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7.2 EFXIRESHIRTIE

FPTFTIXARXLTLEFREBESHE: BEPTE AL
LEMAFLE (3 )2) 6915 EM (parse tree) o

L={0™1" | m = n>0, 5={0,1}} S>0S1|0S | €

Bl AL : o AT A PR Ad iR LR ?

RL Pump Lemma — A= — & EE
CFL Pump Lemma — AL —HRAEFE
“EP%UEI” ?}EE‘/—:E

The problem of A =" vAy :

If S =* UAz =" uvAyz =* uvxyz < L,

then S =* UAz =* uvAyz =* ... =" uVAyiz
=* uvixy'z e L as well, for all i=0,1,2,...

—
—
=
4
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7.2 EFXIRESHIRTIE

Idea: If we can prove the existence of derivations

for elements of the CFL L that use the step

A =" vAy, then a new form of ‘v-y pumping’
holds: A =* VAy =" V2Ay? =* v3AyS =* )

T UEMMEE I B o IRA, ORI A

Observation: We can prove this existence if
the parse-tree is tall enough.

SIRAEM 2%, R TR, piamIlER




Pumping a Parse Tree

Parse tree for S = AbbcBa =* cbbccccaBca
— cbbccccacca

I L ﬁBEE’J}‘EEﬁEJ‘E%*ﬁEEﬁﬂ




Pumping a Parse Tree

o

AR =N
&, &/b—
N B S
WE R )

u Vv X y Z
If s = uvxyz € L is long, then its parse-tree is tall.

Hence, there is a path on which a variable A
repeats itself. We can pump this A—A part.



A Tree Tall Enough

Let L be a context-free language, and let
G be its grammar with maximal b symbols
on the right side of the rules: A —> X,... X,

A parse tree of depth h produces a string
with maximum length of bh. (BEAKY )
Long strings implies tall trees:

B Eh=v+2I5f
\_ J

Let |V| be the nu variables of G.
If h = |V[+2 or bigger, then there is a variable on
a ‘top-down path’ that occurs more than once.



uvxyz el JRAEN B E, FEidT

LIESRIY

S=uvxyz S
an

u % X y Z

By repeating the A—A part we get...



uvxy?z €L, i=2

S=uv?xy?z

Vv X y
... while removing the A—A gives...



uxz e L, 1=0

S=uvixyYz=uxz S

u Z

In general uvixy'z e L for all i=0,1,2,...



ETPXIERESHEREGE

5] #7.1 For every context-free language L, there
IS a pumping length p, such that for every string
sel and |s|>p, we can write s=uvxyz with

— N+
—E A ER

1) uvixyiz e L for every i€{0,1,2,...} //PNAbFT &
2) |vy| =1 /| E[E
3) lvxy| <p

Note that

1) implies that uxz € L

2) says that vy cannot be the empty string ¢

Condition 3) is not always used
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7.2 EFXIRESHIRTIE

Let G=(V,X,R,S) be the grammar of a CFL.
Maximum size of rules is b>2: A — X;-=-X,
A string s requires a minimum tree—depth > Iogb|s|.
If |s| > p=blVI*2, then tree—depth > |V|+2, hence
there is a path and variable A where A repeats
itself: S =% uAz =* uvAyz =% uvxyz

|t follows that uvixy'z € L for all i=0,1, 2, ---
Furthermore:
lvy| > 1 because tree is minimal (9 %% ))
lvxy| < p because bottom tree with < p leaves

has no ‘repeating path’



7.2 EFXIRESHIRTIE

#7-1 £ L={a"b"c" | n=1} & CFL.,
B z = abPcPEL , X z = uvwxy,
EEE |lvmx|<p, BTA v, wh x FE—RFERRA 3 #HFH,
W RE H ILA T JLAF IR L -
(1) v x RO a, B =2, NE uwwiiy P,
a WINEKHARKT b c 8940, ARERE L P,

2) vA& x RO2 b RS2 ¢, EHhHE (1) R, ulwiiy 1
E L ¥,

3 v ReL2 a x Rea b, B /=2, WMAE uwiiy ¥,
a, b INKIFART ¢ 9N, CERE L P,
4) v Re.4 b x ReL2c, HE 3) R, uwwiéy WRE L ¥,

5) v & x @é\ﬁiﬁfﬂéﬁﬁ"%‘, Blde, v 4 a = b, i
uvwxy PIREI a fe b TEBHEAHEFERL, BREFRE L P,

Pk, L A& CFL.

w.u
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7.2 EFXIRESHIRTIE

#17.2 K4E C = {abick | 0<i<j<k } is not context—free.
Proof Let p be the pumping length, and s = afbPcP € C,
s = uvxyz, such that uvixy'z € C for every i>0

Two options for 1 < |vxy| < p: RA2# T, 55+
1) vxy = a*b* then the string uvZxy?z has not enough
¢’ s, hence uv?xy?2z¢C //fErRT @ 4T HE, co9/-3)

2) vxy = b*c* then the string uvoxy%z = uxz

has too many a’ s, hence uvPxy®z¢C

Contradiction: C is not a context—free l|anguage.
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7.2 EFXIRESHIRTIE

#7.3 FiE D = { ww | we{0,1}* } ~AZCFL

Careful ly take the strings seD.

Let p be the pumping length, take s=0r1°rQr1P,

Three options for s=uvxyz with 1 < |vxy| < p:

1) If the part of vy is to the left of | in Or1P|QP1P,
then second half of uv?xy?z starts with “1”

2) Same reasoning if the part of v is to the right
of middle of 0P1P|0P1P, hence uv2xy2z ¢ D

3) If x is in the middle of 0P1°|0P1P, then uxz
equals 0P11 0i1? ¢ D (because i or j < p)

Contradiction: D 1s not context—free.
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B3E8-3 CYKE £

#i\: CNF G=(V,T,P,S), x;
it x€eL(G) 3l x ¢L(G);
FEE A5 -
M5V, —— T DURAE T8 x,, ORI G. IXE, X, F x IS |
SR, KRR k T
(1) for =1 to |x| do
2) Vi ={AlA—x;,EP};
(3) for k=2 to [x| do
(4) for 1=1 to [x|-k+1 do

begin
(5) Vi=P;
(6) for ;=1 to k-1 do
(7) V= Vi,U{A|A—>BCePH BeV, E
CEVi+j,k.j} ;

end
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