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Summary

Based on the existing Finite Element Method (FEM) technique, we consider two models
to analyze the temperature distribution in the bathtub, including without and with a person in
it. Then, we build two inflow models, namely, the continuous inflow model and the
discontinuous inflow model. At last, we employ Fuzzy Comprehensive Evaluation (FCE) to
evaluate these two inflow models in order to find an optimal solution.

First, regarding the model without a person in the bathtub, we calculate the heat dissipation
in the water-to-air heat convection and build a hot-water tube model for calculating the heat
addition. What’s more, to find the temperature distribution in the bathtub, we simulate such
model on ANSYS, which is a large-scale common finite element software.

Second, we consider the model with a person in the bathtub from two aspects, namely, the
person in the still and the moving states. Specific to the moving state of person, we find that
there exist two ways of dissipating heat, including the water-to-air heat convection and the
water-to-bathtub heat conduction. Furthermore, we exploit MATLAB to find the temperature
curve in natural cooling process. .

Third, based on the analysis of above two conditions, we propose to simulate on the
continuous and discontinuous inflow models of the hot water. Besides, to find an optimal
strategy, we evaluate these two models using fuzzy comprehensive evaluation (FCE), where
the variables include the amount of needed water, the comfortable degree of user, the operation
complexity and the operative difficulty index.

Fourth, to analyze the sensitivity of two models with and without person, we extensively
change the velocity and the temperature of the hot inflow, the air temperature, the surface area,
volume and material of the bathtub, and the volume of the person body.

At last, we further study the model for cleansing with a bubble bath additive. In this case,
we vary the condition of the bubble to observe this model’s performance.
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Abstract

Naturally a non-spa-style bathtub without a secondary heating system and circulating jet
will get noticeably cooler after being filled with hot water. The water lose heat both to the air
and to the bathtub. One want to keep warm by adding a constant trickle of hot water from the
faucet. To handle fluid’s overflowing, the bathtub is designed in such a way that when the tub
reached its capacity, excess water escapes through an overflow drain.

We Dbuild Bathtub without Person model (BWOP) to simulate the water temperature
distribution without people inside, and Bathtub with Person (BWP) model to research the
natural cooling process and to propose reasonable strategy for user to maintain the temperature.
The simulation of BWOP mainly depends on the finite element method (FEM) using ANSYS,
while the simulation of BWP mainly depends on the solving of the thermodynamic equation
using MATLAB.

Keywords: Heat Convection, Heat Conduction, Finite Element Method, ANSYS
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1 Introduction

1.1 Restatement of the Problem

We are required to model the bathtub water’s temperature in space and time, which enables
an individual to pick the best strategy in order to keep the temperature almost a constant in
the bathtub. Besides, the temperature at any time is required to approach the initial state
without wasting too much water.

By analysis, we proposed to decompose the problem into two sub-problems:

® Build a model that can simulate the temperature of the bathtub in space and time.
® Propose an optimal strategy. The strategy should satisfy two conditions: waste the least
water and let the user feel comfortable.

First, for generality, we set the velocity and temperature of inflow, the size and shape of
bathtub variables. Then, we try to model the temperature inside. On one hand, the model needs
to show the volume-average temperature. On the other hand, it is required to depict the
distribution under the influence of heat loss and addition. Then we can change the inputs to
do several simulations. Only using many simulation results can we build a relationship
between input and output of the complexed thermodynamical system.

Second we seek to use the relationship getting from our simulation to find the best strategy
for keeping the temperature. In our model, “best” doesn’t not only means “the least water” but
“the most comfortable environment for the people” which put weight on the gradient of
temperature and limit on the degree (to avoid scald).

At last, we try to adjust our model to different initial state such as the bathtub size and shape,
the inflow temperature and the motions made by the people. We also take the bubble bath
additive in to consideration.

2 Assumptions and Justifications

1) Water is stability, incompressible viscous liquid. The compressibility of the water is
small enough to be ignored. The water is steady and viscous in cases that we will discuss
later.

2) The fluid matches the Boussinesq assumptions!,
® The fluid viscous dissipation can be ignored.
® All the physical properties except density are constant
® For density, we only consider its change in the body force entries in momentum

equation, others can be considered as constant.



Team #48649 Page 5 of 44
3) The volume of the air is infinite and the temperature of the air keeps constant.
Compared to the volume of the water, the volume of the air is much bigger, thus we can

think the air is infinite and even. Then we can ignore the heat transfer in the air and take

t,; as a constant.

4) The temperature can be evenly distributed in bathtub at any time when a person is
in it (BWP model). When a person settles in the bathtub to cleanse, if the temperature
distribution is uneven, he will feel uncomfortable and then he must agitate the water to
make the temperature evenly distribution.

5) There doesn’t exist heat convection in the water when a person is in the bathtub
(BWP model). From assumption 3 we can see, when the person is in the bathtub, the
temperature is even in the water, thus there is no convectionl?.

6) The temperature of the bathtub is at a steady state at any time (BWP model). Heat
dissipation can happen through the wall of the bathtub. When the water temperature and
the air temperature remain unchanged, the bathtub temperature gradient will reach a
steady state after time T. To simply the model, we take time T close to 0, that is, the
temperature of the bathtub is at a steady state at any time.

7) The bathtub walls and the bottom are adiabatic in BWOP model. In BWOP model,
heat dissipation through the wall of the bathtub is relatively small. Thus to simply the
model, we take the bathtub as adiabatic.

8) All the model in the paper is at the state that the water filled the bathtub. In normal
case, people will cleanse in tub with full water, so we just discuss such case and ignore
the situation that the tub is unfilled.

