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Content of courses

Automata Theory

Computability Theory

Complexity Theory
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1. Automata Theory

Content of courses
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Content of courses

2. Computability Theory

In computability theory, the classification of
problems is by those that are solvable and those that
are not.

3. Complexity Theory

In complexity theory, the objective is to classify
problems as easy and hard ones, whereas
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Turing Machine

OO0 On computable Number, 1936
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Endnotes

8. It is most natural to construct first a choice machine (§2) to do this. But it
then easy to construct the required automatic machine. We can suppose that
the choices are always choices between two possibilities 0 and 1. Each proof
will then be determined by a sequence of choices i1,i2,....in(i1=0or 1,i2
=0or 1,....,in=0or 1), and hence the number 2n + i1 25+1 + i2 25-2+..+
in, completely determines the proof. The automatic machine carries out
successively proof 1, proof 2, proof 3, ....

1912~1954



Turing Machine

 Computer Models
» Finite Automata: a small amount of memory
» Pushdown Automata: an unlimited Stack

» Turing Machine: unlimited and unrestricted memory

* Turing & Church

In 1936, “On Computable Numbers, with an application
to the Entscheidungs problem” . at the same time, Alonzo
Church published similar 1deas and results. However, the
Turing model has become the standard model 1n
theoretical computer science.

Alonzo Church (1903—-1995)
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Turing Machine

Control

Figure 8.1 Schematic of a Turing machine

Differences between FA and TM:
The tap is infinite. A7 JGlR

TM can both read from the tap and write on the tap.

The control head can move both to the left and to the right.

s W o=

TM immediately halt, once to accepting state or rejecting
state.

( Computation’s results: accept , reject or loop.)
@) P i+ %
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Turing Machine

Definition 8.1

A Turing machine M is defined by a 7-tuple
(Q’Z’raéaqoaqaccept,qreject)a with ‘
e Q: finite set of states IR E&ES
« ¥: finite input alphabet (without “L1” ) #i A

2o S

THT

HHs 2 Aoy

* [ finite tape alphabet with {Ll} U AT

* (. Start state €Q THIGIRAS
* Qaccept - @CCept state €Q 2R
* Qreject - reject state eQ  FELLIRAS
- &: the transition function  # K%

Q X r - Q x 'x {L,R}

%ﬁﬂﬁ?&? , éﬁﬁ%f‘f %‘%E#ﬁ?@&, JL% , %ZT

6( di» b) = (qjs C, LIR) ’ qi;éqaccept’ qi;éqreject




Turing Machine

Configuration(#%/5) o [1]o[1[o]_T_
1.The current state q €Q I
2.The current tap contents I 95

3.The current head location Configuration as : 010q510

Tree kinds of Configurations:
1. starting configuration on input w: “quw”  #I4EKE
2. accepting configuration: “uqacceptV” B2

3. rejecting configuration: “uqejectV” B2 m

The accepting and rejecting configurations are
the halting configurations (fZHL& 5D .

R ) rz) ,"')?(7& /_‘ ,lg.
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Turing Machine

———,
TEHE X

Yields (F=4)

Let u,vel™ ; a,b,cel’; q;,0,€Q, and M is a TM with transition function

6. We say that the configuration “uaqbv” vyields the configuration
“uacqyv” , if and only if: 8(q;,b) = (q;,c,R).

R = 51:.C,,Co,.. fH5C, yields C,,C, yields Cs,...C,,,
yields C,, 1 H. 2477145 75 i} ﬁ'ﬁﬂﬂﬁ}:~/\fr%<)%cnmﬁm%
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Turing Machine

The collection of strings that M accepts is the language of M,
denoted L(M).

Def. 8.2 A language L 1s Turing-recognizable (& X A]
#) if and only if there is a TM recognize it.

1.

Also called: a recursively enumerable language(i#: 4 7]
MZEET).
2. Note: On an input w¢L, the machine M can

halt in a rejecting state, oritcan ‘loop’ indefinitely.
3. R IRFAISE R Z: accept, reject or loop.




