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The Ultimate Brownie Pan

Abstract

Brownie Cake is famous for its fantastic taste, but how can we cook Brownie
Cake better? Apparently, it needs to be baked in a suitable pan. Now, let’s take a close
look at Ultimate Brownie Pan designed in this article.

For the sake of dealing with the contradiction between delicacy and efficiency,
there are two mathematical models being developed.

The model 1, namely, model with three-dimensional differential equation of heat
conduction, provides a solution to studying the heat distribution of pans in different
shapes. By using ANSYS to simulate, the maximum temperature difference of
rectangle pan is 2.296 centigrade. And the maximum temperature difference of round
pan is 1.386 centigrade. It proved that the heat temperature distribution of round pan
is more uniformer than rectangle pan.

In order to study the best shape of pan under given conditions, model 2 is a
mixed one of two-dimensional packing model and combination optimization model.
Temperature variance of pan and utilization radio of area are selected to quantize two
indexes given.Six basic shapes of pans are discussed.We get the best appropriate pan
in the different shapes. In particular, a curve have been fitted to reflect which shape of
pan is suitable for the oven under certain condition.

Keywords: Brownie Pan  Heat Conduction Equation ANSYS

Temperature Variance ~ Combinatorial Optimization Model
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I. Introduction

Product gets overcooked at the corners when baked in a rectangular pan, but not
overcooked at the edges when baked in a round pan. However, using round pan is not
efficient with respect to using space in a rectangular oven. So it is necessary to design
pans of new shape satisfied for maximizing both even distribution of heat for the pan
and number of pans that can fit in the oven.

In order to study better the heat distribution of pans in different shape, the paper
develops a mathematical model with three-dimensional differential equation of heat
conduction, and use ANSYS to simulate.

For the sake of studying the best shape of pans, the model 2 is developed as a
mixed one of two-dimensional packing model and combination optimization model.

I1. Models

1.Model 1

1.1 Symbols and Definitions

Table.1 Symbols and Definitions

symbol definition

7 ( X, 1, Z, 1‘) temperature of a plate (°C)
g (Xa Wt ) volumetric energy of heat source ( W)
- - functions describing the movement of the heat
(2),.0(7)
source (72)
7,7 temperatures of a surrounding medium (°C’)
a,b,/ dimensions of a plate (72)
¢ time (')
o> Vo coordinates of fixed point of a plate ( 77z )
G(x,y, z, l,é,n,é’,r) Green’ s function
K thermal diffusivity (77%s™")
& size of the quadratic element on the plate
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surface heated by the heat source (77)

o() Dirac delta function
a,,a, heat transfer coefficients (' K")
A thermal conductivity (#m ' K)
angular velocity of the moving heat
%
source ( 7ad s™")
7, J kL mn indices
1.2 Assumptions

For the model 1, some reasonable assumptions are as follows:

1.In the oven, the heat transfer mode is heat conduction;

2.The heat distributes evenly in the oven, and thermal environment of the same
pans has no difference;

3.The pan’s material is even and appears isotropy in physics.

1.3 The foundation of model 1

The temperature 7(x, y,z,7) of the pan satisfies differential equation of heat

conduction:

1 07 1
Vil——"—+—g(x,,0)=0
T, /lg(i’)/ ) (1)

where V2 =(0%/ax*)+(0°/ay?)+(0°/6z2), # is thermal diffusivity, A is thermal

conductivity and g(x, v, t) denotes a volumetric energy generation. [1]In
consideration that the temperature rises rapidly to a stable state in the oven, the
volumetric energy of heat source g(x, v, t) is thought to be a constant.

The analysis for the heat distribution of the rectangular pan as a example is
presented, as follows.

