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1. THAZET
2. R TH P (Diagonalization & Agy,)
3. AL HE (HALT,,)
« FARATHEY (Call Reducibility )
o  BRATFTHLZ (Mapping Reducibility)
« BRTHY (Turing Reducibility)
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Review

1. Computer Models (Automatas)
(ODFA < RL(Regular Language)&RE
@PDA < CFL(Context-free language)&CFG
®TM - TM-Recognizable ,TM-Decidable
(@) Recursion Theorem

2.Church-Turing Thesis
Decide(H5E) 5 Recognize(iRH) & X 5] ?

Decidable : accept, reject (halting machine)
Recogniable: accept, reject, loop

Decidable languages

Recognizable languages




Decidability

We are now ready to tackle the question || /2L

What can computers do and what not?
THEL BeiA 4, A4 ARZEZEEE

et =58 T8 ] it

Which languages are TM-decidable, Turing-
recognizable, or neither?

Rl RATRG, ATAEERAAR? BHE T




Deciding Regular Languages

The acceptance problem for deterministic
finite automata is defined by:
Apea = { <B,w> | B is a DFA that accepts w }
T=, Aoz DFA NIRRT HISES, HlEeds
FEXT H—70 8 =, XAl gmbd 018, AL, Appartifi s o

A “DFAB R EEXZM A’ S5HE “<B, o >EH 2
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Apea I1s Decidable (Thm. 9.1)

Thm. 9.1 1EFAA) AT R 289, BRIERA T |94 ““‘/\Q/‘i%fﬂ—ﬁ
A M2 EHET—NLE T E” & H L,

Proof: Let the input <B,w> be a DFA with

B=(Q, 2, 8, e, F) and wex*. o }
The TM M1 performs the following steps:
1) Check if B and w are ‘proper’, if not: “reject”

2) Simulate B on w with the help of two pointers: ‘ TN
P, e Q for the internal state of the DFA, and ﬁTM(ji%M
P. € {0,1,...,|w]|} for the position on the string: DEW“;‘%
While we increase P,, from 0 to |w|, we %ﬁ%ﬁgz
change P, according to the input letter wp,, B A
and the transition function value (P, wp,,). DEA
= /

3) If B accept w, then M accepts; otherwise M reject.

(@ [) (4 * F

T TONGII UNIVERSITY




Deciding NFA =79.2

Thm.9.2 The acceptance problem for nondeterministic

FA Ayra= { <B,w> | B is an NFA that accepts w }isa TM
decidable language

R, Aneare NFA R B SHON T B4, TM et H—a k=, X
I 9miS 018, BTl R A2 1.

Proof: Let the input <B,w> be an NFA with
B=(Q, X, 8, Qsar, F) @and weX*. i&TM M241 |-
bool M2(A:)

40 A FEHRER /BT E SR E (LR T
Appa ={ <C,w> | C 1s an DFA that accepts w }

return ( M1(Apgpy); // H ETLZE S TM M1
h




Regular Expressions ©3119.3

Thm.9.3 The acceptance problem
Arex = { <R,w> | R is a regular expression
that can generate w }

IS a Turing-decidable language.
s 5 IENERE AN TS & RS8R /2R &

Proof Theorem 9.3. On input <R,w>:

1. Check if R is a proper regular expression
and w a proper string /7% 2\ fa 2

2. Convert Rinto a DFAB // RE>DFA

3. Run earlier TM for Apga on <B,w>//i [ I i 45
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Emptiness Testing &5 17 Thm. 9.4

Thm.9.4 emptiness problem is decidable.

