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泊松低方差计数数据建模问题∗

饶燕芳†

1 问题的引出

, ,
, ,

. , ,
, ,

, . ,
, . ,

, , ,
p, µ = p, ν = p(1 − p), ν = ν(µ) = µ(1 − µ).

, ( p ≈ Ȳ ),
( Y , p ≈ Ȳ ,

Var(Y ) = p(1− p) ≈ Ȳ (1− Ȳ )), (
) , “ ”(overdispersion), ,

, “ ”(underdispersion).
: .

λ ,
, “ ”,

(extra-Poisson variation), , “ ”
, .

, ,
, . “ ” ,
, , , “ ” ,

, ,
. , ,

.
,

. , .
.

2 两种泊松低方差问题的处理方法

,
. .

( ) ,
: CBR .

∗ COS , . : http://cos.name/2010/08/poisson-count-data-modeling-problem-
of-low-variance/

† : .
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2.1 加权泊松分布

Rao C. R.(1965) , Y ,

P (Y = k) =
e−λλkωk

Wk!
, k = 0, 1, . . . ;λ > 0

W =
∞∑
k=1

e−λλkωk

k!
. (1)

1 .
(Martin S. R. and P. Besbeas, 2004),

ωk =

e−β1(λ−k), k ≤ λ

e−β2(k−λ), k > λ

β1, β2 > 0, “ ”( 1),
, , ,

EWP3. , β1 = β2 = β , , EWP2 ,
β = 0 . EWP2 EWP3 , ,
W 1 . , β1, β2 β

.
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1: λ = 10, β1 = 0.1, β2 = 0.2 EWP

, Castillo and Pérez-
Casany(1998) (PLWP), Cameron and Johansson(1997)

PPp .

2.2 纯生过程模型 (CBR)

, ,
Faddy(1997) (CBR) .
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: Faddy , {0, 1, 2, . . .} ,
. Markov , X(t) (0, t) , (t, t+ δt)

:

P{X(t+ δ) = n+ 1 | X(t) = n } = λnδ + o(δ)

λn n , x(t) ,
t 1, , 1 X :

(p1(1), p2(1), . . . , pN (1)) = (1, 0, 0, . . . , 0) exp(Q)

pi(1) = P{X(1) = i}

exp(Q) = eQ = E +
Q
1

+
Q2

2!
+

Q3

3!
+ · · ·

Q =



−λ1 λ1 0 · · · 0

0 −λ2 λ2 · · · 0

0 0 λ3 · · ·
...

...
...

... λn−1

0 0 0 · · · −λn


Kolmogorov :

p′(t) = Qp(t)

p(t) = ceQt

p(1) = ceQ

p(0) = c

p(1) = p0e
Q

p(0) = (1, 0, 0, . . . , 0)

1 . , CBR
{λ1, λ2, . . . , λk, . . .} . λk k . Faddy 1997

, {λ1 < λ2 < . . . < λn < . . .}, X(t) ,
λ1 > λ2 > . . . > λn > . . . , .

3 参数估计

. xi i ,
k fk (k = 1, 2, 3, . . .), EWP2 EWP3

( ln k!):

− lnL(λ, β1, β2) = n[λ− x̄ lnλ+ lnW ] + β1

[λ]∑
k=xmin

(λ− k)fk + β2

xmax∑
k=[λ]+1

(k − λ)fk (2)
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(b) λ̂, β̂1, β̂2 .
, (p1(1), p2(1), . . . , pN (1)) eQ ,

N = xmax, :

− lnL(λ1, λ2, . . . , λN ) =
N∑

k=1

fk ln pk(1)

(λ1, λ2, . . . , λN ) .
Hessian .

4 数据实例

Faddy(2001) , CBR
. , ( 2,4,5-T),

. 7 . 6-14 ,
2,4,5-T. , ,

. 0 . 0 11.55,
9.92, 0.859.
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2:

, 11.55, 2
. ,

, , ,
.

4.1 加权泊松分布

EWP2 EWP3 0 .
EWP2 , λ̂ = 11.79, β̂ = 0.11, EWP3 , λ̂ = 14.56, β̂1 = −0.15, β̂2 = 0.68,
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EWP2 EWP3 3. , β(β1, β2)

“ ”, , .
EWP2 λ , “ ” EWP3
“ ” , β1, β2 EWP3

.
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3: EWP2 EWP3 CBR

4.2 CBR 分布

CBR 1 .

1: CBR
λ̂i λ̂i λ̂i

λ̂1 4.66 λ̂8 14.40 λ̂15 5.40
λ̂2 7.90 λ̂9 13.15 λ̂16 6.28
λ̂3 22.97 λ̂10 10.01 λ̂17 3.27
λ̂4 15.02 λ̂11 9.33 λ̂18 0.00
λ̂5 18.23 λ̂12 6.90 λ̂19 2.00
λ̂6 19.18 λ̂13 6.32 λ̂20 2.00
λ̂7 16.49 λ̂14 6.26 λ̂21 1.00

3 CBR , .
, λ̂3 12.59, 50.

λ̂k CBR ,
, . ,

λ k , ,
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. Faddy(2001)

λk = a(kbe−ck + d), k ≥ 1

0 , {a, b, c, d} {1.360, 3.507, 0.648, 2.953},
4, 17 , ,

, χ2(13) = 6.755, p 0.914.
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CBR(4 parameters)

4:

2,4,5-T , ,
EWP2 EWP3 CBR ,

, ,
, . ( ),

, ,
.

4.3 组别分析

,
. Faddy(2001) 75 90

, , EWP2 EWP3
CBR 0 75/90 .

.
.

Λ(x) =
sup{L(θ | x) : θ ∈ Θo }
sup{L(θ | x) : θ ∈ Θ }
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n , −2 log(Λ) χ2(r) , r Θ Θo

.

2:
−2 log(Λ) r p

2.69 1 0.1
EWP2 4.789 2 0.0912
EWP3 11.98 3 0.0075
CBR 10.764 4 0.0294

0 75/90 −1837.763

−318.618, 2.691( 1), p 0.10( 0.1), 10%
0 75/90 . EWP2

4.789, p , 0.0912, 10%
0 75/90 , 5%

. , CBR EWP3 p , 5%
0 75/90 ,

EWP3 CBR, p 0.0075 .
0 75/90 EWP2 EWP3 CBR

, ,
, ,

. ,
0 75/90 . CBR

, EWP3 CBR “ ” .
EWP3 EWP3 , , 2

EWP3 .

5 结论

“ ” “ ” ,
, , .

“ ” ,
: . ,

, EWP2 EWP3
, EWP3 EWP2,

. ,
, . CBR

λk , λk k ,
, . , λk

, λk

, . CBR ,
, .
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