERKRE %L (a, b, ablibsicim bk
Bimid, ABatricbd.
4) FEgibad, sz A0, 4, 7
LI E] . BRI R PAT IR, SEImEZHITmIK, B
B g — IR, B IRBAT I EARE G — N R AR E T 55
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R RN AR 25 5 P A ] & 22 1) ff o T A 5 7 22 0 e ) ) s
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E¥7.13 RELPRIMEEP

RELPRIME = {<x, y> | x and y are relatively prime}.

Bt HiEXHENBRITA RN AR T, WREH
KRTFI AT, WEER .

kit (k=22) RonB, BB K E R 18U
Can10HEHI 3L H, R RBE10%-1) 2R ) 5IA R
iR AT RER 1, THARRR BB T (A

R BR L B #2207 (Euclidean algorithm), H &5 KAk
F. ged(x,y), xFyH 2P FRELME ged(x,y)=1.

W LR HkEimod, x mod v 25T Hy =X
B RE

R ) rz) ’%& /-‘ %
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SE¥7.13 REL-PRIMEEP

———,
WERA

JGeE X THEF E
E= “SHHiA<x,y>, xFlyiE i8R0 B AR5
1) EE FHEWEALE, HEly=0
2)  IifEx<x mod y.
3)  AHxHyHIME.
4) #itix. ”
HIERUAE A T2 )7 K fi#REL-PRIME .
E R 8] &2 444 o 22 T =0 TH]
W2 R — kAT CGE—kmlgewlsh) , #EIEXEME 20 b

/.

N

N

A E2MB3PAT I KIREZmin( 2log,x, 2logyy), SR K ARk
1EEE, BERIFHFATIREZO(N).




SE¥7.13 REL-PRIMEEP

B
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Class NP

polynomial verifiability

HAMPATH ={(G, s, t)| G is a directed graph with a Hamiltonian
path from s to t}.

Can it be solved in polynomial time ? better than Brute-force algorithm.

The HAMPATH problem has a feature called polynomial verifiability that is
important for understanding its complexity.

ELAWIENE? B AKIE? Certificate(UE15)

In other words, verifying the existence of a Hamiltonian path

may be much easier than determining its existence.
(@) ) 1’7“‘/' ¥
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7.3 The Class NP

Definition 7.18: A verifier for a language Ais a
program V such that we can write A as
A={<w>|V accepts <w,c> for some c}

(The string c is the certificate that proves w €A.)
ISUEHL— B6UFFE 7 (Anstremp), ¢ — IE (A2 THE 2245 5L

EXP: COMPOSITES = {x| x = pq, for integers p, q > 1}.

* For the COMPOSITES problem, a certificate for the composite
number x simply 1s one of its divisors.
* For the HAMPATH problem, a certificate for a string (G, s, t) €

HAMPATH simply 1s a Hamiltonian path from s to t.
* In both cases, the verifier can check in polynomial time that the
input 1s in the language when it 1s given the certificate.




7.3 The Class NP

Definition 7.19: NP is the class of languages
that have polynomial time verifiers.
e )

The term NP comes from Nondeterministic Polynomial
time . Problems 1in NP are sometimes called NP-Problems.
Languages in P have poly-time deciders. F|xE#s
Languages in NP have poly-time ‘verifiers’ . il 2§




7.3 The Class NP

———,
HAMPATH is NP ?

NTM N1 ="“On input (G, s, t), where G is a directed
graph with nodes s and t:

1. Write a list of m numbers, pq,...,p,, Where m is the
number of nodes in G. Each number in the list is
nondeterministically selected to be between 1 and m.

2. Check for repetitions in the list. If any are found, reject.
3. Check whether s = p, and t = p,,,.. If either fail, reject.

4. For each i between 1 and m-1, check whether (p;, pi+1)
Is an edge of G. If any are not, reject. Otherwise, all tests
have been passed, so accept .”




7.3 The Class NP

THEOREM 7.20

A language 1s in NP 1ff it 1s decided by some nondeterministic
polynomial time Turing machine.