Turing Machine

Def. 8.3 If a language can be decided by some
Turing Machine , then call the language Turing-
decidable or decidable. (B Rw#]E 8k Al H &)

1. Also called: a recursive language(G#£HiE &) .

2. Decideris a TM that halt on all inputs,
3. Decide(#)€) 5 Recognize(iR5])A 7]

never loops.

X 1|2

Recognizable languages




Turing Machine

EXP8.1: Design a TM M,, decides L= { 02"|n=0)

[IFHCIE S RAUTM, VER A ZEEhR s ) 515

bool M(j) /TG 1K E
{
if (j==0) return false ;
if (j==1) return true;
if (j mod 2==0) return M(j/2) //1x A7 S5 AT, ] 784
else if (j>1)
return false ; ///E= o ) AME, S GH




Turing Machine

High level description of TM
M ;=" On input string w:

1.Sweep left to right across the tape, crossing of every
other 0; (ifl[%:—=-10)

2.1f in stage 1 the tape contained a single 0, accept ;

3.If in stage 1 the tape contained more than a single 0
and the number of Os is odd, reject;

4.Return the head to the left-hand end of the tape.
5.Goto stage 1.”




Turing Machine

Formal Definition of M,:

Q= {q1!q2=q3!q4sqS!qaccept!qreject}s Z = {0}, = {O,X, |—'}
0-L 1\ 0000 )5 HI#% )= ¥ 51

x— L

x> R 10000 Lig5 X0XL X5 XXL

ug2000 q5ux0xU LIg5XX XL

uxq300 ugex0xu g5UXX XL

ux0g40 uxqo0xU L@ XX XL

ux0xgsu LXX(g3XL LIX(@2XXUl

LR ULR 0-R 0—x, R Lx0g5xL LXXX(Q3L LXX(QoXL
x— R uxqs0xu LXX(q5XL LIXXX(QoU

LXXXUGaccept
x— R
Q 7] L
1. AT i S A\ i B i e i 2
2. FHMIBIT 2 At E?

L, R
Note:

0—x, R means read 0, write x, move Right

@ P %+ %
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Turing Machine

e
EXP8.2: TM M, decides language C={a'bick| iXj=k, i,j,k=1}

M, = “On input string w:

1. Scan the input from left to right to determine whether it is a
member of a*b*c* and reject if it isn't.

2. Return the head to the left-hand end of the tape. (7] DL H bric i)

3. Cross off an a and scan to the right until a b occurs. Shuttle
between the b’s and the C’s, crossing off one of each until all b’s
are gone. If all ¢’'s have been crossed off and some b’s remain,
reject.

4. Restore the crossed off b’s and repeat stage 3 if there is another
a to cross off. If all a’s have been crossed off, determine whether
all c’s also have been crossed off. If yes, accept; otherwise, reject.




Variants of TM

A k-tape Turing machine(Z i B Z L) M has k
different tapes and read/write heads. It is thus
defined by the 7-tuple (Q,Z,I",5,d¢,accept: Areject):
with

* Q finite set of states

« ¥ finite input alphabet (without “ L7 )

o " finite tape alphabet with {L } U X T

* o start state € Q

* Qaccept ACCept state € Q
* Qreject F€jECt State € Q

* d the transition function
0! Q\{Qacceptaqreject} X T — Qx I x {L,R,S}k




Variants of TM

Theorem 8.1: For every multi-tape TM M, there
IS a single-tape TM M’ such that L(M)=L(M’).
Or, for every multi-tape TM M, there is an

equivalent single-tape TM M'.
LR
BEIIAEAE A A A (2
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Variants of TM

Theorem 8.1: For every multi-tape TM M, there
IS a single-tape TM M’ such that L(M)=L(M’).
Or, for every multi-tape TM M, there is an
equivalent single-tape TM M'.

