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Regular operations be used to:

‘Design automata to recognize particular
languages. (grep in Unix, Perl, text editors)

‘Prove that certain other languages are
nonregular.




Regular operations

o

— Definition 4.1

Let A and B be languages. We define the regular
operations union, concatenation, and star as follows:

Union: AUB={x|x€EA or xEB}.

Concatenation: A.B={xy|x€A and yEB}.

Star: A*={xx....x.|k=0 and each x €A}.




Regular Operations

Theorem 4.1 The class of RL is closed
under union operation.

Let N1=(Q1, Z,61,C]1,F1) recognize A1,N2 =(Q2,
S ,82,02,F2) ) recognize A,, N1,N, is NFA. N1

Construct N=(Q, ¥,5,q0,F) to recognize A1UA2. ¢ ).

O
1.Q={qoJUQ;UQ, : © ‘
O
O

2.The State qq is the start state of N.

3.The acceptstate F=F,; U F, N2
4. ~— 04(9,a) qeQ; X—».

5(q,a) =< 8i(q,a) q €Q, O
{CH,QZ} d=do0 and a=¢ .
—J q=qoand a #¢

Horr, QEQ,aEZ,::




Regular Operations

Theorem 4.2 The class of RL is closed under
concatenation operation.

FIENFAN, NiHAIAT-A2

@ O O
e @ @
e @ e o}
:‘ ‘g/ 0" O

o



Regular Operations

€
o

Theorem 4.2 The class of RL is closed under concatenation operation.

PROOF
Let N1 =(Q,, X, 6, q;, Fy) recognize A, and N, = (o, 2, 0,, q,, F,) recognize
A,.

Construct N = (Q, X, 9, q;, F,) to recognize A, . A,.

1. Q=Q; U Q,. The states of N are all the states of N1 and N,.
2. The state q; 1s the same as the start state of N;.

3. The accept states F, are the same as the accept states of N,.
4. Define 0 so that for any q € Q and any a € X¢

(01(q, a) g€ Qiand g ¢ Fy
5(q,a) = 41(q, a) g€ Flanda #¢
’ 01(qg,a) U{g2} g€ Fianda=c¢

| d2(q,a) q € Q2.




Regular Operations

V 5

A4

Theorem 4.3 The class of RL is closed under star operation.

Star: A* = {x4x,...x« | k>=0 and each x; €A} N1
Construction of N to recognize A* ". ‘
O
> A A RRE T A B, Hx, €A, s ©
Frik, 2R PIR BRGNS

> A*EE e, L, BHRSENZ
RERE;

> a8 : N2iH BIA*MG ?




Regular Operations

Theorem 4.3 The class of RL is closed under star operation.

PROOF

Let N, =(Q,, Z, 0, q;, F;) recognize A,.

Construct N = (Q,X,d,q,,F) to recognize A,".

1.Q={q} U Q..

The states of N are the states of N, plus a new start state.

2. The state q, 1s the new start state.

3.F=1{q,} UF,.

The accept states are the old accept states plus the new start state.
4. Define 0 so that for any q € Q and any a € X,

61(q, a) g€ Qiandq & F;
41(q, a) ge Flanda # ¢
d(g,a) =< 01(q,a) U{q1} q€ Flanda=¢
{a1} g=goanda =¢
U g = qo and a # €.




Regular Expressions

<

— Definition 4.2
Given an alphabet X, R is a regular expression if
1. R =a, with aeX ; denoting the languages {a } .
2. R = ¢ ; denoting the languages {€ } .
3. R = & ; denoting the languages .
4. R = (R{+R,), with R, and R, regular expressions;
denoting the languages L(R;)UL(R,).
5. R =(R4*R,), with R, and R, regular expressions;
denoting the languages L(R1) L(R2).
6. R = (R"), with R, a regular expression; denoting the

languages L(R,) *.