PROOF IDEA We show how to convert a polynomial time verifier to an
equivalent polynomial time NTM and vice versa. The NTM simulates the
verifier by guessing the certificate. The verifier simulates the NTM by using the

accepting branch as the certificate. PSS
Deterministic Nondeterministic i\ﬁ . NTM5 DTM
T T 2 [B] %%
f(n) reject” f(n)
-

l 1 _accept/reject i _ reject l

FIGURE 7.10
Measuring deterministic and nondeterministic time

@ P %+ %

&7 TONGJII UNIVERSITY




7.3 The Class NP

PROOF let A € NP, Let V be the polynomial time verifier. Assume that V is a
TM that runs in time n* and construct NTM N (calls V KRNk E A

N = “On input w of length n: . RA~. PP IR Z e

1\
1. Nondeterministically select string c¢ of length at most n*.
2. Run V on input (w, c).
3. If V accepts, accept ; otherwise, reject .”

To prove the other direction of the theorem, assume that A 1s decided by a
polynomial time NTM N and construct a polynomial time verifier V as follows.

V = “On input (w, c), where w and c are strings:

1. Simulate N on input w, treating each symbol of ¢ as a description of the
nondeterministic choice to make at each step (as in the proof of Theorem 8.2
NTM==DTM).

2. If this branch of N ’s'‘computation accepts, accept ; otherwise, reject .”

DTMEEFANTM e () Adress iz

R ) rz) ,"')?(7& /_‘ %

2 TONGII UNIVERSITY




Variants of T (

Proof IDEA: DTM D simulates NTM N;

1.N’s computation on input w as a tree;
2.A branch of tree is one branch of the
N’s computation;

3.A node of the tree corresponds to a
configuration.

4. TM D search the tree for an accepting
configuration, in the breadth-first search
rather than depth-first search.

5.Every nondeterministic TM has an
equivalent 3-tape Turing machine, which
—in turn— has an equivalent 1-tape Turing
machine.

@ P i+ %

& TONGIT UNIVERSITY




Variants of T (

0|0[1|0|u]| ... Inputtape

x|x|#|0|1|x|u|... simulation tape

1(2(3[3|2[3[1]2|1|1|3]|u]|... addresstape

FIGURE 3.17
Deterministic TM D simulating nondeterministic TM N

Fry RPN 25 (A, A
2 HIFHHE OBRAL—ACPU, — 25840

F370 VA IAE A2 ANCPURA L.
RH I AL E, w27 TR




Variants of T (

,,,C1£
,B’A\
/\ C 43
11 [

C “reject’ A
I\ [ 31 32
Y
C, Cg
111 112 accept’
2.1

Schematic of the node’s address

nnn ... inputtape
¥
E [X[#loll [X[u[ ... simulation tape

112

Deterministic TM D simulating nondeterministic TM N

Proof:

1.Initially, tape 1 contains the input
w,tape 2 and 3 are empty;

2.Copy tape 1 to tape 2;

3.Use tape 2 simulate N with input w
on one branch of its nondeterministic
computation......

4. Replace the string on tape 3 with
the next string in the string ordering.
Simulate the next branch of N’s
computation by going to stage 2.




7.3 The Class NP

DEFINITION 7.21
NTIME(t(n)) = {L| Lis a language decided by an O(t(n)) time
nondeterministic Turing machine}.

Corollary 7.22: FANTIME(nX)ZZ =~ #NTM7EO(nK)
IS TR PN A 7 5 e, )

NP = {J, NTIME(n*)

W, R EM (Bl 52, strempBIED
A IE B R IETHIIE xeA, KEANDEE xeA.




7.3 The Class NP

AN
=1

o F—EHH/NER, WM A 24s 1 E

* Consider a graph G, 1s tﬁnerea/K/—clique?

but no 5-clique

T

JR&W ¥

graph 4-cligue ﬁ:‘(‘%%ﬁ Zilzig/

A 7] jelt
CLIQUE = {<G,k> | graph G has a k-clique}




7.3 The Class NP

THEOREM 7.24 CLIQUE isin NP.

PROOF IDEA The clique 1s the certificate.