3 Notations
Table 1: Constants

Symbol  Definition Value Units
t, The temperature of the air 208 K
. Stefan-Boltzmann constant 5.67x10°° W/m?. K*
o B Coefficient of cubical expansion a=1/t
Ve Kinematic viscosity of the air (313K ) 15.69 x10° m?/s
Viater Kinematic viscosity of the water (313K ) 6.56 %10~ m?/s
A A The thermal conductivity of the air(313K) 0.02624 W/m-K
A, The thermal conductivity of the water (313K ) 0.64 W/m-K

c The specific heat capacity of water 4.2 ki /kg - K
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U Dynamic viscosity coefficient of the water 6.56 %10~ Pa-s

[5]
Pr Prandtl number 0.7~0.8
Table 2: Variables

Symbol Definition Units
toer The temperature of the water in the bathtub K

t. The temperature of the inflow hot water K

t, The high threshold of the water temperature in the bathtub K

t The low threshold of the water temperature in the bathtub K

A, The surface area of the water m?

A The contact area of the water and the bathtub m?

A, The sectional area of the faucet m?2

d, The thickness of the bathtub m

Vv The volume of the bathtub m?

A The thermal conductivity of the bathtub Wwim -K
h,, The heat transfer coefficient of the air W /m2-K
7 Time s

v, Inflow velocity m/s

Q, The heat transfer that goes into the water in unit time k]

Q, The heat dissipation of the whole system in unit time kJ
BWOP Bathtub without a person in it model

BWP Bathtub with a person in it model

Cl Continuous Inflow model

DCI Discontinuous Inflow model

4 Model for bathtub without a person in it (BWOP model)

First we discuss the model when there is no person in the bathtub (BWOP model). By BWOP
model, we can find the natural temperature distribution in the bathtub. Later (in next section)
we will discuss the model for bathtub with a person in it (BWP model) based on the analysis
of BWOP model.

We make the rule that the faucet is at the middle of the base side and the water outlet is
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located at the middle of the opposite above side.
The BWOP model can be decomposed into two parts:

1) The heating process
2) The heat dissipation process

In the heating process, the water goes into the bathtub from the faucet and overflow from
the water outlet.

For calculation, as it’s difficult to find the exact mathematical solution for the distribution
of the temperature in space and time, we simplify the BWOP model like this:
As Graph 1 shows, the addition of the hot water is equivalent to a hot water tube from faucet
to the water outlet, which means, there is a water tube heater to reheat the water in the bathtub.

Graph 1: The hot water tube model

However, later we will simulate the real model by ANSYS.

In the heat dissipation process, the heat dissipates in two ways: the heat transfer between
the water surface and the air and the heat transfer between the water and the bathtub. Based
on the assumption we can see that the bathtub walls and the bottom are adiabatic, so we only
consider the heat dissipation between the water surface and the air.

The framework of BWOP model is like this:
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BWOQOP
Heat Loss Heat Addition
. Real Hot-water
NN Simulation Tube
Real Hot-water
Simulation Tube
Model Model

Graph 2: The framework of BWOP model

4.1 The calculation of the heat-transfer coefficient

There are many factors influence the heat transfer, we can introduce the heat-transfer
coefficient to reflect the heat transfer condition between dielectric.

4.1.1 The heat-transfer coefficient between the water surface and the air

When the system is under a steady condition, the water keeps the same temperature, we

denote it ast the air temperature is t,, ,the qualitative temperature of the air is

water ?

t =, +1s,)/2, and we can obtain the A,.,v

air? ¥ air?

air Pr at t , then we can find the heat-

transfer coefficient between the water surface h,, and the air as follows:

3

Gr = 9 (yarer _2tair)|0 (4.1)
Vair
1
Nu =0.54Ra* (4.2)

Ra=GrPr (4.3)
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b (4.4)

v, . Kinematic viscosity of the air,m*/s

« : Coefficient of cubical expansion and o =1/1n

g : Gravitational acceleration, m/s?
l,: The width of the bathtub, m

A, - The thermal conductivity of the air, W/m -K

Nu : Nusselt number
Ra: Rayleigh number
Gr: Grashof number
Pr: Prandtl number

4.1.2 The heat-transfer coefficient between the water and the water tube

The heat transfer between the water and the water tube mainly contains two partst®!:
Convection heat loss:

Qe = Myater Ao (four L a 1) (4.5)
A, =2z, ), (4.6)

Radiation heat loss:
Qr = &0, (Lo —Liater) (4.7)

We can see the temperature of the outside of the water tube is low, and it is a process of
heat transfer to water, so the radiation heat loss is quite small and we can ignore it. Thus only
the convection heat loss should be taken into consideration. According to our assumptions,
the system of the water heat transfer is under stability balance, so the heat transfer between
the inside and the outside of the tube is equal to the heat transfer between the water and the
water tube,

Qio — 2ﬂ%‘(ubel (tin _tout) (48)

In forr)
b,

Thus, we can find the heat-transfer coefficient between the water and the water tube h, ., :
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hwater = rQC
Qin( =)

r
(tin - " _twa EF)A)S
27M1ubel t (49)

A, : The outside surface area of the water tube, m?

t .- The temperature of the outside of the water tube, K

out -
t., : The temperature of the inside of the water tube, K
I, - The water tube inside radius, m

r.: The water tube outside radius, m

Zube: The thermal conductivity of the tube, W/m -K

|: The length of the tube, m
¢ . Emissivity (between 0 and 1)
o : Stefan-Boltzmann constant 5.67 x10°W /m? K*

4.1.3 The heat-transfer coefficient between the hot water and the cube wall

We can calculate the qualitative temperature of the hot water t =(t,, +t,..)/2 and

win

obtain A4, v,..~Pr.77; at t,, we can calculate the coefficient as follows:
S (4.10)
Vwater
f =(0.79InRe-1.64)~ (4.11)
f /8)RePr n
Nu = (1/8) T3 1) (4.12)
1.07 +12.7(f18)2(Prei—1) ™
hhwater = NU% (413)

According to equation (4.10)-(4.13) we can obtain the heat-transfer coefficient between the

hot water and the cube wall h

hwater *

% Kinematic viscosity of the water, m?/s

water *

f : Friction coefficient of the inside of the cube
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n, - Dynamic viscosity att , Pa-s

n,, . Dynamic viscosity att, , pa-s

u: The flow velocity of hot water, m/s
d : The inside diameter of the tube, m

4.2 The heat dissipation between the water surface and the air

At the water surface, there both exists convective heat transfer and radiative heat transfer.
We ignore the thermal radiation of air from the heat dissipation, heat absorption and thermal
transpiration. Then we can calculate the convective heat transfer and radiative heat transfer at
unit time independently as follows:

Convection heat loss:
Qc = hair'% (twater _tair) (414)

Radiation heat loss:

Qr = 6‘0‘& (t4water _t4air) (4 15)

We can see the temperature of the water surface is low, so compared with the convection
heat loss, the radiation heat loss is quite small and we can ignore it. Thus only the convection
heat loss should be taken into consideration.