Regular Expressions

Example 4.1 What 1s the language defined by r
r=(a+Db)y(a+bb).

a—>{a},b->{b}
atb—->{a}tu{b}=1{a b}
bb—{bjibj=1bb;
atbb—-{a}u{bb}= {a,bb}
(a+tb)—ia.bj’
(a+b)'(a+bb)—{a.,b}*{a,bb}
L(r) = { a, bb, aa, abb, ba, bbb, ..... }




Regular Expressions

Example 4.2 What 1s the language defined by r
r=(aa ) (bb )b

L(r)=(1a}{a}) [ b}yb}) " b}
=({aa})*({bb})"{b}
= {aa}" {bb}"{b}

= {aan2m+1 |n20,m20}




Regular Expressions

Example 4.3 Write a regular expression for the set of
strings that consist of alternating 0’s and 1’s.

Partition :

010101...0101 > (01)
101010...1010 - (10)*
0101010...1010 - 0(10)* or (01)*0
101010...10101 » 1 (01)* or (10)*1

The regular expression :

(01)+(10)+0(10)+1(01) = (¢ +1)(01)*(c +0)




Regular Expressions

Example 4.4 Design regular expression for L,
L={w |we€ {0, 1}* and w has no pair of consecutive 0’s } .

Partition :

no 0 - 17

one 0 » 17017

more 0’s - (170117 " (0+ ¢)

rI=(1%011%)* (0+)+1*(01* +¢)
22 =(1+01)*(0+e)

,ﬂi%ﬁ:
1. 1 =r27?

2. L(r) ={w € 2*| w has at least one pair of consecutive zeros}. R =7




4 2E B W) R A X 6 — AP AL

1. ESRE—NFE/E: ZRREAENZEREA,

f1: IE N A R00F1 11 £ 7R 1E = {00} F1{11},

2. EESZNTFAERNERESINE.: FRHPNEEREN

1E R R =
e 1ENZRIE 0011 R R~ iE F{00V{11}, A4, 1EN]
%1% 300011 %R 15 F {0011},

3. BESFREBIKHBIMIE: & HHEIENIENFREL
o W EHONHIBREZ BB, 1ENRIEX N 01)

I
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4. ESFREEEMARMER: HrEE/fREL
FRATREME Y TEF IR S
fi1: (01)*+(10)*+0(10)*+1(01)*.

5. EEMEPEAE. XN & HeflizrHEmIF
SR TR
1. (e +1)(01)*(e +0)

= ) (A K 2
QNG’H‘?}NI\%;RSI?Y



Regular Expressions
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Example 4.5 In the following instances, we assume that the alphabet
> 1s {0,1}.

1. 0*10* = {w| w contains a single 1}.
. 2*12* = {w| w has at least one 1}.

. 2*0012* = {w| w contains the string 001 as a substring}.

(2X)* = {w| w 1s a string of even length}.

2
3
4. 1%(017)* = {w| every 0 in w 1s followed by at least one 1}.
5
6. (ZXX)* = {w| the length of w 1s a multiple of 3}.

7

01+ 10= {01, 10}.




Regular Expressions

Example 4.5 (%£)

8. 0X*0 + 12*1 + 0 + 1 = {w| w starts and ends with the same
symbol}.

9. (0+¢)1* =01* U1~

10. (0 + €)(1+ &)= {£,0,1,01}.

11. 1*0 = 0.

12. 0+ = {e}.

13R‘|‘¢:R Ea . * —9 0 —
14.Re c=R. EEE: ¢ O

? ’ @1:? ’ ,»:‘l:ji>1

N —_—

15.Re®=0.
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Equivalence with FA

Theorem 4. 4 A language is regular if and only
if some regular expression describes it.

Lemma 4.5 If alanguage is described by a regular

expression, then it is regular.

CIEMZERE R RIES 2 1ENE S, REsSFA)

Lemma 4.6 If a language is regular, then it is

described by a regular expression.