Epen = {<A>|Aisa DFAwith L(A) = &} E-Empty
PN HEFRIDFA (mhd)e) HES, &R ERAR
£ Eppy ZHHIAFIUETIES, AR —MES .

o e AEONEIEE, F IR WAR S5 ) m] R E Y

Proof ldea:
L(A) =&, DFA AR5 A8, e, MEIHIRES
HoR, BEA T AHEESIRES




Proof for DFA-Emptiness

Algorithm for Epga on input A=(Q,X,0,start:F):
1) If Aiis not proper DFA: “reject” /7%
2) Make set S with initially S={ qqt }
3) Repeat |Q| times:
a) If S has an elementin F then “reject”
NGB R T2 As, RIBmEiese, 2 EdEs
b) Otherwise, add to S the elements that
can be 6-reached from S via:
“If 3g9;eS and dIxeX with 8(q;,x)=q;,
then g;goes into S”
[INSHE, WEREUFHAM K E TR, KEHASH
If final SNF = & “accept”
MR R e 24, MEZATTIES, W2 H




DFA-Equivalence Thm9.5

A problem that deals with two DFAs A and B:

EQpps = {<A,B>| L(A) =L(B) } FHLH[AE
EQ--Equal

Theorem 9.5: EQpps is TM-decidable. 1] ¥ 3¢

Proof: Look at the symmetric difference between
the two languages: — & #1555 & > X g 22 =

(L(A) N L(B)) w(L(A) nL(B))

XFRZHRERIZS. 4by &, HizRE.
] R AL RS RRZE B 2 R A E (Rl e Al AIE D




Proof Theorem 9.5 (cont.)

By 7 BAR, XEERSHEE (FRTMU R D

Algorithm on given <A,B>:

1) If A or B are not proper DFA: “reject’//JE =\ H 7

2) Construct a third DFA C that accepts the
language (with standard transformations).

(L(A) NL(B)) v (L(A) NL(B))

3) Decide with the TM of the previous theorem
whether or not CeEppa

4) If CeEpp, then “accept”; /[0 R =25, kA
If CeEppa then “reject” ”; /AR ZE AN, ANEE




Context-Free Languages

Similar languages for context-free grammars:

Aceg = { <G,w> | Gis a CFG that generates w }
FERREHAERK R WA A--Accept

Eces = { <G> | G is a CFG with L(G)=& } %% [r] /&l
E--Empty
EQcrg = {<G,H>| G and H are CFGs
with L(G)=L(H) } #H%& ] @

The problem with CFGs and PDAs is that they
are inherently nondeterministic. /4= AN &




A context-free grammar G = (V,£,R,S) is in
Chomsky normal form if every rule is of the form
A—->BC(— ) or A x(ZIEFH
with variables AcV and B,CeV \{S}, and xeX
For the start variable S we also allow “S — ¢’

WA R ST, BRI HE S 7 (i

Chomsky NF grammars are easier to analyze.

The derivation S =* w requires 2|w|-1 steps
(apart from S = g). F 2. YRAWHTIRAE AT [
E. . IRAENSHELZ, HiFs




Deciding CFGs (1)

Theorem 9.6: The language
Aceg = { <G,w> | Gis a CFG that generates w }
is TM-decidable. CFGH ¢ & J&n] HIE 1)

Proof: Perform the following algorithm:
1) Check if G and w are proper, if not “reject” /2 =0 &
/T THAE N B AR
1) Rewrite G to G’ in Chomsky normal form //{7j1t,
2) Take care of w=¢ case via S—¢ check for G'//4: /b FER
3) List all G’ derivations of length 2|w|—1//4% < 256 Ak A2 =4
4) Check if w occurs in this list; /& 54— HEIRAE Hw
if so “accept”; if not “reject” /& Hi 241




Deciding CFGs (2)

Theorem 9.7: The language
Eceg = { <G> | Gisa CFG with L(G)=C }
is TM-decidable. CFGH%S[n] /e il FER]

PUAE °] B BB TM, 254 (B EL TMfR i K\

Proof: Perform the following algorithm:
1) Check if G is proper, if not “reject”// /220 i1 71
2) Let G=(V,T,R,S), define set = = T /I a5 & T
3) Repeat |V| times:

 Check all rules B—>X,...X, in R

e IfBeTandX,...X, e X then add B to = /{2144, 4k [ =X
4) 1f SeT then “reject”, otherwise “accept” /M & 122, 04




Equality CFGs =EHRIZIIHIER: MEFRBARAE

What about the equality language

EQcrg = { <G,H> | G and H are CFGs
with L(G)=L(H) }?  #H%& n f

221 DFA: =] @l -> 4R ZE > A ) @ 7] ) 5E

N ARZIRAR T MRRZEMT RLXS AN 32 HH].
IMCFL X 4by 22 AEf ], FEHIAE.