At the surface of water, consider the third boundary conditions:

= P e —tar) (4.16)
Q. : The heat loss caused by convective heat transfer, kJ
Q, : The heat loss caused by radiative heat transfer, kJ
A, : The surface area of the water, m?
A, : The thermal conductivity of the water, W/m -K

h: The depth of the water, m

4.3 The heat addition between the water and the hot water tube

4.3.1 The heat exchange between the inside and the outside of the tube

The inflow hot water temperature in the tube is the hot water’s temperature, the outflow hot
water temperature in the tube is equivalent to the temperature in the bathtub after mixture.
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Thus the water qualitative temperature in the process is equivalent to the average of the inflow

and outflow hot water temperature t. = (t,;, +t,ou)/2-

win
Since the wall of the tube is thin and the capacity of it is small, the process that hot water
passing the tube can be considered as free of inertia and lag. However, the thermal resistance

of the tube can’t be ignored. So the temperature of the outside of the tube is not equal to the
inside. According to law of the conservation of energy, we can calculate the temperature of

the outside of the tube t,, as follows:
CpQ(twin - twout) = KAsAt (417)
1 1 )
_— = + _—,
K hhwater ﬂ‘tube (4 18)
At = tWin + tWout _tout
2 (4.19)

¢ : The specific heat capacity of hot water, kJ/kg-K
p . The density of hot water, kg/m®

Q : Volume flowrate of the hot water, m*/s

A, : The area of the inside wall of the cube, m*

K : Heat transfer coefficient, W/m?-K
o : The thickness of the cube, m

h - The heat-transfer coefficient between the hot water and the cube wall, W /m? - K

hwater *

t,., - The temperature of the inflow hot water, K

t,.. . The temperature of the outflow hot water, K

wout *

Aube+ The thermal conductivity of the tube, W/m -K

4.3.2 The heat exchange between the water and the water tube

The heat transfer between the water and the water tube can be considered as the natural
convection. In the process of natural convection, the basic governing equations are equation
of continuity, momentum conservation equation, energy conservation equation. This model is
a three-dimensional heat-transfer process and there is no inner heat source, so based on the
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assumption, we can get the governing equations as follows:
Equation of continuity:

a(pWU) + 8(,OWV) i a(pww) =0

(4.20)
OX oy 0z
Momentum conservation equation:
2 2 2
pw(a—u+ua—u+v8—u+wa—u)=—8—P+yW(ag+ag+6l:) (4.21)
or oOX oy 0z OX ox- oy° oz
2 2 2
,ow(ﬂ+u@+vﬂ+wg)=—6—PerW 8_\2/+8_\2/+8_\2/ (4.22)
or oOx oy 0z oy ox® oy° oz
2 2 2
P L B 7Y A AL TP
or OX oy 0z 0z ox® oy° oz
Energy conservation equation:
2 2 2
8twater +u atwater +V6twater _'_Watwater — ﬂ“w (a twazlter +a twe;ter +8 tw;ter (424)
or OX oy oz  pLC, OX oy (674

Equation (4.19) - (4.23) form the governing equations in the process of the heat transfer
between the water and the water tube. Continuous heat transfer process is steady process. In

this case, the temperature won’t change with the time, that is:

_6tw ater( (4.25)
or

This is the mathematical differential equation of the flow of the fluid, and then we
consider the boundary conditions and initial conditions.

Boundary conditions:

1) The tube is heat source and is continuous heat transfer process. The temperature of the

outside of the tube’s boundary condition is obtained by calculationt,,, .

2) The walls and the bottom of the bathtub can be considered to be adiabatic.

ot
—A, g;ter |z:0= 0 (4.26)

Initial conditions:

1) The temperature of the watert

water

2) The gravitational acceleration g.

3) The air temperaturet,;

4) The temperature of the inflow and outflow hot water t, t

wout
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u : The flow velocity of water at X-direction, m/s
v : The flow velocity of water at Y-direction, m/s
w : The flow velocity of water at Z-direction, m/s

u,, - Dynamic viscosity coefficient of the water, Pa-s

4.4 Simulation of BWOP model based on ANSYS

To simulate the BWOP model, we use finite element method (FEM) by ANSY'S. However,
when simulating, we don’t adopt the hot water tube model, as this model is only used to
simplify the calculating. ANSYS can deal with the real case that the hot water come from the
faucet and the excess water escapes through an overflow drain.

The finite element method (FEM): FEM is a numerical technique for finding approximate
solutions to boundary value problems for partial differential equations. It uses subdivision of
a whole problem domain into simpler parts, called finite elements, and variational methods
from the calculus of variations to solve the problem by minimizing an associated error
function. Analogous to the idea that connecting many tiny straight lines can approximate a
larger circle, FEM encompasses methods for connecting many simple element equations over
many small subdomains, named finite elements, to approximate a more complex equation
over a larger domaint™.

ANSYSY: ANSYS is a large-scale common finite element software. It publishes
engineering analysis software across a range of disciplines including finite element analysis,
structural analysis, computational fluid dynamics, explicit and implicit methods, and heat
transfer. In this paper, we use FLUENT function to analyze BWOP model. FLUENT is
based on CFD (Computational Fluid Dynamics), which can simulate fluid flows in a virtual
environment — for example, the fluid dynamics of ship hulls; gas turbine engines (including
the compressors, combustion chamber, turbines and afterburners); aircraft aerodynamics;
pumps, fans, HVAC systems, mixing vessels, hydrocyclones, vacuum cleaners, etcl®l,

If the system reaches steady state, it should meet the conditions:

® The bathtub is filled with water.