Proving and understanding these kinds of robustness

results, is essential for appreciating the powg”of the
Turing machine model. f—/l

Rt A
T IRSE I Xy
BN AL (2 i) R 4R
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Variants of TM

Theorem 8.1: For every multi-tape TM M, there
IS a single-tape TM M’ such that L(M)=L(M’).
Or, for every multi-tape TM M, there is an
equivalent single-tape TM M’

=

BX: LUsr 2R,
L=

Proving and understanding these kinds o robuééftess

results, is essential for appreciating the po
Turing machine model.

From this theorem Corollary 8.1 follows: A language L is
TM-recognizable if and only if some multi-tape TM
recognizes L.




Variants of TM

e
Bt PINMREEN o BIEEIR] DUAE B
G Z L (2 BB ER A LA /5 UE D
Let M=(Q,Z,I",5,00,9accept: Areject) PE @ k-tape TM.
Construct 1-tape M’ with expanded I'" = T'u L'U{#}

T ]
Represent M-configurati

\
u.Qa4Vvyq, UxgiayVp, ..., %qjakvk
by M’ configuration’

q; # U1Q1\Q/# UsasVvy # ... #/Uﬁka

AT #, KiE _E =R 5 45F
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Variants of TM

2. BFE
1.0n input w=w,...w,, the TM M’ does the following:
prepare initial string: #w,...w #_#---# # --.
2 i 32 1) 2| B
2. Read the underlined input letters e T’k %5 241+
3. Simulate M by updating the input and the
underlining of the head-positions.
L T AR AU B E
4. Repeat 2-3 until M has reached a halting state, M’
halt accordingly.

PS: If the update requires overwriting a # symbol,
then shift the part # --- one position to the right.




Variants of TM

several options at every step. It is defi

Q finite set of states
Y. finite input alphabet (without “ L
I finite tape alphabet with{L }UuXc T _

A nondeterministic Turing machine M can have

the 7- tuple (Q >,I',0 CIO’qaccept’ql’eJeCt) Dzjﬁ%}ﬂﬁ ]

ned by

(ieisms: i )
R LR,

go start state € Q —
Jaccept ACCEPL state e Q =R ]
Jreject F€j€Ct state € Q

o the transition function

& RIRIRE T E 2
LN IUER




Variants of TM

LR — e R R, HCE S B E
o(q1,b) = (g2,c,R),

M1(Q, char *pCurr) > L ™\
{ if (Q==q1) && (*pCurr ==b) BT
{ *pCUrr=c; moveRight( ); goto 42;} | sz 135
} N — 4 R
1|
28— AN AN E VR R TR 3 /\ y,

6(q1,b) = (92,c,R) |[ (a3.d,L)
M3(Q, *pCurr) { if (Q==q1) && (*pCurr ==b)
return( M1(Q, *pCurr ) ||
M2(Q, *pCurr ))

A — i
Gl
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Variants of TM

Theorem 8.2 Every nondetermlnlstlc Turlng
machine has an equivalent det

K90, PLJa RA] R
Turln.g machine. s i, 2T
Just like k-tape TMs, nondeterminis¥ .—rdfing
machines are not more powerful than simple TMs.

"\

.

Corollary8.2 Alanguage L is recognizable if and
only if some nondeterministic TM recognizes it.
Corollary8.3 Alanguage is decidable if and only
if some nondeterministic TM decides it.

The Turing machine model is extremely robust.

@ F %+ F
& TONGIJII UNIVERSITY




Variants of TM

Evolution of the NTM
represented by a tree
of configurations (rather C, t=1

than a single path).
£ BRI AL Y ,///T\\\\
C Cc, =2

If there is (at least) C,

one accepting leave, /\ / /\t=3

then the TM accepts. C v
—SeEE, e o G reject”;

XT ﬁlﬁi?//\ﬁimﬁ
R, iR




Variants of TM

Proof IDEA: DTM D simulates NTM N;
1. N’s computation on input w as a tree;
ﬂ\ 2. A node of the tree corresponds to a

Cz 3 4 configuration.
/\ T/ 3. A branch of tree is one branch of the N’s
i computation;

: ] 4. TM D search the tree for an accepting
v v 1 configuration, in the breadth-first search
B rather than depth-first search.
accept, 5. Every NTM has an equivalent 3-tape
Turing machine, which —in turn- has an
equivalent 1-tape Turing machine.