PROOF The following is a verifier V for CLIQUE.
V="“0Oninput((G,k),c):

1.Test whether c is a sub-graph with k nodes in G.

2.Test whether G contains all edges connecting nodes in c.
3.If both pass, accept; otherwise, reject.”

ALTERNATIVE PROOF If you prefer to think of NP in terms of
nondeterministic polynomial time Turing machines, you may prove this

theorem by giving one that decides CLIQUE. Observe the similarity between
the two proofs.

N = “On input (G, k), where G is a graph:
1.Nondeterministically select a subset ¢ of k nodes of G.

2.Test whether G contains all edges connecting nodes in c.
3.If yes, accept ; otherwise, reject .”

= ) rz) ,"')%)g /_‘ ,l?

2 TONGII UNIVERSITY




7.3 The Class NP

S
THEOREM 7.25 SUBSET-SUM is in NP . 441 |n] i

] 70 ) ELAL S (DAFRIGY) (2) 2B, MR LR
(12,4,8},10) e SUBSET -SUM ... because 2+8=10

(12,4,8},11) ¢ SUBSET - SUM
... because 11 cannot be made out of {2,4,8}
] ) A A -
SUBSET - SUM = {(S,1)|'S = {X,. .., X }
thereisasubsetRc S
suchthat > 'y = )

yeR

M4 T4

[ﬁ%m%




7.3 The Class NP

THEOREM 7.25 SUBSEYT-SUM is in NP . 4511 [r] i
) ) EDUE S A9 (D) AFRZFTEY) (2) 2256, XK AL n)

(12,4,84,10) e SUBSET -SUM ... because 2+8=10

r “
RN
({2,4,8),11) ¢ SUBSET - SUM oo
... because 11 cannot be made out of {2,4,8}| Jt [f1/)
[m] 2 ) R A A H A - i

SUBSET - SUM = {(S,1)|S = {X,. .., X, }

10070 /Hekd ereisasubset Xc S
[/J\ﬁn%’é'éé\ such thatZy = )

yeR




7.3 The Class NP

e
PROOF IDEA The subset is the certificate.

PROOF The following is a verifier V for SUBSET-SUM.

V =“Oninput ( (S, t), c):

1.Test whether c is a collection of numbers that sum to t.
2.Test whether S contains all the numbers in c.

3.If both pass, accept; otherwise, reject.”

ALTERNATIVE PROOF We can also prove this theorem by giving a
nondeterministic polynomial time Turing machine for SUBSET-SUM as follows.

N =“Oninput (S, t):

1.Nondeterministically select a subset c of the numbers in S.
2.Test whether c is a collection of numbers that sum to t.
3.If the test passes, accept ; otherwise, reject .”

R ) rz) ,"')?(7& /_‘ %
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7.3 The Class NP

P=NP? WAHIE (coNP=NP) ?
o AR

» H—MEIRNIA
R T AT AR SO Y

« N

H

/]

(e )we
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7.4 NP-COMPLETENESS

FXFNPC
— NPC B, B —RENP, fiifi] “hrFBgEK.
HAHMZ) . FFELFEFH « BATRE F7”
— ZHERKE, Cook#I%,1972 £ iEBH 3SAT in
NPC
— 3SATEAM T, BT T ET1NERKNPC

~NPEEMH, EFEERNHEBHSEERR X

@ 3IEBASAT, 3SAT in NPC;
@ BEITHY), HISATELFHENPHE; HE




M Boolean formula £] SAT

e
Boolean variable x can be TRUE or FALSE,
which is also denoted by “1” or “0”. H , 1

Boolean operations are AND (xAy),
OR (xvy), and NOT (—x or also x ). 5 o ¢

Boolean formula: ¢ = (—=xvy) A (Xv=y).

& : Can we design a Boolean formula to simulate a
Turing machine?

A Boolean formula may contain the Boolean operations AND,
OR, NOT, and these operations form the basis for the circuitry
used in electronic computer. So......




SAT---Satisfiability Problem

A Boolean formula is satisfiable (7] /£ 1Y), if some
assignment (JI{{H ) to the variables makes the formula

evaluate to 1. EXP: ¢ = (—xvy) A (Xv—y) ;
Assignment: x=y=TRUE , x=y=FALSE

The satisfiable problem is to test whether a Boolean formula is
satisfiable.