® The distribution of temperature doesn’t change with time

When the system reaches steady state, we use ANSY'S to simulate the state of the system
temperature-space phase graph. In the 3-D model analysis, we use Hex Dominant unit whose
shape is like Graph 3. To adjust to the real size in Table 3 of the tub, we define the tub model
as Graph 4.

Table 3: Size of the tub
cubage(m®)  height(m) top-surface-size(m,m) bottom-surface-size(m,m)
0.3 0.4 1.4(length),0.7(width) 1.0(length),0.5(width)
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Graph 3: 3-D Hex Dominant model Graph 4: 3-D Bathtub model
Using the ANSY'S mesh we get the mesh carve up graph for the bathtub as Graph 5.

0.000 0.035 0.070 (m)
I .

0.018 0.053

Graph 5: Mesh Carve up

Using FEM by ANSYS, we get the isothermal diagram both inside and outside the bathtub as
Graph 6 and Graph 7.

3.16e+02
3.16e+02
3.15e+02
3.15e+02
3.15e+02
3.15e+02
3.15e+02
3.14e+02
3.14e+02
3.14e+02
3.14e+02
3.13e+02

Graph 6: The isothermal diagram of the intersecting surface
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3.15e+02
3.15e+02

3.15e+02
I 3.14e+02
3.14e+02
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Graph 7: The isothermal diagram of the tub body from outside
Calculate the result we get statistic in table 4.

Table 4: Report on Volume Integral
Average tub-  Averagetop  Volume-  Volume-  Volume-  Volume-

wall heat surface heat average  Maximum  Minimum  average
Flux(W) Flux(W) Temp(k) Temp(K) Temp(K) Temp(<€)
-0.06104 -1.3394727  313.1946  318.0238  312.9532  40.4178

From Graph 6 and Graph 7 we can obviously find that due to the heat loss to the air, the top
surface of the water in bathtub holds lower temperature than other part inside. Also, it is lower
than the volume-average temperature. From Graph 6, it is easy to see the temperature
distribution across the intersecting surface. The inflow region from the faucet hold the highest
degree and the temperature gets down sharply across the line from the faucet to the main body
of the water.

From the two graphs, we can excitedly find that the main body of the water in bathtub holds
stable and comfortable temperature, which will provide people with a great experience. The
statistical data of the volume temperature also indicate that the average degree is about 40-
the most suitable temperature for human beings in winter. Besides, the maximum point with
3184s limited to a small region around the faucet, it is in low possibility to scald people inside.
Even if one touch it by accident, 45°s much lower than adults’ bearing limit 55°which
guarantee the safety.

At last, from Graph 7 and data in Table 4, it is interesting to find that the heat loss by the
tub-wall is much smaller than that by air. It is also realistic according to our reference.
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5 Model for bathtub with a person in it (BWP model)

We have discussed the case of the temperature distribution in a bathtub without a person in
it, and now we consider the case where a person is in the bathtub.

In BWP model, we first discuss the temperature distribution in the tub if the person is
actionless. Based on this, we make the assumption that the temperature is evenly distributed
in BWP model.

Then we discuss the heat dissipation process based on two sub-models: Water-Air heat
convection and Water-Bathtub heat conduction. We simulate the process with MATLAB.
Based on the analysis result, we propose two inflow model: Continuous Inflow model and
Discontinuous Inflow model. Then we analysis the performance of each model by fuzzy
comprehensive evaluation method (FCE) to find a better one.

Graph 8 shows the framework of BWP model:

BWP
Heat Loss Heat Addition
Water-Air Water- Continuous Discontinuous
Bathtub inflow inflow
Continuous Discontinuous
model model

Graph 8: The framework of BWP model
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5.1 Simulation of the temperature distribution if the person is still

Graph 9 shows the model of the bathtub when a person is cleaning. There will be some heat

transfer between the water and the person, but it’s small enough to be ignored.

Graph 9: Bathtub model with person
Now we suppose the person keeps still, thus the temperature of water should distributes
naturally. Graph 10 show the isothermal in the bathtub and Graph 11 show the temperature
distribution on the body surface of the person.

l 3.17e+02
3.17e+02

3.17e+02
3.17e+02
3.16e+02
3.16e+02
3.16e+02
3.16e+02
3.15e+02
3.15e+02 %
3.15e+02
3.14e+02

3.14e+02  puummmn

3.14e+02
3.14e+02
3.13e+02
3.13e+02
3.13e+02
3.12e+02

Graph 10: The isothermal diagram of the tub body with a person
(We don’t show the person in the graph)
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3.13e+02
3.13e+02

Graph 11: The isothermal diagram on the body surface of a person

From Graph 11 we can see that the temperature distributes unevenly on the body surface of
the person if the person just settles down in the bathtub and keeps still. Thus the person will
feel uncomfortable as his upper part of the body feel cool and the lower part of the body feels
hot. However, in fact, if a person feel uncomfortable, he must agitate the water to make the
temperature distributes more evenly. Based on the analysis, when dealing with BWP model,
we can make the assumption that the temperature can be evenly distributed in bathtub at any
time when a person is in it.

5.2 Heat dissipation in BWP model

As the temperature can be evenly distributed, we can make the rule: Intime T, if some hot
water flows into the bathtub, then the temperature distribution will get even immediately.

As we ignore the heat transfer between the water and the person, the dissipation of heat can
be decomposed into two parts:

® The heat exchange between the water surface and the air (Water-Air).

® The heat exchange between the water and the wall of the bathtub (Water-Bathtub)

Then we can get the total heat dissipation.

5.2.1 Water-Air heat convection

This process is similar to the case 4.2, the heat transfer in unit time between the water
surface and the air in BWOP model. So we directly get the equation:
Convection heat loss:

Qc = hair A& (twater - tair ) (5 1)

The third boundary conditions:

2

oz |z=h: hair (twater _tair) (52)
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Suppose in this process, heat dissipation isQ, =Q.,.