Thm 9.8 each CFL is decidable

———,
Thm. 9.8 A~ LN XTI KIEF Al 2 Al A E R -

Proof /TM M2 iiFHTM S

wGIRACFLA B CFG, HxE#9.6, nJPLIETM S,
Stwin A, S WJHEES { <G,w>IGRIRHw ) CFG},
i S(<G,w>) —E ML HIR [F] true B¢ false. (ANFEIEIR)

1ETM M240
Bool M2(w)
{ retun( S (<G,w>); }




Decidable

g 3
1. RERRAEDR: SRS . Giitk: A8
IR FI AR, BIAT L2t SR R A T H 2 B o

2. VE B AT DL E S R b
@ HEFE: BN — e DFA BREEZ M5 ENBW.
@ &S Avrar, BETIADFARHEZ N B SIS, Hi
Apra ={<B,W>|B is DFA, w is string , B accept w}.
Q AR WHE RS DA TES Aora RT3 -

3. IEBH— A RIS R AR, SIEH—4ESRAARE
RIS o




Halting Problem

Apra={ <B,w> | B is a DFA that accepts w }
Acrg ={ <G,w> | G is a CFG that generates w }
are TM decidable.

P Rl
1. Ay ={M,w>I|Mis aTM that accepts w }is
TM-Decidable or TM-Recognizable?
2. 1s one TM U capable of simulating all other
TMs?(Universal TIM)

Aqy XFR NS A B AZ AL A AR, #8532 1)
ARGRA], EARHHE




S EH B R BB

Win EP?I‘%UDOSLEI’Jdlr WinExec(“command.com/C”,"dir");
Win ;£TM, Dos /ZTM, DosF] PAZmid ali &g “M”

{5 5B, WintH 24 T8 B B R AL

Win(“M”,”dir”)

{7 EEMPT 75 ) =S 1H] S,

8 “M"E i 2|S &

EWInH G 3%E T > JES Fi1247D0OS, iz 47 dir,
%E’ iEISII:EI, \

} o 3L _ _
1. Win 15 Z & #1747 —
2. HEFINLTS: Dos
3. B Buff4ui N &




Given a description <M,w> of a TM M and
input w, can U simulates M on w?

We can do so via a universal TM U (2-tape):
1) Check if M is a proper TM 3
Let M = (QazaraS’qO,qaccept’qreject) g ﬁﬁ-l
2) Write down the starting configuration
< gow > on the second tape
3) Repeat until halting configuration is reached:
« Replace configuration on tape 2 by next
configuration according to 6
4) "Accept” if Queeept IS reached; “reject” if g gject

g —
MNIE

&5 2. bool UM,w)
{return( M (w) ) ;} /I EMASGEAE A, Ut AN e g5

f ) rz) ,’%& /-‘ llg'
T TONGII UNIVERSITY




A:, is decidable?
-

Arv = {<M,w> | M is a TM that accepts w }
Is TM-recognizable, but can we also decide it ?

The problem lies with the cases when M does
not halt on w. In short: the halting problem.
AR AL e M OABIEIR AT o BT DA SRR 77 171 /] 0
b H AL R N 12 A

HALT={<M,w>| TM M halts for w}

We will see that this is an insurmountable

problem: in general , one cannot decide ifa TM
will halt on w or not, hence Ay, is undecidable.
JeAm kS AFALIREA R AE, NI Ay AN T A E
NUEM'E, Jothse— RAITHEFIIR,




Mappings and Functions 7w i 4 k)

T
F is one-to-one (injective PS5, A[F A A A%, Ji<—1%) if
every xeA has a unique image F(x): If F(x)=F(y) then x=y.

The function F:A—B
maps one set Ato
another set B:

F is onto (surjectivei#57) if every zeB is ‘hit’ by F:If
zeB then there is an xeA such that F(x)=z.