CIEMRE S AT LA RN R A R 7R, FASRE)




Equivalence with FA

Lemma 4.5 If alanguage is described by a regular
expression, then it is regular.

CIEMFRIA X R RSES 2 1ENE S, RE=SFA)
Proof Idea:

RE R describes L(R),L(R) is RL. CKiF)

NFA N recognizes L(N),L(N) is RL. (&

How to convert RE Rto NFA N ?




Equivalence with FA

£
7’

Proofl: Let’s convert R to NFA N. We consider the six cases in
the formal definition of regular expressions.

1. R=a for some a € X . Then L(R) = {a}, and the following

NFA recognizes L(R).

* Note that this machine fits the definition of an NFA but not that of a

DFA.

 Formally, N={ {q;, 9»}, %, 0, q;, {q»} } , where we describe 6 By
saying that 6(q;,a)={q,} and that o(r , b)=¢ for r¥q, or b * a.




Equivalence with FA

Proofl (%£) :

2. R=¢. Then L(R) = {¢}, and the following NFA recognizes

L(R). @

Formally, N ={ {q}, %, 0, q, {q} } , where o(r, b) =¢ for any r and b.

3. R=0. Then L(R) =¢, and the following NFA recognizes

L(R).
O

Formally, N ={ {q},X,9,q9,¢}, where o(r,b) =¢ for any r and b.




Equivalence with FA

Proofl (%) :Let’s convert R into an NFA N. We consider
the six cases 1n the formal definition of regular expressions.

4. R=R1 + R2
S. R=R1 .R2
6. R = R’

We construct the NFA for R from the NFAs for R, and R, (or
just R, 1n case 6) and the appropriate closure construction.
THeorem4.1, 4.2, 4.3.




Equivalence with FA

Example 4.6 ¥ IENZFREAA (a+b) *abafZ it INFA .
2 —O—2—0 b —O—b2—0O

- o . REE e AT RAMH 5 2

7 ) (A + 2
@ TONG’JI”ZJNIVERSI]?Y




Equivalence with FA

Proof2: XFIEN|RIEAXKIZELFNEnHATIHHER .
1. n=0, REBENFH, WR=a, EEHIIVLIRHIE

_,Q_a.@

2. B EE N n=k 3L

3. n=k+1H¥, rﬁ?ﬁl"%%rﬁrz, Iry. Iy, I'1%o & Ja THE R —
FeoER EE, #, B) AE#E ( Theorem4.1,4.2,
4.3) BN,




Equivalence with FA
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Lemma 4.6 If a language is reqular, then it is described
by a regular expression.

CIENTE S AT LA IENIRIE SRR, FASRE)D

Proof Idea:
774/2# GNFA?%
(O RLADFA MiRA|, FEDFAZEAL A~ X HIGNFA,

@ B X EIGNFA%E 4L & IF | &k 3k KX RE o
7\7%:— Rijk %{{Jf




GNFA

— Definition 4.3

A Generalized nondeterministic finite automaton(GNFA) is a
5-tuple(Q, X, 8, Qstarts Jaccept) sWhere
1. Qs the finite states.

> iIs the input alphabet.

Jstart 1S the start state.

2
3
4.  Qaccept IS the accept state.
5

0:(Q-{9accept))*(Q-{Tstartt) = R is the transition function.

B R isthe set of regular expressions over .
B 5(g;, g)=R < from q; to g; has the RE R as the label, RER,




GNFA

O

\ ~
01* %/
U
0* + 11




GNFARI R S

£
7

. The interior Q-{Q,ccept:dstartt IS fUlly connected by 6
From qg Only ‘outgoing transitions’

TO Qaceept ONly  “ingoing transitions’

Impossible q—q; transitions are  “5(q;,q;) = G~
Qaccept o Ostart

Observation: This GNFA Re®R
recognizes the / '

language L(R)

a0 =

 GNFA5—ENFARIME—[X 7: GNFARILHE N RE
(FE3IND , mAZEANE) 7Bk,
- AT EWESEE, BEEEARRNER(@Q,.q)=J.