5.2.2 Water-Bathtub heat conduction

Heat dissipation can also happen at the contact surface of the water and the wall of the
bathtub. From the assumption we can see, there doesn’t exist convection in the water when
the person is in the bathtub and the temperature of the bathtub at the steady state at any time.
Thus the heat transfer process between the water and the bathtub should be a steady process.

The heat transfer between the water and the bathtub can be decomposed into two parts:

® The heat conduction between the water and the wall of the bathtub (Water-Bathtub
process)

® The heat convection between the outside surface of the bathtub and the air (Bathtub-
Air process).

Suppose in this process, heat dissipation in unit time isQ, .

1) Water-Bathtub process
As the water temperature distributes evenly and the bathtub remains steady state, the heat
transfer in Water-Bathtub process is a steady heat conduction process.

The equation of heat conduction:
tWater _tb

b

4, - The heat conductivity coefficient of the bathtub. In simulating, 4, =0.19 W/m-K
t, : The temperature of the outside of the bathtub.
A, : The contact area of the water and the tub. In simulating, A, =1.53m’

d, : The thickness of the bathtub. d, =0.04m

2) Bathtub-Air process

The heat transfer between the bathtub and the air is similar to Water-Air case, which can be
taken as 2-dimensional heat convection process.

Convection heat loss:

Q,= hairbAJ (tb _tair) (5.4)

h..: The convection coefficient of the contact surface between the air and the bathtub. In

airb *
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simulating, h_ . =5W/m*-K

airb

5.2.3 The total heat dissipation in the bathtub

By the three models above, we can conclude that, when there is a person in the bathtub,

the heat dissipation in unittimeis Q=Q, +Q,

5.3 Simulation of BWP model with MATLAB

If there is no heating source, we simulate the Temperature-Time graph with MATLAB to
find the thermal losses.

Graph 12 shows the heat loss caused by the heat convection between the water surface and
the air.

Temperature curve of Water-Air heat transfer process
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Graph 12: Temperature curve of Water-Air heat transfer process
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Temperature curve of Water-Buthtub heat transfer process
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Graph 13: Temperature curve of Water-Bathtub heat transfer process

Graph 13 shows the heat loss only caused by the heat conduction between the water and
the bathtub. We can find that the heat loss through the bathtub is much slower than the heat
loss through the Water-Air surface, which is truthfulness as the thermal conductivity of the
bathtub is much smaller than the convection coefficient of the surface between the water and
the air.

Temperature curve of the total heat transfer process
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Graph 14: Temperature curve of total heat transfer process
Graph 14 shows the total heat dissipation in BWP model which contains the Water-Air
transfer and the Water-Bathtub transfer. We can see the curve is similar to the curve of the
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Water-Air case, as most of the heat loss is dissipated through the water surface.

5.4 Heat addition model

Based on the former analysis of BWP model, we can find the heat dissipation Q in unit
time. Our goal is to find an optimal strategy, so now we use two inflow model to simulate
the inflow of water:

® Continuous Inflow model (CI model)

® Discontinuous Inflow model (DCI model).

In Cl model, the water flow into the bathtub with a constant trickle.

In DCI model, the water flow into the bathtub only when the temperature comes below a
low threshold value and it will stop watering when the temperature reaches a high threshold
value.

After discuss the two model, we use the fuzzy comprehensive evaluation to find a better
strategy.

For normal case, we set the proper cleansing temperature as 313 K, the inflow water
temperature as 318 K and the cleansing time as 40 min.

The evaluation criteria are:

1) The amount of water needed, Wn. We will calculate Wn of each model later.

2) The comfortable degree of the user, Cd

We can see that people will feel comfortable when the water temperature keeps constant,
if the temperature of the water changes frequently, people can feel uncomfortable. Thus we
define the comfortable degree as the reciprocal of the standard deviation of the
temperature.

(5.5)

t is the average temperature.

3) The operation complexity, Oc

If the person always need to open or close the faucet, it will improve the operation
complexity. Thus we define the operation complexity as the reciprocal of the operation

periodT, :

1
=

(]

Oc= (0<0c<1]) (5.6)

4) The operative difficulty index 7
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5.4.1 Continuous Inflow model (CI model)

In continuous influent model, we let the hot water go into the bathtub with a constant inflow

velocity v,, . When the bathtub is filled with water, excess water will escape through the

overflow drain with an overflow velocity v, . Now we make the rules:

out *

® As the maximum of the volume of the bathtub is a constant, we can get that the

overflow velocity is a constant and it’s equal to the inflow velocity. That is:

in out

(5.7)
® \When time 7 goes from 7, tor,,, we think the hot water has been mixed evenly

with the original water, so the temperature of the overflow water t is equal to the

wout

temperature of the water atz. , . That is:

i+l

t t (5.8)

wout w(i+1)

Now we deeply discuss the CI model.

In the process of the continuous inflow of hot water, v, keeps constant, which also

means, the heating capacity Q,, is a constant. The heating capacity can be equal to the

decrement of the thermal of the inflow hot water and the overflow water. That is!*%:

Qin = CuPuVin A\Nin (twin - tWout) (59)

The heating process is a steady heat transfer process and the heat go into the bathtub is
absorbed by the water entirely. The heat absorbed is consumed in two ways:

® Partof Q, isabsorbed by the water to raise its temperature, represented by Q,,
® Another part of Q,, is transferred to the air and the bathtub, which is equal to Q.
When time 7 goes from 7, tor,,, by energy conservation equation:

QAT =QAT+C,oV (L) —Lug)) (5.10)
t,., - The temperature of the inflow hot water, °C
t.q : The temperature of the water in the bathtub at timez;, °C

V: The volume of the bathtub, m?®
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A, : The sectional area of the faucet, m?

1) Find the amount of needed water
Suppose the person cleanses for t. time and we can get the amount of the water needed
(measured in volume) is:
Wn=v, A, t, (5.11)

We set the proper water temperature that the people will feel comfortable as 313K. When
the water temperature is at 313K, we control the inflow heat the same as the heat dissipation,
thus the temperature can stay at the proper temperature.