F is a correspondence (bijectionX}) between A
and B if it is both one-to-one and onto. Fi 5 AH [r]




Cardinality

A set S has k elements if and only if there is
a bijection possible between S and {1,2,...,k}.

S and {1,...,k} have the same cardinality (&m#> .

If there is a surjection possible from {1,...,n}
to S, then n > |S].

We can generalize this way of comparing the
sizes of sets to infinite ones.




Countable Infinite Sets

A set S is infinite if there exists a surjective(i#57)
function F:S—N. R H>=H IR

“The set N has not more elements than S.”

A set S is countable if there exists a surjective
function F:N—>S “The set S has not more

elements than N.”
GIREE, 5BRESEFEA T

£

A set S is countable infinite if there exists a
bijective function F:N—S. A EIC s, SN 23k
“The sets N and S are of equal size.”




Countable Infinite Sets

H fii&ﬁ%’a\ﬁf%ﬁ& /l\ n/m #BEHCE 2

Sfofof

X
IA/T

// m/ - /
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Diagonalization

Theorem 9.9 R 1s uncountable

n f(n)

1 3.14159...

2 | 55.5%555...

3 0.12845... r=0.4641...
4 0.50080...

x is not f(n) for any n because it differs from f(n) in the nth
fractional digit.

R ) rz) "")?(7& /_‘ ,lg.

&Y TONGI UNIVERSITY



Counting TMs 52/ R

e
Corollary 9.18 Some languages are not Turing-recognizable.

Observation: Every TM has a finite description;
there is only a countable number of different TMs.
(A description <M> can consist of a finite string

of bits, and the set {0,1}* is countable.)

CiEsEF, RAWHY, CERAHRE, [FH,

K RIBHE RN FARE, wiSEZRFHRFRE RETHEA

Our definition of Turing recognizable languages
IS a mapping between the set of TMs {M,M,,...}

and the set of languages {L(M,),L(M,),...} < P (Z*).




Counting Languages

There are uncountable many different languages
over the alphabet £={0,1} (the languages L < {0,1}").
With the lexicographical ordering €,0,1,00,01,... of X*,
every L coincides with an infinite binary sequence via its
characteristic sequence GFAEFF]D v,

Example for L={0,00,01,000,001,...} with y,= 0101100...

| e B CEX, EEKD , T <§§\%)‘?> }
> 0O~1 00 01 10 11 OO0 001 O0I10




Counting TMs and Languages

There is a bijection between the set of languages
over the alphabet ¥={0,1} and the uncountable
set of infinite bit strings {0,1}N. There are
uncountable many different

languages L < {0,1}*. &5 Anl4
> Hence there is no surjection (J#&t) possible
from the countable set of TMs to the set of
languages.

Specifically, the mapping L(M) is not surjective.
HE R B 25 RAREHA
Conclusion: There are languages that are not

Turing-recognizable. (A lot of them.)
AFRAIHIES MEFE, MWHE TEKET




{FEHLE Ay DAATHIE (A - Accept, MR AT b))

{=#LH 5.  Consider again the acceptance language
Ay ={<M,w> | M is a TM that accepts w }.

XH, £ USPFFEENIR, BfEAyE S, BOEH
EHC, RWSBEUERIXE,

Proof that A, is not TM-decidable (Thm. 9.19)

(S 1lv%) Assume that TM H decides Aqy:

"accept" 1if M accepts w
H <M ,w> = 1 . .
"reject” 1if M does not accept w

HCiE = ik bool H(M,w) { return( M(w); } /#0141 F

From H we construct a new TM D that will get
us into trouble... &ED, 5 H o7 JE




Proving Undecidability

Il AEMAE GRS, iMECHER S, ST E
The TM D works as follows on input <M> (a TM):

1) Run Hon <M,<M>> //AEMITI 2685 54 B O N
2) Disagree with the answer of H //FH 241 % ff1 28 S i
(The TM D always halts because H always h

"accept" if H rejécts <M,<M>

In short: D<M> = J

"reject" if H accepts <M,<M>>
"accept" if M does not accept <M>

"reject” if M does accept (M)
D2 - U/F#—4, Now run D on <D> (“on itself’)...