SAT = {< ¢ > | ¢ is a satisfiable Boolean formula}

Ao BB TSAT, FTEHZ/DEE? P, NP or NPC?
ZEip R SAT is NP-complete. iEBiREE %%, Cook D& UEHH.




SAT 3SAT

Literal : 0 (x), (=x) .3C7F CHI0)

Clause = $THUI3C, W (xv —yvz), T4

A formula ¢ is in conjunctive normal form (CNF),
if it is the AND of clauses. For example: & Bt =

0(X,Y,2) =(XvY)A(Z)A(ZVYyVy)
3CNF has only clauses with 3 literals: 34 HG

3SAT = {<¢> | ¢ is a satisfiable 3CNF formula}

o(x,v,z)=(xvyvz)n(zvzvz)A(ZzvyVvy)

[?agp’m mﬁx]?ﬂ%m /E.\E:x]




Poly-Time Functions £ i [r) 5 %

Definition 7.28

A function f:2*—>X* is a poly-time-computable
function if some polynomial time Turing machine
exists that halts with f(w) on the tape, when

started on any input w. (5% R AL (0] &2 2 )

+,-* [ are all poly-time. iz

Important here is that object transformations, x5
Z# like "Given a formula ¢, make a graph G,
can almost always be done in poly-time.




Polynomial Time Reducible

%€ X.7.29 A language A is polynomial time
reducible to another language B if there is a
polynomial time computable function f:X*—>x*

such that: weA <= f(w)eB for every weX*.

* Terminology/notation: f
A<, B

C RMABHIZIA <,y B )

. [f: ifA<pB, and c B
Bis NPC, thenAis «
NPC. CHIV e il )




P obeys <p; Ordering P &<, 041%%

Theorem 7.31:
If A<pB and B is in P, then A is in P as well.

Proof: Let M be the poly-time TM for B and f is the
reducing function from A to B. Consider the TM:
S= “On input w:
1. Compute f(w)
2. Run M on f(w) and give the same output.”
Gr i
1. BIEE X, THEL (w) FEZ TN E.

2. SB225 BRI 20 A e 25 73 AR =2 25 TR TH] SE ik o
3. BTLA, SHIN MR EHR L AR




“CLIQUE = SAT = 3SAT" & 5%M0

JE [ in) = 1) B=3 7 12 1] 3

We will prove that the languages CLIQUE, SAT
and 3SAT are all equally complex when measured
with the polynomial time measure stick.

First we will prove that 3SAT is not more difficult

than CLIQUE: SSATATEE AL
A1) et
T e

“If you know how to solve CLIQUE in polytime,
then you also know how to solve 3SAT in polytime”




3SAT <, CLIQUE

THEOREM 7.32
3SAT is polynomial time reducible to CLIQUE.
(BP 3SAT <, CLIQUE)

|dea for proof :
1. 3SAT is set of 3cn-formula ¢ , CLIQUE is a
set of graph G with a k-CLIQUE.
2. The polynomial time reduction f converts the
formula ¢ to graph G.
3. The formula ¢ is satisfialbe iff G has k-clique;

B2, BERRERE, WMAREKSTHIRNARN, HEX
METk-H, Hise EIRFHEIRER. RN




Example 3SAT to CLIQUE

« Formula (4 clauses, 4 variables): 422 & /]3-FA]IHZAN

(X; VX5 VX3)A(X; VX, VXA ) AKX VXS VX)) AKXV X5V Xy)

clatTJse1 i 3cnf /A 2 X B B i) 5 ¥

X; Xy X;e—triplel Q) k)NFARIXTMNk M triple,
Mriple®FE3NTI A ;

@ %A ARE L FRFRIC T AT ;

B EEAEFR—"tripled, H
BAFEREERT A, B
u, (X, X,) 2248 5 JE .