The differential equation (1) is complemented by the following initial and
boundary conditions:

7(x,2,20)=20 (2)

A87(0, y,z,0))ox=—a,| 7, - 7(0, y,z7) ] 3)
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AoT(a,p,z.t)|ox=a,[ - T(a,p,2,¢)] (4)
A87(x,0,2,0) /0y =0, | 7, - T(x,0,2,7) ] (5)
AOT(x,b,2,0) [0y =a,| I, - T(x.6,2,7) | (6)

A8T(x,,0,0))0z=—a,[ 7, - T(x,1,0,7) ] (7)
ABT(x,y, /1) [0z =05 | T, = T (x, 11 | (8)

where a,(7=0,1,2,---5) is the heat transfer coefficients, and 7/(/=0,1,2,---5) is

known temperatures of the surrounding medium.

1.4 Solution to the problem

The solution to the initial-boundary problem, which is given by Eq.(1) and
conditions (2) —(8), is determined by using Green’s function method. The Green’s

function G(x,»,z24&,n,{,7) is asolution to the differential equation:

1 0
Vie—. = \&(x,1,2,0,E,n,C,T)=0 9
(3/%61)(7 5714) )]
and satisfies the homogeneous initial-boundary conditions, analogous to the initial

and boundary conditions (2)—(8):

(AoGlax—a,G)| _ =0,(A0G/axr+a,G) =0 (10)
(20Gjov-a,G))_, =0,(20G]ov+e,G)| _, =0 (11)
(A0Gloz—a,G)|_ =0,(A0G/oz+a,G)|_ =0 (12)

The Green’s function for the considered heat conduction problem as a solution to the
homogeneous differential problem (9) — (12) is presented[2]. The application of a

reciprocity relation [3]: G(x,1,2,46,m,0,7)=G(E.n,,—,x, »,z,—¢) , in Eq.(9),

yields

Vz.——-—jG’(x,y,z,t,éj,n,C,r):0 (13)

where 6;:(82/852)+(82/8n2)+(82/8§2) . Eq.(13) is then used to solve the

problem.
The Green’s function is applied to determine the temperature 7" in the pan. To
this end the following steps should be performed:
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—Replacement of variables x, »,z,7 in Eq.(1) by &,n,{,7, respectively.

— Multiplication of both sides of the equation obtained in the first step, by the
Green’s function G(x, y,2,4E,1,8,7).

— Integration of both sides of the equation obtained in the second step, with
respectto &,1,¢,7 in the intervals (0,4),(0,2),(0,%),(0,7) respectively[1].

As a result one obtains

FLL[(F 4 renc - detemco)

xG(x,p,2,6,E,1,8,7)drdG dndé =0 (14)
Next, the integral in Eq.(14) is integrated by parts: the terms which include

derivatives of the function 7' with respect to &,n,{ , are integrated by parts twice

and the term including the derivative with respect to 7 is integrated once. After
utilizing the initial and boundary conditions (2)—(8) and Eq.(10)—(12), the following
equation is obtained:

LELH(F 4 D otenncancs)

XT(é’n’g’T)—F%g(é’n’g’T) G('X"yﬁzﬁf’é’n’g’}r)}
xdtdC ané + B.c.=0 (15)

where B.c.= Jjj: J'Ol[ﬂ/fqé:d + u0756’|§=0 ]a’ra’éja’n
I wnd L+ TG, g e

+I:I: H”ﬁfsqg=ﬁ ”4ﬁqg=o]dfdndi (16)

Finally, using (13) in Eq.(15) and using the properties of the Dirac delta function[1],
one obtains:

7(x,p,2,7) ——j [[['[ e(en.c.0)Gopznsng o)< didsdnds + Be.  (17)

Analogous to the analysis method for the heat distribution of the rectangular pan
in space rectangular coordinate system, problem of the heat distribution in a round
pan based on cylindrical coordinate system is solved , and also the other cases such as
elliptical, regular hexagon and so on.
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1.5 Verification with simulation diagram

In order to show the distribution of heat across the outer edge of a pan for pans
of different shapes - rectangular to circular and other shapes in between, six pans
made up of iron in different shapes are selected to do simulation by using ANSYS[4].
Here are the physical properties of iron, requirements for baking[5] and six basic
shapes of pans:

Table.2 The physical properties of iron

Items Specific Heat Density Thermal Conductivity
Value 460J-kg!-°C! 7850kg m™ 40%1.163W-m-!-°C-!