Equivalence with FA

Proof Idea (given a DFA M):
RS QAR5 KT 0h (FREF)

1. Construct an equivalent GNFA M’ with k>2

states
2. Reduce one-by-one the internal states until k=2

A LIRS, SE PN AR 1R U R A 048K
3. This GNFA will be of the form —

This regular expression R
will be such that L(R) = L(M)




Equivalence with FA

HEBA (733%—: GNFAJR)
Let M have k states Q={q,...,q,}
1. Add two states quecept aNd Qg (e &)

« Connect g, to earlier q4:
* Connect old accepting states to q,ccept

a0 (9=

2.Complete missing transitions by @  (kb==i4)

()2 (a)

3. Join multlple transitions (F55)

(@=g=(a) becomes (g) (g




Equivalence with FA

4. Rip the internal states, one by one (il #[&])

@ RemOVing state qripEQ' {qstart} - {qaccept} :
Q=Q-{q,} ELHD A
(D Changing the transition function & by
6'(1;,q;) = 8(q;,q;) + 8(d;,9rip) (6(Trip, Arip)) " 0(rip, Q)
for every qiEQ,' {qaccept} and quQ,' {qstart}
5. If k> 2 goto 4, else return R

R '@Rz(:) R,+(R,R,"Ry) |




Equivalence with FA

<

Example 4.7 Converting a two-state DFA to an equivalent
regular expression.




Equivalence with FA

WERA (FF3E2)

W DFAM({94,95,...,9,), 5, 6,04,F) #ZiES L, XIMEPIR
ASHAT T 9. IR E, SIANE SRS BRI
G EXUTH:

Rik={ x | 6§(q;,x) = q;, AP R AFE&LHmT K
?kﬁ’J«lk,\., fai, jTAKTFk, x€ ¥*}

> 5

EE: X TR

kH’J%Xn:. XN — YIS B2 AT 4y, 8(9,Y) = Ay -

Hrmsk.,

/




Equivalence with FA

CSERR (SR AR, BIARMIEBIEE L.

k—1
Rkk

k
R;;

O—w e

R;*= Rj*" +Ry " (R )* Ry




Equivalence with FA

Ry U 5 AT

O, Ri°={a|a€ }, H é(q;,a) = q;} Ci#))
@ Ri°={a|a€ }, H é(qg;,a) = q;} U{e} G=j
- @ Rijk= Rijk-1 +Rikk_1 (Rkkk-1 )*Rkjk_1 (k=1 ,2 ..... n)

e -

@O k=0 &i#jif, qFlgRee—FRiL, ~afBNFH

@ k=0&i=jif, BT ash, i&ttke, X TAERIREq, #B
A6(q;, €) = ;o

@ R MAIEMI I W,




Equivalence with FA

Q@ Ry MAMF LU B ()
Case 1: HMMaitha, FHAFExX, RlIEQHIEREH, A
1 9w 5 KT R-1HARATIRE, WIXMAER S, HIR A
R, P LLE N AER M — &R 70
Case 2: H&E S5 TKEPRE —REZ X, IREZRMN
FERUN R, b “7 dHBRPIRES S 53/ Tk,

Qi Qge-Qr--Tp-- 0

Mai . B XE TR TR, Ay Q.. 3 FIXE T
FIE TR, MNmE— P qdtia, q... 3 KIxH -+

$ )% ﬂ:Rkjk_l o

A

I, XMAER KR K1 )*¥Ry ! i,

gércasel. 28: Rk =Ry<! + Ryl (R k1) R, <!




Equivalence with FA

o #|J5 )5 : Lemma 4.6 If a language is regular,
then it is described by a regular expression.
Hi, 2 4IDFA MiRAITESL(M), A

Lon = | ] RE,

QfEF

L(M)#LZ2DFA MiIRZIITE S, Hrgge T2
o] /. Al L (M) I U 2208 20 R 7R e 2
WX AL R, e MR, . BT




Equivalence with FA

PE, TR, FEEMRERCRERK.