From the graph 14 and calculation we can get:

Table 5: Water needed of CI model

Inflow velocity
(m/min)
16.2426 0.0735

Water need (m®)

We simulate the Continuous Inflow model with MATLAB and we get the temperature
curve as Graph 15 shows.

Temperature curve of the continuous inflow process
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Graph 15: Temperature curve of the continuous inflow process

2) The comfortable degree of user
By MATLAB, the standard deviation of the temperature is 0.09432.
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Thus we can get Cd,, =10.6021.

3) The operation complexity
Similarly, the person don’t need operate and the operation period is infinite.

SoOc, =1

4) The operative difficulty index

In order to keep the temperature unchanged, the operative difficulty index 7 is high. We

let =10

5.4.2 Discontinuous Inflow model (DCI model)

In DCI model, the hot water only inflow when the temperature comes below a low threshold

valuet, and it will stop inflow when the temperature of the water comes above a high

threshold valuet, . In a time period 7, , there are two stages: heating stage and cooling stage.
® Heating stage

Whent,.... <1, the faucet is opened and the hot water inflow with a constant velocity
Vio for time 7, . After time 7, , the temperature of the water reaches the high

threshold valuet, , thus the hot water stop inflowing.

This process is similar to the CI model, so we can get the equation directly:

QinTpl = Qd Tpl + prwv (tW(T+TPl) _tw(r)) (59)
b,y =t (5.10)
tW(T) =1 (5.11)

vis reference time. 1, , is the temperature of the water after timez ;.
® Cooling stage
The water will cool down from high temperaturet, to lower onet, for time 7 ;. This

process is a natural cooling process. Without internal heat source, the thermal equation
becomes:

0= Qd sz + prwv (tw(r+1p1+rp2) - tW(‘r+‘rp1)) (512)
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=t (5.13)

W(r+zp+7p,) — W(r+z,

1) Find the amount of needed water

We set the low threshold valuet, = 312K, the high threshold valuet, =314K.

Temperature curve of the discontinuous inflow process
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Graph 16: Temperature curve of the discontinuous inflow process
By this graph we can get the amount of the water needed:
Table 6: Water needed of DCI model
Inflow velocity
(m/min)
25.67 0.0524
2) The comfortable degree of user
By MATLAB, the standard deviation of the temperature is 0.5961.

Water need (m®)

Thus we can get Cd ., =1.67757 .

3) The operation complexity
By MATLAB, the operation period is 94min.

Thus we can get Oc., =0.01064

4) The operative difficulty index
It’s easy if the person just open the faucet with a relatively high water velocity, thus we

setn =1,
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5.4.3 FCE of the two models

FCE is a useful method for multiple criteria decision process. It determines the weights of
each criterion based on the data only.
Based on the actual statistics of the 2 strategies, we get the values of each factor from
section 5.4 and show them in Table 7.
Table 7: values of factors and allocations

\ The comfortable operation operative
Model Water need (m*) : - :
degree complexity  difficulty index
Cl 0.0735 10.0621 1 10
DCI 0.0524 1.67757 0.01064 1

From Table 7, we derive the ideal allocation as follows,
u = (0.0524, 10.6021, 1, 1) (5.14)

® The Fuzzy Evaluation Matrix (FEM)
We define

roo= %, = 4] (5.15)
max{a, ;} — min{a, .}

We obtain the FEM

p _ J0-0021 0 0 0. 9045 (5.16)
0 0.8364 0.0994 0
Also we define
v, = Ly, = (5.17)
A Z V;
~
Then we get
o = (0.3, 0.15, 0.15, 0.4) (5.18)
® Result of the FCE
Define the relative deviation as
F=RRxo (5.19)

F measures the distance from a specific factor group to the ideal one, so the smaller
F is, the better the strategy is. Then we get the final result shown in Table 8.

Table 8: FCE result for two strategies
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F
Cl 0.3624
DCI 0.1404

The result tells us that: the DCI model is better when we take all the factor into
consideration. DCI model is economic and operable, which is very important for
our users.

6 Sensitivity analysis

6.1 Sensitivity analysis for BWOP

Considering our simulation results on BWOP model, the heat loss by the bathtub-wall is
less than 10 percent of that by water-air convection. In our further discussion on the model,
we ignore this aspect and pay our attention to other parameters such as the air temperature,
the inflow temperature and the inflow velocity. We choose four main criteria to evaluate the
model: the average top surface heat flux, volume-average temperature, Volume-maximum
temperature and volume-minimum temperature.

By using control variate method, we change the parameters from the best condition to see
their effect on the four criteria. By doing simulation we get the result shown in Table 9, Table
10 and Table 11.

6.1.1 Inflow Velocity

Table 9: Results by Changing Inflow Velocity

Inflow Averagetop  Volume- Volume-  Volume-
Velocity Inflow Air surface heat ~ average maximum minimum
(m/s) Temp(K) Temp(K) flux(W) Temp(K) Temp(K) Temp(K)
0.01 318 298 1.1590 310.3719 318.101  309.9957
0.02 318 298 1.4406 313.4178 318.024 312.9532
0.03 318 298 1.5651 314.7500 318.007 314.2474
0.04 318 298 1.6329 3154771 318.003 314.9534

0.05 318 298 1.6765 315.9474 318.003 315.4104
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Temperature-Inflow Velocity graph
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Graph 17: Temperature-Inflow Velocity graph

Average top surface heat flux-Inflow Velocity graph
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Graph 18: Average top surface heat-Inflow Velocity graph
From Table 9 and the corresponding graph we can notice that: the average top surface heat
flux, the volume-average temperature and volume-minimum temperature have positive
correlation with inflow velocity, and the raising rate goes down as the inflow velocity goes up
for the maximum temperature is bounded. It is corresponding to our common sense that more
hot water per second leads to a higher temperature. The heat flux of the top surface is also
determined by the volume average temperature with air temperature fixed.
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6.1.2 Inflow Temperature