Table.3 Requirements for baking

Items Baking Temperature Size of Cake Baking Time

Value 180°C 9cmx12cm 1800s

Table.4 Six basic shapes of pans

le
[ -

T |
=
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Simulation diagrams are as follows:

Figure.l Temperature distribution simulation diagram one

160.256 160.63 161.021 161. 40
1

160.63 .403 GRTH
160.447 160.83 61.212 161.59

Figure.3 Temperature distribution simulation diagram three
Fig.1 —3 show that the heat distribution of the pan becomes more and more
uniform, with the pan’s shape changing from rectangular to circular gradually.
Therefore, it expounds perfectly that product gets overcooked at the corners when
baked in a rectangular pan, but not overcooked at the edges when baked in a round
pan.
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1.6 Strength and Weakness

The advantages:

1.The model can be simulated by utilizing ANSYS ,which turns out the model is
right and suitable.

2.The model is universal and can easily slove out heat distribution for different
shapes of pans.

3.The model can appear the change of heat distribution for different shapes from
rectangle to circular well.

The disadvantage:
The model considers heat conduction and heat convection but ignores heat
radiation ,which leads to some errors to the result.

1.7 Conclusion:

Utilizing ANSYS to simulate the model 1,the paper gets Fig.(1)—(3) simulation
diagrams for different geometric shapes, Fig.(1)—(3) indicate that when the shape
changes from rectangle to circular,the temperature distribution for geometric shape
becomes more and more uniform,so the temperature distribution for a round pan is
most uniform.

2.Model 2

2.1 Symbols and Definitions

Table.5 Symbols and Definitions

symbols definitions

the even extent of heat distribution in a
pan
the area of pans to the area of oven
inside ratio
the weight for the even extent of heat
distribution in a pan

U

1-p the weight for area ratio »

the area of oven inside
the width of the oven inside
the length of the oven inside
the area of a rectangular pan

AN X 4
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a,b the dimensions of the rectangular pan
n the number of the rectangular pans
4 the temperature variance of round pan’s
0 outer edge
J the temperature variance of rectangular
pan’s outer edge
2.2 Assumptions

For the model 2, some reasonable assumptions are as follows:

1.The heat distributes evenly in the oven, and thermal environment of the same
pans has no difference;

2.At the same time there is only one kind of shape of pans in the oven.

2.3 The foundation of model 2

The problem expounded is the two dimensional packing of a big rectangle with a
given number of small rectangles or some other shapes. The analysis for the
configuration of the rectangular pan in the oven as a example is presented, as follows.

It is important to consider that the sides of small rectangles must be parallel with
the sides of a big rectangle. Two cases are possible: in the first case, a 90° degree
rotation for smaller rectangles is not allowed, while the second case allows rotation.
Smaller rectangles must be placed completely inside the big rectangle and they must
not overlap. Let the dimensions of the big rectangle be respectively # and Z .

There are » small rectangles. Let their dimensions be respectively « and 5,
(z': ,2,--- /1) It is allowed for the small rectangles to have the same dimensions.

Let x and », (z': L,2,- ~-,/z) be coordinates of the centers of rectangles in the

rectangular coordinate system, where strip starts from . -axis and is spreading in the

direction of y -axis. Bounding rectangle then has vertices in points with coordinates

(0,0),(0,£),(#,L) and (#,0). Model is presented and proofed in [24]. The

following mathematical model for packing rectangles into bounding rectangle is
obtained[6]:

777

max iwm (18)

=1 -V



Team # 22063 Page 11 of 21

-5 »-
‘czl.+aj bl.+bj‘

5% Y,

+
‘al.+aj bl.+bj‘

2L /=1,2,--n=1, j=i+]1,---n

)//.—L|2é, =1,2,---nm
5.z 2

)/],2%, i=1,2,-n (19)