BR3P TARATLE 2 WU ]
seh, Bl EIR S 2 WU ]
AT

LA\ .4.{4}‘7/
/2




3SAT - CLIQUE. ' &5EmP-I (a5

———,
AAXNER, FM3-EBHRAFTELNREANE, K
L RFTIRNE

(Xg Vv X v X3) A(X VX V%) A (X VXS Vv X3) A(Xy VX3V Xy)
b\ _/// —
X, Xy X5 Xa— X, Xy, X3, X4
B True, & — i 2 Y B True, ;2 A
WARL, A R T RS A 5 A2 A EAE
X, X, X
4 b
z N N
] - b XROAINARIHK
N2 S -
N (L \ D N

... B 4-clique ... 9E 4-clique




3SAT <, CLIQUE

Now, we show that:
The formula ¢ is satisfialbe if and only if G has k-
clique

IEE RS, 2 WE A p303.
Z5:

$»e3SAT <> Gek-CLIQUE (with k the
number of clauses of ¢).

VAT v
=

Wi f: 0 > G A& p-BS TR .




7.4.2 NP-Completeness NP-:4

Definition 7.34: Language B is NP-complete if it

satisfies two conditions: | nmawkl
1.BisinNP,and —— ]

2. every language AcNP we have A<pB.

° Bﬁ%’f:ﬁj}’
- ARSIE

BEW: NP5E4& ( NP-AJE, NP-FIZ)
NP-complete problems are the most difficult problems in
NP...




NP-Completeness

#FRIHY: RTNPCHI4H: R
« ABinNPC, MA<,B T HAML
+ AinNPC I AinP, JUNP=P
- AinNPC i ! (A inP) Jil NPCN P=®
- AinNPC, BinNP, A<.B Jll BinNPC

1 W: NPC BI:BOREN—BENP, Al “Hrons
to AL, RIS, H “EATRES”

Zi6%Z K%, Cook#iF,1972 4£ {EFEH 3SAT in NPC
3SATIE NPT, BERT T ET/1EXNPC




NP-Completeness

NP-Hard |7 &
If we omit requirement 1, then we sometimes

say that B is NP-hard. r
HENEH BT,
A—sEHTEHILH

NP-Hard [ E Y NPClRI B FITEE) , MR B2 miz
RIEE, A—E~RNPHE. 3% T &4, TTEEHENPCHE

A 250 A NP (BEINP)—3 8 A NP R @k, &
KA W I FEAE DP-B ) fgd vy, n2SAT A i .




NP-Completeness

THEOREM 7.35
If B is NP-complete and B € P, then P = NP.

Proof: If AeNP, then by the definition of
NP-completeness: A<B.
From BeP, it follows that also AcP.

THEOREM 7.36
If B is NP-complete and B <, C for Cin NP, then Cis NP-
complete.




The COOK-LEVIN THEOREM FET5-% 3 g

Theorems 7.37
SAT is NP-complete problem

RYE & X 7.34:

1) SAT in NP, BZ&%iEHH.
HFEUE:

2) every AeNP we have A<SAT.

U | AT | NP e R 376 2 1 1) RS AT

7 2 TR 1] ]
PR

(1T — R ]
[ BR T RO M p




Proof Idea

Pr: IEBAXTTVAeNP, HA<B. T EHx:
NP SAT

A
L

1. SAT={<¢,> | ¢, is a satisfiable Boolean formula}

2. FRZIFUN RHMA RE, AT/, AR Az

3. ~AeNP .3 a Nondeterministic Polynomial time turing
Machine(f##NP machine) N decides (H#|%€) A, on input
W.

4. Key ldea:#5#l NP N, #i& 2 R,




Proof Idea
e

4, qnfa] g FE L) sk 2 e ? [ Rgsehlhs )
MR B4R
A 2 ICHLZ) 21 SAT xWﬁ
XA w, 14)1&E & EGE Z(CNF) 6, |
A 2 S
WEA <= (I)WESAT \El‘]ﬂ@@ /

HHMwitH o, R TFE poly-ti
=
Let N be the nondeterministic/NTM that aQ:cepts A.