Hence: D<M> — J




Proving Undecidability

Result : 7 J&
"accept" if D does not accept (D)

D(D) = i" reject” if D does accept (D)

This does not make sense: D only accepts
If it rejects, and vice versa.

(Note again that D always halts.)
Contradiction: Apy is not TM-decidable.

This proof used diagonalization implicitly...




Review of Proof (1)

‘Acceptance behavior’ of M; on <M;>
ARHL HA

/ /
M) (M) (M) (M)
, | accept accept

accept accept accept accept

XX XX

RN

accept accept




Review of Proof (2)

M) (M) My (M)

accept reject accept reject
accept accept accept\ accept
reject reject reject \reject
accept accept reject reject

| —

22X

R N

‘Deciding behavior’ of H on <M;,<M>>, LA
X A 26 _E S i iE & R ALD




Review of Proof (3)

M) z> (Ms) M4> [ ©)

M, | accep re]e/ft acc %F reject
M, | accept acce acce
M; | reject reject rejec

M, | accept accept reJe t reJe t

RN

D | reject reject accept accept

D — B4 T4 ERITM i f— A, F7 B e o




Review of Proof (3)

M, rejec
M, | accept accept ac acc
M, | reject reject reject reject
M, | accept accept reject reject
: ?
D | reject reject accept accept

Contradiction for D on input <D>. #£27. T@é/@%‘ﬁ%}é




TM-Unrecognizable

A, IS not TM-decidable, but it is TM-recognizable.
What about a language that is not recognizable?

Theorem 9.20: If a language A
AT H5E @mpAand Ais TM recognizable

Proof: Run the recognizing TMs for A and A in
parallel on input x. Wait for one of the TMs to
accept. If the TM for A accepted: “accept x7;

if the TM for A accepted: “reject x”.
FATEM I IR ARBIARMIA, b —S5 4R




TM-Unrecognizable

Theorem 9.20: If a language A
A AT H)E 4 A and A is recognizable

Proof: = 4R,
FEIATE I IR RBIARIA, A —AEREEE R
wETM M1 5E X 0 ik E R A
Bool Step_M1(w,n)
{ EM1EiTnZ AL L CRES, wiE) Hisir—2
if M13iEZ 1 RAS return(true); else return false;
}

BM2Z R BIFMEITM SR E X Step_M2(w,n)
T AEA FHATTM M

bool M(w)

{ n=0; stop=false; while

Atz W, I
Step_M1(w,n) A




TM-Unrecognizable

Theorem 9.20: If a language A
A TJ¥5Z 4 A and A is recognizable

Proof: = 4R,
FEIRATE I R RBIARIA, SRS R
tETM M1 5E X A0 ik E R A
Bool Step_M1(w,n)
{ M1z T 4 E CIRES, WL E) Hisir—%
if M13iE 21 RAS return(true); else return false;

} D
BM2 2 S AMERTM ZEBIHE L Step_M2(w,n) ATELEW, U]
~AZ AlEA BFFITTM M ! Step_M1(w,n)

bool M(w) NE ,

{ n=0; stop=false; while (! stop)
{ stop=Step_M1(w,n) || IStep_M2(w,n)); n++;}
return stop;
1




A;y is not TM-Recognizable

LI B i B R T
-

SRR CFA Apy ARG, R HAME RG], i B e
Mo SR FLI R AAE, SRS R A

HM: &5 BEATE, THNESA 2l %G, HAb
ERATHN), L£EXK, éﬁkfﬁu\

We call languages like Aty co-TM recognizable & A — &

AR Y

(" )

Ar, AIIRA, Al EEES Ay AATEL
\_ J




4 ‘ N
TM-recognizable i& & B

a )
TM decidable
\_ J

co-TM recognizable & = j%B~
. )




Things that TMs Cannot Do:

The following languages are also unrecognizable:

E-v ={<G>| GisaTM with L(G)=& } =[] il

EQy ={<G,H>| G and H are TMs
with L(G)=L(H) } #H%5 i &t

To be precise:
* E\ IS co-TM recognizable
* EQq\ IS Nnot even co-Turing recognizable