In order to determine the even extent of heat distributing in the rectangular pan
exactly, it is necessary to separate the outer edge of the rectangular pan to several
sections evenly. Then discretize the temperatures of each section, and obtain their
variance. So the temperature variance of pan’s outer edge could be satisfied for
describing the even extent of heat distribution. The lesser the variance is, the better
the even extent will be. As a result one obtains:

max Z = p-v+(1-p)-u (20)

S=WL

A=ab

SLinALS (21)
uza’o/a’

v=ndlS

where «: the even extent of heat distribution in a pan;
v: the area of pans to the area of oven inside ratio;

p : the weight for area ratio v;

1— p: the weight for the even extent of heat distribution in a pan;

S the area of oven inside;

W . the width of the oven inside;
L : the length of the oven inside;
A : the area of a rectangular pan;

a,b: the dimensions of the rectangular pan;

n: the number of the rectangular pans;

d, : the temperature variance of round pan’s outer edge;

d : the temperature variance of rectangular pan’s outer edge;
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2.4 Solution to the problem

BL algorithm must meet BL condition,that is, arbitrary rectangle within the
configuration diagram can’t be moved to left or down unless it produces interference
or breaks the boundary.

Define the rectangle which will be arranged as P1,P2,P3....... Pn.

The algorithm has three steps as follows:

1.P1 is arranged in the bottom left corner,if the value of Pl is negative
number,then rotating P1 for 90 degree,and working out the maximum height of the
rectangular area parked after arranging.

2.P1 (i=2,3....... n) is arranged in the maximum height on the right side and
moved to left or down in turn. First, Pi is moved to down as much as possible,then
turned left as much as possible until the movement stops,finally,working out the the
maximum height.

3.Repeating to do listed above until all rectangles are arranged,the maximum
height got in the end is the length of the space which is parked[7].

In order to optimize a combination of conditions (1) and (2) where weights p and
(1- p) are assigned to illustrate how the results vary with different values of W/Land p.
As it known all, it is rather difficult to take W/L and p at the same time. In this paper,
the change of W/L and p were considered separately.

Firstly, only the variation of p is taken into account, the change of W/L is not
considered. Under this circumstance, different shapes of pans were placed in the oven.
The shape of pans have been listed in model 1.Then based on model 2, the fitness
willmigerl of each shape can be obtained. So it can be seen clearly that the shape
which have the bigger fitness willmigerl is more suitable for the oven. What’s more in
order to demonstrate the different outcome of every shape. The relation between p and
Z is found for every shape of pans. And this relation is displayed in figures. At last,
we make a summary of the relation between p and Z. This relation is also displayed in
a figure.

Secondly, only the variation of W/L is considered, the change of p is ignored. As
the above, different shapes of pans were placed in the oven. And the outcome is
displayed in histogram.

2.5 Result and Analysis to the problem

The size of pans is in [5], and size of oven inside is in [8]. Based on those data,
as a result one obtains:

1.0nly on the condition one ,that is p=1,it means that the aim becomes to realize
the maximum area utilization rate. Owing to the oven is rectangle and the pan shape
can change, so the rectangle pan must reach the aim according to oven’s W/L. The
result is as follows:
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Figure.4 The configuration of rectangular pans in the oven

2.0nly on the condition two, that is p=0,it means that the aim becomes to realize
the maximum even extent . According to the conclusion from the model 1,it’s easy
sure that round pan can reach the aim incontrovertibly. The result is as follows:

Figure.5 The configuration of round pans in the oven

3.0n condition (3), the even extent of heat distribution and area ratio are both
taken into account:
(1) results when only vary W/L:

The Value of Z(S=55%56)

0.9
0. 85
0.8 —
0,75 —
0.7 — —
0, 65 I I I 1 I

Rounded
Eectangle

Racetrack
—type
Ellip=e

Eectangle

Circular
Eegular
hexagon

Shape of Pans

Figure.6 The Value of Z(W/L=55/56)
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The Value of Z (S=59. 5%57. 2)