@ P i+ %
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Variants of TM

0[|0|1|0|u| ... Inputtape

x |x|#|0|1]|x|u| ... simulation tape

1{2/3(3|2(3|1|2|1]|1|3|u|... addresstape

Deterministic TM D simulating nondeterministic TM N

A R g2 (e, a1

27 TR (BEE—ACPU, — 5D

3 BEEE A2 ANCPURHEE . %2 5 B 1)
AL E, B2 TAR.

R ) rz) ,"')?(7& /_‘ ,lg.
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Variants of TM

_ &
- [ofof 1 oful... inputtape
/
D=
/ T | | 0 | | ’ . simulation tape
,k ... address tape

4 3 112

Cs
Proof:
11 [ 1.Initially, tape 1 contains the input

w,tape 2 and 3 are empty;
reject 2.Copy tape 1 to tape 2;

C
\ 31 3; 3.Use tape 2 to simulate N with input
\M w on one branch of its
C C nondeterministic computation......
! 8l t” 4. Replace the string on tape 3 with
111 112 49cCep the next string in the string ordering.

2...1 Simulate the next branch of N’s

computation by going to stage 2.
Schematic of the node’s address




B Enumerator = TM + printer

An Enumerator is a 7-tuple coneel -
(Q,Z,T,8,90,9accept:Areject), Where Q,Z.I" are alll work tape
finite sets and

* Q finite set of states

« 2 finite input alphabet (without “ )

* [ finite tape alphabet with{ }uX c T

: go Statrtazt:aetre)testgte _Q O Language enumerated by
accep

* Qreject TEjECE State € Q E is the collection of all

. strings that it eventually
QXT—->QXTX{L,R}XZ orint out.

Schematic of an enumerator

O Enumerator E starts with
a blank input on its work
tape.

o (gi,a)=(q, b, LIR, ¢)
0 O . |

read write move print

= ) rz) ,"')?(7\ /_‘ ,l%
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Theorem 8.3 A language is TM-recognizable
if and only if it is enumerable. #25 = 15

FEBEEIT .,

1. 1EM, & LRER EMAE T AE RS2 i
2. IGE, BER T R LT WIRFFRA, B RLRERMEEZ
TEMES HIPE;




Equivalence with Other Models

1. We can consider many other ‘reasonable’ models of computation:
DNA computing, neural networks,quantum computing......

2. Experience teaches us that every such model can be simulated by
a Turing machine. So, they are equivalent (recognize the same
language).

3. Church-Turing Thesis: I7ER H BTHEARIER AT FH B R LR
(simulate) .

The intuitive notion of computing and algorithms
is captured by the Turing machine model.

@ P i+ %
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The Church-Turing Thesis

The Church-Turing thesis marks the end of
a long sequence of developments that concern

b 14

the notions of “way-of-calculating”, “procedure”,

7 14

“solving”, “algorithm”.

BX: C-TREUN LLHT AHEHA R 45
NG it

BC).




Importance of the Church-Turing Thesis

rarRFi: BAEMUN, ERIBE
R R PRt

The Church-Turing thesis marks the end of
a long sequence of developments that concern

7 (14

the notions of “way-of-calculating”, “procedure”,

) 11

“solving”, “algorithm”.

PRELRIEK B
RALH

Goes back to Euclid’'s GCD (300 BC).

For a long time, this was an implicit notion
that defied proper analysis.