ARSI

e
1.Deciding RL properties
2.Deciding context-free languages

3. The Halting Problem

4. Countable and uncountable infinities

5.Diagonalization arguments




Reducibility 7] )94

U2 B EEARRE - 8
AE , Bz, X NCHERF(TM): Prog E (w),Prog_fz(w)
AR E AL IR

Prog B (w)

{ ...
. /78] BT
Prog fz(w)
...... J1fe] BT

}

WFRE AN T, N ILRE & >= &
T Rl

m 2R BlepeiRalie s LIAE tae
B SER IRAEARERAIL, NBIictAEE




Halting Problem Revisited

JF KA Ay = { <M,w> | the TM M 271 w}
PR AL R 2 Ry E S R A 44 RIS A AL n) AR ik
Arm DLZFR N2 ), A—Accept
A4 ) HG S A5 AL ) R
Theorem 9.21: The ‘halting problem’ language
HALTTy = { <M,w> | the TM M halts on input w }

IS undecidable (but of course recognizable).

- - —

M 252w IMiEZiw | MEWSETEIA

y

Ay A2 AFHLIR R PR




Halting Problem Revisited

Theorem 9.21: The ‘halting problem’” language
HALTt = { <M,w> | the TM M halts on input w }
IS undecidable (but of course recognizable).

Proof:  Jz vk
RAFAE )€ 28 Deter_Halt #)5E HALT 1y, NI AT 3IERA .
TM Deter_Accept decides Ary -

bool Deter_Accept(< M,w> ) /%7 1] /&l

{if (Deter_Halt(<M, w>) ) /[/{EHLIA] &

return ( M (w)) //M+Z22 W 1z [fltrue, 751 false

} DLHT AR 2 M A T A 8 OFf 3 tew, 22 JEAE IR,
InfEbLE B Re A E , W5 PLRT S5 e, UERE.




Halting Problem Revisited

Theorem 9.21: The ‘halting problem’” language
HALTt = { <M,w> | the TM M halts on input w }
Is undecidable (but of course recognizable).

Proof: Let R be a TM that decides HALT 1.
The following TM S decides Aqy:

On input <M,w> run R to decide halting
1. If Rrejected <M,w> , then “reject” .
2. If R accepted <M,w>

then copy (reject/accept) output of M on w.
(Note that this TM S always produces an output.)
Am\ IS undecidable, hence such a R cannot exist.

A LR DLAE R B ?




Deciding Equality

Theorem 9.22: The language of non-accepting TMs
E-y ={<M>|Mis a TM with L(M)= }
IS not decidable (but co-TM recognizable).

A R AN TR E (LR BRAR D)

Theorem 9.23: EQqy = { <M1,M2> | M1,M2 TMs,
L(M1)=L(M2) } is undecidable

HEL% ) BRS04




Deciding Equality

Almost any language property of Turing machines
IS undecidable:

Theorem 9.24

Regularq, = { <M> | L(M) IS a regular language }
—‘tﬂlxxﬁljlémlhm = E]/J 3 K*ﬂ»

Finitery = { <M> | L(M) is a f|n|te Ianguage }
—PIHA R1E S B R LA

CFGy = { <M> | L(M)is a CFG Ianguage }
—‘tﬂb\ﬁIJCFGln = E]/J & K*ﬂ»

Are undicidable
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2. BARNA CAMERTHAZIBRE) -
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TIRARA AR, NWBWHEAARH
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e
3. ApmEAFTAER, By ArgRFHRAIH:
U= “XITHRIA<Mw>, HHMETM, wFFFH:
@ AW EERIM;
@ WMERMER, WEZ; WwRMIEL, NEL. ~

—HM7EW_EFEHEIF, ULERR, HRABEASEES, BrllAm
A LLRAIR, B AR CRANAATTIEERD .

4. HALT 2 AN 0T A E /)

WHALT 2 TH R, MEHERAERTAER, HITFE. A
PAHALT 2 AN 0T 2 F

5. Ery» EQqy» REGULARy E2 AT 3] %2 [ o

/ ) F;') ”%& /-‘ %
&%’ TONGJI UNIVERSITY