Table 10: Results by Changing Inflow Temperature

Inflow Average top  Volume- Volume- Volume-
Velocity Inflow Air surface heat  average maximum minimum
(m/s) Temp(K) Temp(K) flux(wW) Temp(K) Temp(K) Temp(K)
0.02 314 298 1.1525 310.3342 314.019 309.9626
0.02 316 298 1.2966 311.8761 316.025 311.4579
0.02 318 298 1.5652 313.4178 318.024 312.9532
0.02 320 298 1.5871 314.9596 320.026  314.4485
0.02 322 298 1.7287 316.5013 322.029 315.9438
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Graph 19: Volume Temperature- Inflow Temperature graph
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Average top surface heat flux-Inflow Temperature graph
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Graph 20: Average top surface heat - Inflow Temperature graph

From Table 10 and the corresponding graph we can notice that: the average top surface heat
flux, the volume-average temperature, the volume-maximum temperature and volume-
minimum temperature have positive correlation with inflow temperature, and the raising rate
keeps still as the inflow velocity goes up. It is corresponding to our common sense that the
hotter the inflow, the warmer the bathtub water. And different from the inflow velocity, all the
criteria changes at almost direct proportion. That indicates adding hotter inflow is the most
effective way to keep the bathtub warm. However, considering about people’s bearing
capacity on water temperature and comfortability, the inflow temperature have to be bounded
under 323K to avoid scald.

6.1.3 Air Temperature

Table 11: Results by Changing Air Temperature

Inflow Averagetop  Volume- Volume-  Volume-
Velocity Inflow Air surface heat ~ average maximum minimum
(m/s) Temp(K) Temp(K) flux(W) Temp(K) Temp(K) Temp(K)
0.02 318 294 1.7287 3125041 318.029 311.9438
0.02 318 296 1.5847 312.9596 318.026 312.4485
0.02 318 298 1.5652 313.4178 318.024 312.9532
0.02 318 300 1.2966 313.8762 318.022 313.4579
0.02 318 302 1.1525 314.3342  318.091 313.9625

Table
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Volume Temperature-Air Temperature graph
319 T C 1 C T T T

318 |

w

ey

~
7
1

Volume-average Temp b
Volume-maximum Temp
VVolume-minimum Temp

Volume Temperature/K
w

r r r r r r r

311
294 295 296 297 298 299 300 301 302
Air Temperature/K

Graph 21: Volume Temperature - Air Temperature graph

Average top surface heat flux-Air Temperature graph
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Graph 22: Average top surface heat - Air Temperature graph

From Table 11 and the corresponding graph we can notice that: the average top surface heat
flux has negative correlation with air temperature. When the air gets warmer, the heat lass
becomes small is realistic and that just indicates why we need bath heater in our bathroom to
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avoid us from getting cold. The volume-average temperature and volume-minimum
temperature have positive correlation with air temperature, and the raising rate goes down as
the inflow velocity goes up. It is corresponding to our common sense that once the heat loss
gets smaller, the remaining water gets warmer which follows energy conservation law.

6.1.4 Conclusion

From all above we also notice that, all the parameters that have noticeable effect on the
bathtub water temperature lead us to a better strategy. Combination of all the parameter will
give us a great environment for bath. Also, it is happy to find that changing the parameter in
a reasonable range will not do great harm to the final result, and the heating system is stable
under most circumstances.

6.2 Sensitivity analysis for BWP

In the BWP model, the required hot flow is right corresponding to the total heat loss. As a
result, we can research this criteria by observing the temperature-variation curve of the bathtub
water. After finishing building the model with some fixed parameters, we look back to
consider some more condition: different surface area of the bathtub, different volume of the
bathtub, different material of the bathtub and different volume of person in the bathtub. Then
we analyze the result below.
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6.2.1 Different surface area of the bathtub

Temperature curve with different surface area of the bathtub
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Graph 23: Temperature curve with different surface area of the bathtub
We try 5 different surface areas of the bathtub, and change the corresponding volume. Then
we get the temperature-variation curve by simulating them all. From Graph 23 we can easily
find that: the surface area of the bathtub have very small effect on the total heat loss. The
model is stable with the surface area of the bathtub.
It is reasonable to get this result because both in our model and in the real world, heat loss
by the bathtub is much smaller than that by air-water convention.
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6.2.2 Different volume of the bathtub

Temperature curve with different volume of the bathtub
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Graph 24: Temperature curve with different volume area of the bathtub

We try 5 different volume of the bathtub, and change the corresponding surface areas. Then
we get the temperature-variation curve by simulating them all. From Graph 24 we can easily
find that: compared with the surface area of the bathtub, the velocity have larger effect on the
total heat loss. But after 10 hours the largest variation can just around 4K. The larger the
volume, the slower the heat loss.

This result can be easily understood that: the volume of the bathtub (in this paper, the
volume can also be regarded as the cubage) represents the volume of water. It is a common
sense that a large amount of water refrigerate slow, and here it is also the case.
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6.2.3 Different material of the bathtub

Temperature curve with different material of the bathtub
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Graph 25: Temperature curve with different material of the bathtub

We try 5 different material of the bathtub. Then we get the temperature-variation curve by
simulating them all. From Graph 25 we can easily find that: the material of the bathtub have
very small effect on the total heat loss. The model is stable with the material of the bathtub.

It is because of the same reason as the surface area of the bathtub that heat loss by the
bathtub is much smaller than that by air-water convention.
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6.2.4 Different volume of person in the bathtub

Temperature/K

Graph 26: Temperature curve with different volume of person
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We try 5 different volume of the people in the bathtub. Then we get the temperature-
variation curve by simulating them all. From Graph 26 we can easily find that: the material of
the bathtub have larger effect on the total heat loss than the surface or the material of the
bathtub. But is holds smaller effect than that of the volume of the bathtub. The larger the

volume, the faster the heat loss is.

It is because of the same reason as the volume of the bathtub that a large amount of water
refrigerate slow, and here the difference between volume of bathtub and that of people is just
the volume of water.