0.5

Eectangle
Racetrack
—tvpe

Ellip=e
Eectangle
Circular
Eezular
hexagon

Eounded

Shape of Pans

Figure.7 The Value of Z(W/L=59.5/57.2[9])

The Value of Z (S=44. 7%38. 3)

0.5

Eectangle
Racetrack
—type

Fllip=e
FEectangle
Circular
Eezular
hexagon

REounded

Shape of Pans

Figure.8 The Value of Z(W/L=44.7/38.3[10])

The three figures above shows the Z value of different pan shape when we vary
W/L only. On this occasion, the weight p is set at 0.5.

Fig.6 is the result when the size of oven is 55*56. From Fig.6, the Z value of
circular pan is the biggest , it means that circular pan is the best selection under this
circumstance.

Fig.7 is the result when the size of oven 1s59.5*57.2. From Fig.7, the Z value of
circular pan is the biggest , it also means that circular pan is the best selection on this
occasion.

Fig.8 is the result when the size of oven is 44.7*38.3. From Fig.8, the Z value of
Racetrack-type pan is the biggest , it also means that Racetrack-type pan is the best
selection on this occasion.

(2) results when only vary the weight p
The following tables show the configuration of pans in the oven based on the
result of model 2:
Table.6 The configuration of rectangular pans

Rectangle
size (b*a) 10*10.8 9*12 8*13.5 6*18
variance 0.2732 0.2624 0.2828 0.3014
number 25 26 25 27




Team # 22063 Page 15 of 21
Table.7 The configuration of Racetrack-type pans
Racetrack-type
size (b*a) 6%9.93 7%7.22 8%4.935 9*2.95
variance 0.2043 0.2224 0.1991 0.1922
number 27 24 24 24
Table.8 The configuration of rounded rectangle pans
Rounded Rectangle
size (a*R) 5.5%1 6*1 6.5%1 7*1 7.5%1 8*1
variance 0.2637 | 0.2461 0.2394 0.2312 0.2378 | 0.2562
number 22 21 21 18 20 16
Table.9 The configuration of ellipse pans
Ellipse
size(a*b) 3*11.5 | 3.5%9.8 4*8.6 4.5%7.64 | 5%6.88 | 5.5%6.25
variance 0.3912 | 0.3022 0.2446 0.2131 0.183 0.1829
number 18 20 18 23 20 20

Table.10 The configuration of circular and regular hexagon pans

Circular
size(R) 5.9
variance 0.1829
number 20

Regular hexagon
size(a) 6.44
variance 0.1979

number 20

There are some configuration figure of pans in the oven, as follows:

1]
]

—

Figure.9 The configuration of rounded rectangular pans in the oven

=

Figure.10 The configuration of ellipse pans in the oven
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Figure.11 The configuration of regular hexagon pans in the oven

The relationship between Z and p is displayed as the following figures.

the relationzhip between maxium and weight when pan is reclangle
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Figure.12 The relationship between 2 and p (rectangle,ellipse)

the relationship between maxium and weight when pan is recetrack-type

the relationship between maxium and weight when pan is rounded rectangle
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Figure.13 The relationship between 2 and p (racetrack-type,rounded rectangle)
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the relationship between maxium and weight when pan is circular the relationship between maxium and weight when pan is regular hexagon
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Figure.14 The relationship between 2 and p (circular,regular hexagon)

The six figure above shows that the relationship between Z and p.Andas a

matter of fact, it really makes sense. For instance, in Fig.12, from the relationship

between Z and p of rectangle, Z becomes bigger while p increases. When
p=0, Z isnearly equal to 0.7.0n the other hand, when p=1, Z is nearly equal
to 0. Next, let’s come to analyze this phenomenon. In model 2, p stands for the

weight of area ratio ». According to the actual situation, if p =0, it means that the

area ratio is not taken into account. The objective function can be transformed to:
While p=0, in Eq.(20), yields: max 7=« (22)
In this way, it means that the consumer is only concerned about the uniform heat

distribution. From the work above , the even extent # of rectangle is nearly to 0.7.
So it can be seen that the theoretical results is accord with the actual situation.