our Key idea:
weA <= 7J accepting pathof Nonw |

<= A BEX .. Ky s I F(Xq...Xy) = TRUE

@ F %+ F
& TONGIJII UNIVERSITY




More Proof Outline

e
N2 P-I A 452 AK) NTM,
Specifically we will establish the chain:
weA <= 3 accepting path of N on w JR 4 #45

= NGB L

There exists a sequence C,,...,Crof #&/=F5
configurations with:
- C, JFiE#% 5 the start configuration of N on w

- (C;,C;+1) a proper N transition for every j #% J&%% ##
- C+ an accepting configuration 252 #% =)

&= I Xy o EFOW(Xy. .. Xm) = TRUE
(& B 2D

@ R 4+ %
& TONGIJII UNIVERSITY




A Tableau is an n* X nk table of configurations

| FretRas, L,

# W, | wy - R " —
# L e LA
. —H3X2
e S e
/"ﬁ oK 1&)




Size of Path of Nonw

e
WIN 2 T ] B2 AR AT B R, KA,
B A IR B, B HCR B O(Nk).
Ok R A AN tableau (GEE RS ) of nkxnk BT,
Z USR] ] 58 iR TAE %ﬂ%cen(i,j)

FRAAmA |, |- SR IR B G B
Du(Xq- - Xpm) I " N
 fiTpT
tableau... =

# qA ......... #




How ( Describes the Tableau

IM MR EAE 5EES o (Xq...Xy) » WE
1. GHIAHIT,

2. Ci 2R ( N--NTMHL, HiAw)
3. *%F.r%%y (C,Cir)E1A




How ¢ Describes the Cells

Wge: HERFFT A ERHLA KEL.
A C=QUIUH » HhQRES, TH S HE, #NIUTR
i AT A E AT E R

y TRUE if cell(i, j) =
. = <
sl FALSE otherwise
\ (seQuru@ |
/R EME . nkx nkx |QUIU{#)

56 A _E IR & T AE F B [A] O(n2k)
polynomial in n. (k&2 %L, nZH AR

7
\.




H 3 ONE(...)

Example: Describe in CNF the Boolean function
fiE— P E A RE, BinfH— /\}EEjUEBT
BREEE, HARvR X REUS A
(5 AR ROR )

) {1 if there is exactly one "true" x,

ONE(X4,...,X,,) =

— ~ 0 otherwise AN
A A | ﬁ%*/l\?ﬂg
Mt s nswer. g

> : :
ONE(x,,...,x,) = (V xjj /\( NX, vxk)j

j=1 J#k




d.enf FOr Proper Cells

1. FEERUER E X
2.ﬁ$ﬁ%mmﬁﬁ~AML
X A<ijsnk W45 — A8 5x5) WA TRUE.
3. ff5s EI’J/\%ZEI’J@ 1~ [QUIUH]Y.
4. WEFHIGIEONERZEL, BT ONE K%K
EHERZIE 5.

k

(I)cell A ONE(X(I,J 1) X(i,j,c))

i, j=1




b<tart FOr the Start Configuration

LB, —NE:
Z‘Jdﬂ NI IaIRES 2 o, BONER Wy, .. W,
H e T IEN R MEL T 715‘3#3[1ﬁ — ]

55 RS 2o 1 02
BRI R TFIRR R R (F 5T ED [/

Ostart = X(1.9,4) N X(1,2,0) A

/ / 0
-
Fr a3 e
4N hRiE M\ X(l,n+2,wn) A

ek Ny
PR ) Xana3, ) AN AKX gy AN X ko




Accepting Path of Nonw

| FretRas, L,

S5 iﬂﬁﬁ\g

Ci=| # Wy [wy # [FA—

C,=| # e L # iﬁg@lﬂ

- IR ety
/"ﬁ 1 1&)




q)accept for Accepting

4 P I A2 A Qoo 1> BT RFLS7
REASAIRA.

EXMRBONE R 8% (PR

)

I,.]k
— X .
(I)accept q (nk /quaccept)
J:




dmove fOr Proper Transitions

ik uasg k. FEM RS Cy,Cy,...,Cr M
& B RAL N3 R 2L

REEATH 23 BE-_ s

XFhE NN =
(nk—1 ) (nk—2) ::::’f:::________: :______:ffi:g:::gﬁ:::f:
l n“—1 n<-2

dmove = A| A|(i,J) window legal
=1 j=1

N




Legal Windows

WO IRESRT, RIS E O, W5 MiZA
A, FrLA for all a,b,cel"U{#}.