Hilbert's 10th Problem F/RE4FE 10 ju&

In 1900, David Hilbert (1862—-1943) proposed
his Mathematical Problems (23 of them).
The Hilbert's 10th problem is: Determination of

the solvability of a Diophantine equation.
Given a Diophantine equation with any number of
unknown quantities and with rational integral numerical
coefficients: To devise a process according to which it

can be determined by a finite number of operations
whether the equation is solvable in rational integers.

e AR C(ARD) A BREAETE
ERCRLkAG Y




(Un)solving Hilbert's 10th

Hilbert’'s “...a process according to which it can
be determined by a finite number of operations...”
needed to be defined in a proper way.

1 A BRI R A U fi 3 1O 75 5K

A AI5E, 1970

(o E e R T @10@;@5%’&%&% ]

The impossibility*of such a process for
exponential equations was shown

|

by Davis,Putnam and Robinson.

MatijaseviC proved that Hilbert's 10th problem

IS unsolvable in 1970.




Hilbert's 10th Problem

BARAETTERMETL  (FoBA R R ) -
Let P(x4,...,X,) be a polynomial in k variables
with integral coefficients. Does P have an
integral root (x4,...,x,)eZk ?




i R /RAERF 5 1O 0] L 35 7

Iﬁ%pm%ﬁﬁﬁﬁM%ﬁﬁ}<%4ﬁﬁ§ﬁﬁ)
i RHRR SR 10 82 ). SEEDREE A HIE?
Bx: &

=
— NEEITCHZ R, W4x3-2x24+x-7.
@ﬂﬁﬂ?m%,%mﬁAEmyﬁﬁ
D1 = {p | p&B BEHMRIrIxH 2 Tz )
M1 =% N\ s& KT Tux ) — 12 Wi Rp:

HIR, 2OER; £
while (1) MR, ATRETCIRAE .
_ M1 Hnlg, Ak
v x=0 HE )
if (( P(x) =0)|| P(-x) =0)) return Yes ;
else x++;
)




Hilbert's 10th Problem

FLANE 0 2 TR Y At -
DI = {p | p& 3 BERKIxHIZ I} R & LML :

- g @ﬁ/} ;ﬁlﬁ%%[ iR, WERE: ]
,» IR ]

Tl T TR
UpBound =K (CMaX /C1 FRo M HI5E 22

while (X<UpBound) /
{ x=0

if (( P(x) =0)|| P(-x) =0)) return Yes ;
else x++;}




Hilbert's 10th Problem

7

UpBound=? 7 ——_ MEEZIA, &4 LASATHE

d

j

RALLIR 7 V2 e

EIEATEAT LW oL

AKI\/Iatijasevic 1970. kA A

while (x<UpBound)

x=0

if (( P(x) =0)|| P(-x) =0)) return Yes ;

else x++;

i

H[134 € proved that Hilbert's 10th
Q)roblem IS unsolvable j




Church-Turing Thesis

e
B HERE X

% = A AMEVLE R AL
= A-HHE 11t 5 &4. (Churchi2H)
= 0Bk

B FE-BHRBE (C-T Thesis)
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Describing TM Programs

Three Levels of Describing algorithms:

 formal (state diagrams, CFGs, et cetera) k&K, ik

<~ Details of states, transition function, and so on.

* implementation (pseudo-Pascal) (PASCAL{y#S)
<> Operation of the head and the tape.

* high-level (coherent and clear English)  Jcif

< Ignoring the implementation details.




Decidability

We are now ready to tackle the question:

What can computers do and not?

5] A KSR
L AN 5 B EZE

By Church-Turing thesis &4k~ #1) 7] @

Which languages are TM-decidable, Turing-

recognizable, or neither?\

AR B R AR A, FH B BB AR ?
AT BRET




1. BIWLEIES;

2. ARVKEN: ~EE. RE&EEE. BRibE X
. high-leveli#iiR;

3. BRHLEIZM: ZHERI. EFEEE R K

p 3

4. BERREHENE pa-BRiBH;

5. BEHARKI=4EK: formal, implementation,
high-level.