6.2.5 Conclusion

As we consider various different conditions and analyze the result we can conclude that:

® The system under this model is fairly stable with different variables.
® The volume of water is particularly an important influential factor on the heat loss.

This tells us that, with the bathtub volume fixed, we can give fairly stable evaluation on the

system and also the best strategy for the user to enjoy their bath experience.
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7 Model for Cleansing with a Bubble Bath Additive (CBBA model)

If the person used a bubble bath additive while initially filling the bathtub to assist in
cleansing, then the heat dissipation through the water and the air will be influenced by the
bubble layer. Thus we expand the CBBA model based on BWP model.

As Graph 27 shows, we modeled the bubble layer as a kind of porous medium that locates
between the water surface and the air.

Graph 27: The diagram of the bubble layer

The medium has a different heat transfer coefficient 4, . The heat transfer process between

the water and the air through the air can be modeled as a heat conduction process.
The heat conduction:

tWa er —t u
Qour = Aoun Aous td - (7.1)
bub

Q.. - Heat loss through the water surface by the bubble layer in unit time

A, - The surface area of the bubble layer, which should be equal to the water surface A, .
t.., . The upper surface temperature of the bubble layer, which can be equal tot,;, .

d,, : The thickness of the bubble layer.

We change the heat transfer coefficient 4, and get the total heat dissipation in natural

cooling process as Graph 28 shows:
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Temperature curve of bubble model
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Graph 28: Temperature curve of bubble model with different heat transfer coefficient 4,

From the graph we can see the heat dissipation becomes slower with the bubble layer on

the surface of the water. It is also clear that the dissipation rate becomes highas 4,, goes

up. In other words, the bubble layer can be regarded as a thermal insulation layer.

8 Weakness and Strength

Like any model, our model has its own strengths and weaknesses. Some of major points are
presented below.

8.1 Strengths

® BWAOP simulation using FEM by ANSY'S returns very specific temperature distribution.
Our BWOP model use FEM by ANSYS to simulate the 3-D flow field heat convection.
Instead just working out some boundary formulas to get a theoretical result, ANSYS
provides strong function to simulate the heat conduction between many finite elements.
The result presents a clear temperature distribution with isothermal diagram and the
statistical data. It can not only show us the temporary temperature of the water but to
show the gradient visually. Even in BWP model, we use this method to simulate the
temperature distribution across people’s body surface.

® Simplification of complexed thermal system by BWP model.
The temperature of the water in bathtub can be simulated statically, however, if someone
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is in the bathtub, then the system becomes abstrusely complexed to solve. Considering
people’s motility, which is both a bad and a great condition, we can simplify the water
model to a homogeneous body where temperature is the same everywhere. Using this
simplification we can do many simulation and calculations. Due to people’s motility, this
assumption is reasonable.
® Offering discrete inflow model to reach a more realistic and operable result.

Apart adding from a constant trickle of hot water, we propose anther discrete strategy to
adjust the temperature. As is always the case, people can’t control the inflow velocity
precisely. Then the discrete approach offers users with a lazy and operable strategy.
According to our experiment, the discrete approach can also make the water waste less.

8.2 Weaknesses

® Some assumptions are not accurate enough.

B The 3" assumption tells that the volume of the air is infinite and the temperature of
the air keeps constant. But in a bathroom in real world, air close to the surface of hot
water must have higher temperature, and that difference have an influence on the heat
convection between water and air.

B The 4™ assumption tells that the temperature can be evenly distributed in bathtub at
any time when a person isin it. It is a great way to take this condition as an assumption
to simplify the model. But is inevitably decrease the precision of the model. Different
temperature attributions leads to different heat convections and also different final
result.

B The 5" assumption tells that there doesn’t exist heat convection in the water when a
person is in the bathtub (BWP model). It is also a great way to take this condition as
an assumption to simplify the model. But this assumption changes the heat
convection to heat conduction. Some deviation must appear in this process.
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Appendix

Enjoying Making Your Own Spa-type Bathtub

To all interested users
Have you ever suffered from the cooling water as you are enjoying the bath?
Have you ever dreamed about owning you own spa-type bathtub?

That is not a dream now! Taking several simple steps to make you own it now!

At first, find a pipe to draw hot water from faucet to the bottom of the bathtub which is
opposite to the overflow drain. It is well recommended to be the bottom to maximize the
utilization of your hot water (that is the best way to reduce the heat loss). During your
enjoyment, you’ve get two different way to get your suitable temperature.

Strategy 1: If you want to have a sound sleep while enjoying your bath, then you’d better
choose this strategy. Take a relatively long time to adapt your bathtub to our model, then you
will get exact inflow per second for a given temperature (don’t worry about the complexity,
you will just need to do this for ONE time). Set your faucet to get the given flow velocity (this
step may be a little bit hard), then you may enjoy your sound sleep in warm water.

Strategy 2: If you feel troublesome to adapt to the model or you just don’t want to set the
faucet precisely every time, it is OK for strategy 2. In this way, you don’t even need to know
any parameter about your own bathtub and your faucet. Adjusting the faucet to guarantee the
water from which will not be too hot to bear. Then maximize the flow until the bathtub get a
little bit hot. Stop the faucet and enjoy your bath for a period of time until you feel a little bit
cold. Repeat the operations and you can easily enjoy your bathing time.

Note 1: You may have to serious on the temperature of water from the faucet just to avoid
scald. For Strategy 1, you’d better choose a temperature that you won’t feel very hot to keep
your bathtub warm, or you may suffer from the hottest region during your sleep. For Strategy
2, it is OK to choose a higher temperature in order to reheat your bathtub fast, but you have
to agitate the water rapidly to make the temperature distribute evenly.

Note 2: Pay attention to the temperature distribution if you want to stay still to recover
from fatigue. The water somewhere mat not be warm as you think such that the hottest region
must be around the pipe and the top surface of the water is commonly relatively cold. It takes
time for heat to transfer from hot water to cold water, and during this period of time, the air
cools the top surface. So it is really hard for our strategy to keep an evenly maintained
temperature. You may just twist for a while to get them mixed to solve the problem. Be sure
to remember this.