HOAMRL: k=0. RORAEIES, HPEATERAYH
B‘Jfﬁi%ﬂie , A ,[Hﬁl'ijoﬂ W\;Ejﬁiaf"af"- . -+ap ('#J)EZ
a,ta t...+a te (i5)HEI. XH, {a;a,...,.a.}&16(q;a)

=qi)—VIFF ralik & .

AT Bt meki—Yim, TR IE Wik st %

WUESwN:Y

Ry™, BUEHEm=k. RIERNEITE L, FFIEL
= i (0 ) g g Ry

EEE,

(¢]




Equivalence with FA

Example 4.8 255 —1DFA M, ZHRUEIA 775 = & — AN 1R

RiE IR L(M).

1. H3IIRE
2. MAEIEIH AR, HAk=0, 1, 2. (UL F 1D

,n3k0,1,2 3;

— - - * - -
rijk_ Fic (rack) rkjk1 +rijk1

3. HPIRESE

r123+r132f 0K L(M).

X\

A HIL(M) = R1,3UR 53, o) R SR




Equivalence with FA

k= k=1
I £ £
I,< 0 0
I3 1 1
Ty 0 0
iP5 £ e+00
T3 1 1+01
I3 1) 0)
I3, 0+1 0+1
I33° 3 £

k=2

(00)*
0(00)*

0*1

0(00)*
(00)*

0*1
(0+1)(00)*0
(0+1)(00)*
e+(0+1)0*1

M12° = 02 + 32 (1332 ) " r3p?
—_ 2 *
r13° = 132 + 132 (raz? ) " ra3?

[=r°+ 3

O
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FEHR: ENFRENHT#E.

AR : AEXHEEIESHNEXT, ATRE
NFhT

EARRBR: REEEARRY, tean: MAZHmE.
AT EF

JiE: IENFRANLE . Tk, #H

AL
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1. R BEEESE

VL. MAINA A, s
O L+M=M+L, JRHHE
@ (L+M)+N=L+(M+N), gL
® (LM)N = L(MN), &4 5E

n
>

qaun

qun




4.3 JE N & 1k KA 2 AR

3. JrEof

L(M +N)=LM + LN, &30 T I 2 Be
(M +N)L =ML + NL, ZEXTIH M4 5 HE

S T

4. FE
o N IsEAER 2 F S EUE
25 Ik 2 HAME

g

L+L=L, HHHEFEE




4.3 JE N & 1k KA 2 AR

[T

5. SHIEARKIEE

O

© (LY* =L*, FAKXFEHAL, AT ZES

@ L(®*) = L(E)={&},
=€
B & =€, ZNHE

OIS €S

., FILLE @*

lu

:‘j\_:‘lrﬁy l_/—\E?E

@ L*=LL* =L*L, L*3%&R17802 1L

B L*=L*+ €
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o UNIXHH R IE 2 0A =

AT

* APROUARH IR

1. EXwZ R4 AN, ESATESE: S, #l
PRk RckE, 2008, p73-77

2. BRKHE. FRFRTHE S iR 3R M. BB Tolk H R,
2000. ZH = Z 1A T




Review

o

* Review:
— Language & Regular language
* A language 1s a set of strings;

 language 1s called a regular language if some finite
automaton recognizes it.

— Regular Operations
* Theorem 4.1,4.2 ,4.2.

— Regular Expressions
e The value of a Regular expression 1s a language.
e Theorem 4.4 RL < RE ( describes 1t)

 Lemma 4.5 If a language 1s described by a regular
expression , then it 1s regular

* Lemma 4.6 If a language 1s regular, then 1t 1s described
by a regular expression.




Review

o

 RL: Regular Language
 RG: Regular Grammar

 RE: Regular Expression
* FA: Finite Automaton

®
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