According to the actual situation, if p=1, it means that the even extent is not taken

into account. The objective function can be transformed to :
While p=1,in Eq.(20), yields: max Z=v (23)

Under this circumstance, it means that the consumer only concerned about the
area ratio v. From the work above, the area ratio » of rectangle can reach nearly 1
if the right size of rectangle pan is selected. So the theoretical results in Fig.15 is
accord with the actual situation.

Follow the analysis step above, it can be proved that the relationship between 2

and p of circular pan is correct. And the trend of other figure make sense.
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the relationship betweean maxium and weight when using pans synthetically

1 T T T T T T T T T
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0.1 0z 03 0.4 0.5 0B 07 08 0.4 1
Weigth (p)

0.91 ' ' :
a

Figure.15 The relationship between 2 and p

2.6 Strength and Weakness

Model 2 is a mixed model of two-dimensional packing model and combination
optimization model. In this model, the packing step and optimization step were
combined into one model. So it can reflect the actual situation well. And in this model,

different weight p can be assigned to the area ratio » and even extent, so it can

select the best pan shape for oven under different situation.

But on the other hand, this model also has several weaknesses. The most
important one is that this model is a non-linear model, the solution for this model is a
bit complex. We have to simply the solve procedure. It have been discussed in the
solution for model 2. Therefore, the outcome of this model can’t be globally optimal
solution.

2.7 Conclusion

Model 2 is a mixed model of two—dimensional packing model and combination

optimization model. In this model , we vary the weight p and the W/L of oven to

select the best shape of pan for the oven. In order to make the model more convincing,
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we use several different shape of pans in the model.

Next, we obtain the relation figure of p and Z and the Z value of different pan
shape when we vary the W/L.

Finally, we compared the theoretical results with the actual situation and use
them to select the best pan shape under different circumstance.

III Future Work

3.1 The improvement of model 1

Model 1 is based on heat conduction equation and heat convection. But actually, when
baking product, thermal radiation also exists. So thermal radiation should be added into the
model to make it more precise.

3.2 The improvement of model 2

Model 2 is a mixed model of two-dimensional packing model and combination
optimization model. But the two-dimensional packing in this paper is intended for
rectangle. So it’s necessary to find algorithm that can be applied to more shapes.
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IV A letter

Dear Editor:

We take part in the 2013 MCM during the last four days. The problem we study during these
days is the optimization of Brownie Pan. As it known to all, when baking in a rectangular
pan, the product gets overcooked at the corners. So it is necessary to change the shape
of pans to get better product quality.

However, there is a contradiction between product quality and the space use ratio
of the oven. We will explain it in a common way. For example, it is common sense
that product gets overcooked at the corners of the rectangle. On another occasion,
when we bake product in round pans, the product is heated evenly at the edges. So
you may think that why not we bake product in round pans. Then the quality and taste
of the product will be better.

Unfortunately, every coin has two sides. Although the product is heated evenly at
the edge of round pan. When we use round pan instead of rectangle pan, the space use
ratio will decrease. It is illustrated in the following figures

Fig.1 use rectangle pans in oven Fig.2 use round pans in the oven
Fig.1 and Fig.2 shows that the space use ratio of rectangle pan is bigger than the
round pan.

In general, we have three choices when baking product. If you are only
concerned about the quality of product, you can choose the round pan. If you are only
concerned about the space use ratio of the oven, you can select the rectangle pan. In
addition to these, you can make a compromise. For example, the space use ratio of
rounded rectangle is bigger than rectangle. While the heat uniform degree of rounded
rectangle is smaller than circle.

In particular, if you want to design a pan that is most suitable for yourself. Our
mathematical model will provide a good solution for you.
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