CRRETM T
alb|c LATF kA
S S 5
31blc S AR

/

Xﬂ‘ig%z 8(q1’a) = {(q2 b R)’ (quC’L)}:

d| Gy @ a | (¢,
a|b[q, d; | 4

2025/12/16




More Legal Windows

R
LR REE), REE D n]geE AR e EIE o
XL EVER D

alb|c bla|q, b |a|cC
géb G| |blalc| |g |a]c
ﬁﬁﬁ%i%*F%ﬁMﬁﬂﬁﬁﬂb
I H 5 /2.\ 2w |6
A | Qaccept | D




Some lllegal Windows

T
X L B A AN

alblc b| a |q, #1Q,|C
alb|a b|qg, | g J¢ | @ | C

CromarEm L

T AR (9e,6,R) € 8(q4,b) —
EULJQ TR ¥R 2L, d|l C | (g
NIASE2




(i,)) Window Legal...

W64 L < (QUIU{#NE 25k H
AN “PUi) N A FARISX2HE
A" AT PR N

L 2e)

V (X(i,j,sl) A X(ije,s,) AN AN Kiidt,j+2,5¢ )

PIAXIE, RORFTAERE 1L RIA:

= /_\j A(i, j) window legal

i-1  j=1




The Complete ¢,, Formula

-
L4 KA E

(I)w — (I)cell N\ (I)start N\ (I)move N\ (I)accept

RYE ) IR, (I)W %ﬁ]ﬁ%z@éé A R HLMAE Fg AWAF
fE— s, R

weA <= ¢,,eSAT

1L E 4 58/
EEEE, BRESHEZ) w—o,, is poly-time...




Polytime Reduction Check 1

BTN Wy, Wy KRV N, RN RIS R
AR O(nk)

BRATIE B A IR R IE Ty 3§E§X(i,j,s),é\§&7§ O(n%)
‘:I@ HEAE 22 TUEUI TR] Y Fiid ¢y, 2

JUHE I iZ—f A

nk

Ocell = /\ONE(X(| FOYAL X(i,j,c)) O(n2k) time.

I,]=1




Polytime Reduction Check 2

Can we describe ¢ in poly(n) time?

(I)start — X(l,l,#) N\ X(1,2,Clo) A

Xt,3,w) N A X ni2,w,) A

(lll;]k_ll—) /\ﬁlbnk/#)
%
... requires O(nk) time. 2 I =UHS 8] 0] 5¢ BMy) &

Xane3, ) N AKX




Polytime Reduction Check 3

" Can we describe ¢ in poly(n) time?

-1 nk-2
drove = A A, J) window legal
L8

.. requires O(n4K) time. 2 M= 8] 7] 58 A it

//

... complexity O(nk).
v (n l.]lqaccept)

(I)accept




Polytime Reduction Check 4

zE1Given wy,...,w,, the
construction of

(I)w — (I)cell N\ (I)start N\ (I)move N\ (I)accept

requires O(n%¥) time and space: poly(n).

1 2251 SATeNP,
2 M\ wy,...,w, 2| ¢, FIBREFH P-I[A]
it ~/|\/f z—77 NP problem A J9%]} SAT:

HJA <p SAT for all AcNP.
11,2 %%, SAT & NP-complete




3SAT is NP-Complete As Well

COROLLARY 7.42
3SAT is NP-complete.

THEOREM 7.56

SUBSET-SUM is NP-complete.

FRABTBS, SRATEEMER




Proving NP-Completeness

e
/INGE IEBR AR NP-EE RIS
. prove Aisin NP. CR#isE 55—l (P-time))

2. 8 PNP-52 & ] A 2 A
(Give a reference for the NP-complete problem.)

MAENIE, AR LUk Al 2 NP-78 2 1
SAT, 3SAT , CLIQUE, HAMPATH, SUBSET-
SUM.




